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PREFACE TO THE TWELFTH EDITION 


A Chapter on General Equation of the second degree and reduc- 
tion to canonical forms and classification has been added. It is 
hoped that the treatment is natural and simple and as such will 
appeal to the imagination of the students. 


Hans Raj College, SHANTI NARAYAN 
Delhi University, 
January, 1961. 


PREFACE TO THE FIRST EDITION 


This book is intended as an introduction to Analytical Solid 
Geometry and covers as much of the subject as is generally expected 
of students going up for the B.A., B.Sc., Pass and Honours exami- 
nations of our Universities. 


I have endeavoured to develop the subject in a systematic and 
logical manner. To help the beginner, elementary parts of the 
subject have been presented in as simple and lucid a manner as 
possible and fairly large number of solved examples to illustrate 
various types have been introduced. The books already existing 
in the market cover a rather extensive ground and consequently 
comparatively lesser attention is paid to the introductory portion 
than is necessary for a beginner. 

The book contains numerous exercises of varied typesina graded 
form. Some of these have been selected from various examination 
papers and standard works to whose publishers and authors I offer 
my best thanks. 

I am extremely indebted to Professor Sita Ram Gupta, M.A., 
P.E.S., of the Government College, Lahore, who very kindly went 
through the manuscript with great care and keen interest and 
suggested a large number of extremely valuable improvements. 


I shall be very grateful for any suggestions for improvements or 
corrections of text or examples. 


LAHORE : SHANTI NARAYAN 


June, 1939. 
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CHAPTER I 
CO-ORDINATES 


Introduction. In plane the position of a point is determined by 
two numbers x, y, obtained with reference to two straight lines in the 
plane generally at right angles, The position of a point in space is, 
however, determined by three numbers z, y,z. We now proceed to 
explain as to how this is done. 


1-1. Co-ordinates of a point inspace. Let X’OX, Z'OZ be two 
perpendicular straight lines. Through O, their point of intersection, 


ad 


Fig. 1 


called the origin, draw a line Y’OY perpendicular to the XOZ plane 
so that we have three mutually perpendicular straight lines 
X'OX, Y'OY, Z'OZ 

known as rectangular co-ordinate axes. (The plane XOZ containing 
the lines X’'OX and Z’OZ may be imagined as the plane of the paper ; 
the line OY as pointing towards the reader and OY’ behind the paper). 
The positive directions of the axes are indicated by arrow heads. 
These three axes, taken in pairs, determine three planes, 

XOY, YOZ and ZOX 
or briefly XY, YZ, ZX planes mutually at right angles, known as 
rectangular co-ordinate planes. 


Through any point, P, in space, draw three planes parallel to the 
three co-ordinate planes (being also perpendicular to the corresponding 
axes) to meet the axes in A, B, C. 

Let QA=x, OB=y and OC =z, 
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These three numbers, 2, y, 2, determined by the point P, are 
called the co-ordinates of P. 


Any one of these 2, y, 2, will be positive or negative according 
as it is measured from O, along the corresponding axis, in the positive 
or negative direction. 


Conversely, piven three numbers, 2, y, 2, we can find a point 
whose co-ordinates are 2, y, 2. To do this, we proceed as follows : 


(t) Measure OA, OB, OC, along OX, OY, OZ equal tog, y, z 
respectively. 


(7) Draw through A, B, C' planes parallel to the co-ordinate 
planes YZ, ZX and XY respectively. 


The point where these three planes intersect is the required 
point P. 

Note. The three co-ordinate planes divide the whole space in eight com- 
partments which are known as ezght octants and since each of the co-ordinates 
of a point may be positive or negative, there are 23(=8) points whose co-ordi- 
ae have the same numerical values and which he in the eight octants, one in 
eacn. 

1:11. Further explanation about co-ordinates. In §1°'1 above, 
we have learnt that in order to obtain the co-ordinates of a point P, 
we have to draw three planes through P respectively parallel to the 
three co-ordinate planes. The three planes through P and the three 
co-ordinate planes determine a parallelopiped whose consideration 
leads to three other useful constructions for determining the co- 
ordinates of P. 


The parallelopiped, in question, has six rectangular faces 
PMAN, LCOB ; PNBL, MAOC ; PLCM, NBOA 

(See Fig. 1). 

(t) We have 

*z=OA=CM=LP =perpendicular from P on the YZ plane ; 

y= OB= AN=MP=perpendicular from P on the ZX plane ; 

z2=OC=AM=NP =perpendicular from P on the XY plane. 

Thus the co-ordinates x,y,z of any point P, are the perpendicular 


distances of P from the three rectangular co-ordinate planes YZ, ZX and 
AY respectively. 
(%) Since PA lies in the plane PAZAN which is perpendicular to 


the line OA*, therefore 
PA {.OA. 


Similarly PBLOB and PC OC. 
Thus the co-ordinates x, y, z of any point P are also the distances 


from the origin O of the feet A, B, C of the perpendiculars from the point 
to the co-ordinate axes X'X, Y'Y and Z’Z respectively. 


* A line perpendicular to a plane is perpendicular to every line in the 
plane. 
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Ex. What are the perpendicular distances of a point (2, y, z) from the 

co-ordinate axes ? [Ans. /(y?+22), 4/(22+22), 4/(22-+ 2) 
(111) We have 

NP=AM=OC=:z; 


AN=OB =y; 
OA=x. 
Thus (Fig. 2) if we draw PN | XY 
plane meeting tt at N.and NA||OY ¥y N 
meeting OX at A, we have Fig. 2 


OA=x, AN=y, NP=z. 


Exercises 
1. Jn fig. 1, write down the co-ordinates of A, B,C ; L, M, N when the 
co-ordinates of P are (x, y, Z). 
2. Show that for every point (7, y, z) on the ZX plane, y=0. 
3. Show that for overy point (x, y, z) on the Y-axis, z=0, z=0. 
4. What ts the locus of a point for which 


(2) x=0, (22) y=0, (222) z=0. 
(ww) x=a, (v) y=), (wi) z=c. 
5. What ts the locus of a point for which 
(2) y=0, z=—0, (22) z=0, x=0, (222) c=0, y=0. 
(iv) y=b, z=, (v) z=c, v=a, (vt) c=a, y=b. 


6. P 2 any point (x, y, 2), and «, B, y are the angles which OP makes with 

x-aats, y-axis and z-axis respectively ; show that 
cos a=2/r, cos B=y/r, cos y=2/r, 
where r=OP. 

7. Find the lengths of the edges of the rectangular parallelopiped formed 
by planes drawn through the points (1, 2,3) and (4, 7, 6) parallel to the co- 
ordinato planes. [Ans. 3, 5, 3. 

“1:2. Distance between two points. To find the distance between 
the points P(x, Y1> 2) and Q (xa, Yo; 2a). 

Through the points P, Q draw planes parallel to the co-ordinate 
planes to form a rectangular parallelopiped whose one diagonal is PQ. 


wh 6 M 


y. 


Then 
APCM, NBLQ ; LCPB, QMAN ; BPAN, LCMQ 


are the three pairs of parallel faces of this parallelopiped, 
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Now / ANQ is art. angle. Therefore, 
AQ?= AN?+NQ?. 
Also AQ lies in the plane QM AN which is perpendicular to the 
line PA. Therefore 
AQ | PA. 
Hence 
PQ?=PA*+ AQ?=PA?+AN?4+ NQ?. 


Now, PA is the distance between the planes drawn through the 
points P and Q parallel to the YZ-plane and is, therefore, equal to 
the difference between their x—co-ordinates. 


es PA=2,—%. 
Similarly AN=Y.—Y1; 
and NQ=2.—21. 
Hence PQ?= (xX, —X1)* + (Yo—Yi)? + (Z2—-21)’. 


Thus the distance between the points 
(%1, Yr, %) and (X2, Yo, 22) 
1s V/[(%2—21)? + (Yo— 1)? + (22—%)"]. 
Cor. Distance from the origin. When P coincides with the origin 
O, we have x= ¥,=2,=0 so that we obtain, 


OQ? =x? + yy? 42,7. 


Note. The reader should notice the similarity of the formula obtained 
above for the distance between two points with the correspondmg formula in 
plane co-ordinate geometry. Also refer §1:3. 


Exercises 
1. Find the distance between the points (4, 3, —6) and (—2, 1, —3). 
[Ans. 7. 
2. Show that the points (0, 7, 10), (—1, 6, 6), (—4, 9, 6) form an isosceles 
right-angled triangle. 
3. Show that the three points (—2, 3, 5), (1, 2, 3), (7, 0, —1) are collinear. 
4. Show that the points (3, 2,2), (—1, 1, 3), (0, 5, 6), (2, 1, alee on a 
A 


sphere whose centre is (1, 3, 4). Find also its radius, ns. 3. 
5. Find tho co-ordinates of the point equidistant from the four points 
(a, 0, 0), (0, b, 0), (0, O, c) and (0, 0, 0). [Ans. (fa, $0, 4c). 


/1°3. Division of the join of two points. To find the co-ordinates 
of the point dividing the line joining 
P(21, Y1, 21) and Q(X, Yo, 2a); 
in the ratio m : n. 
Let R (x, y, z) be the point dividing PQ in the ratio m: n. 
Draw PL, QM, RN perpendiculars to the XY-plane. 


The lines PL, QM, RN clearly lie in one plane so that the points 
L, M, N, lie in a straight line which is the intersection of this plane 
with the XY-plane. 


The line through & parallel to the line LM shall lie in the same 
plane. Let it intersect PL and QM at H and K respectively. 
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The triangles HPR and QRK are similar so that we have 
m PR PH _NR-LP _z-2, 


n RQ KQ MQ—NR 2z-2z Z 

__ MZ,+ NZ, 

ae ea 
Similarly, by drawing perpendiculars to eK 

the XZ and YZ planes, we obtain . 
my,-+ny; X.+NX, 

— ee and a . 0 54 

The point & divides PQ internally or yV4 


externally according as the ratio m:n is 
positive or negative. 
Thus the co-ordinates of the point which Fig. 4 

divides the join of the points (x1, yy, 2) and 
(Tq, Yo, 2g) in the ratio m: n are 

Mant, MYygtny, maar nen) 

acon mtn? mtn /- 

‘/ €or. 1. Co-ordinates of the middle point. In case 7 is the 
middle point of PQ, we have 
m:n::1il 


so that 
t= $(x,+%2), y=t(ysitys), 2=F(Aat%). 

Cor. 2. Co-ordinates of any point on the join of two points. 
Putting & for m/n, we see that the co-ordinates of the point R which 
divides PQ in the ratio &: 1 are 

& Hay kysty hea te 
tk ? 14k? 14+k/° 

To every value of & there corresponds a point & on the line PQ 
and to every point R on the line PQ corresponds some value of k, viz. 
PR/RQ. 

Thus we see that the point 
(aa kya ty hee te) (i) 
lth ’ 1l+k ’ I+k a 
lies on the line PQ whatever value k may have and conversely any 
given point on the line PQ is obtained by giving some suitable value 
to k. This idea is sometimes expressed by saying that (2) are the 
general co-ordinates of any point of the line joining P(x, y,, 2,) and 
Q (22, Ya; Za). : 
Exercises 
“1. Find the co-ordinates of the points which divide the line joining the 
points (2, —4, 3), (—4, 5, —6) in the ratios 
(7) (1: —4) and (t¢) (2:1). 7 
(Ans. (4) (4, —7, 6); (44) (—2, 2, —3). 
*2. A(3,2, 0), B(5, 3,2), C(—9,6, —3) are three points forming a 
triangle. AD, the bisector of the angle BAC, meets BC at D. Find the 
co-ordinates of D. [Anes. (i; 3%, +3) . 
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3. Find the ratio in which the line joining the points 
(2, 4, 5), (3, 5, —4) 
ts divided by the YZ-plane. 
The general co-ordinates of any point on the line joining the given points are 
3k4+2 5k+4 —4k45 ; 
(Cae xT ). ..-() 


1+k°  1+k 
This point will lie on the YZ plane, if, and only if, its x co-ordinate is 
Zero, 4.¢., 
3k+2 : 2 
i447 t.€.5 ae bd 
Hence the required ratio=—2: 3. Putting k= —2/3 in (t), we see that the 
point of intersection is (0, 2, 23). 
/4, Find the ratio in which the X Y-plane divides the join of 
(—3, 4, —8) and (5, —6, 4). 
Also obtain the point of intersection of the line with the plane. 
[Ans. 2; (7/3, —8/3, 0). 
5. The three points A(0, 0,0), B(2, —3,3) C(—2, 3, —3), are collinear. 
Find in what ratio each point divides the segment joining the other two. 
[Ans. AB/BC=—}, BC/CA=—2, CA/AB=1. 
6. Show that the following sets of points are collinear : 
(¢) (2, 5, —4), (1, 4, —3), (4, 7, —6). 
(42) (5, 4, 2), (6, 2, —1), (8, —2, —7). 
7. Find the ratios in which the join of the points (3, 2, 1), (1, 3, 2) is 
divided by the locus of the equation 
3x2 —72y2+4 128223, fAns. —2:13;1:—2. 
8. A(4, 8, 12), B(2, 4, 6), C(3, 5, 4), D(5, 8, 5) are the four points ; show 
that the lines AB and CD intersect. 
9. Show that the point (1, —1, 2), is common to the lines which join 
(6, —7, 0) to (16, —19, —4) and (0, 3, —6) to (2, —5, 10). 
10. Show that the co-ordinates of any point on the plane determined by 
the three points (x,, y1, 21), (Ze, Ya, 2g), and (xg, yg, 2g), May be expressed in the 
form 


lt+min —’ l+mt+n ’ l+m++n 


11. Show that the centroid of the triangle whose vertices are (%,, Y,, 2) 3 


r=1, 2, 3, is 
Ate Yrtyetys 2a at*s) 
3 . 3 . 3 ; 


1°4. Tetrahedron. Tetrahedron is a figure bounded by four 
planes. It has four vertices, each vertex arising as a point of inter- 
section of three of the four planes. It has six edges; each edge arising 
as the line of intersection of two of the four planes. (*C,=6). 


To construct a tetrahedron, we start with three points A, B, C, 
and any point D, not lying on the plane determined by the points 

A, B, CG. Then the four faces of the 
A tetrahedron are the four triangles, 


ABC, BCD, CAD, ABD; 
the four vertices are the points 
A, B,C, D 
C and the six edges are the lines 
Fig. 5 AB, CD ; BC, AD ; CA, BD. 
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The two edges AB, CD joining separately the points, A, B and 
C, D are called a pair of opposite edges. Similarly BC, AD and CA, 
BD are the two other pairs of opposite edges. 


Exercises 


1. The four lines drawn from the vertices of any tetrahedron tothe 
centroids of the opposite faces meet in a point which is at three-fourths of the 
distance from each vertex to the opposite face. 


2. Show that the three lines joining the mid-points of opposite edges of a 
tetrahedron meet in a point. 

1°5. Angle between two lines. The meaning of the angle 
between two intersecting, t.e., coplanaz lines, is already known to the 
student. We now give the definition of the angle between two non- 
coplanar lines, also sometimes called skew lines. 


Def. The angle between two non-coplanar, t.e., non-intersecting 
lines is the angle between two intersecting lines drawn from any point 
parallel to each of the given lines. 


Note 1. To justify the definition of angle between two non-coplanar lines, 
as given above, it is necessary to show that this angle is independent of the 
position of the point through which the parallel hnes are drawn, but here we 
simply assume this result. 


Note 2. The angles between a given line and the co-ordinate axes are 
the angles which the line drawn through the origin parallel to the given line 
makes with the axes. 


/1°6. Direction cosines of a line. Ifa, 8, Y be the angles which 
any line makes with the positive directions of the axes, then cos «, 
cos 8, cos Y are called the direction cosines of the given line and are 
generally denoted by 1, m, n respectively. 

Ex, What are the direction cosines of the axes of co-ordinates ? 
| [Ans. 1, 0,0; 0,1, 0; 0,0, 1. 
‘161. A useful relation. Jf O be the origin and (x, y, z) the co- 
ordinates of a point P, then 
veal, y=mr, 2—=nr, 
where l, m,n are the direction cosines of OP and r, ts the length of OP. 
Through P draw PL | 2-axis so 


that OL=a. From the rt. angled 4, 
triangle OLP, 
we have 

OL 

op °° ZLOP 

1.€., So] or w=lr. 
r 

Similarly we have y 


Y=M", Z=N"r. Fig. 6 
“1:7. Relation between direction cosines. f l,m and nare the 
direction cosines of any line, then 
P+m’?+n?=1, 
t.€., the sum of the squares of the direction cosines of every line ts one. 
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Let OP be drawn through the origin parallel to the given line so 
that J, m, n are the cosines of the angles which OP makes with OX, 
OY, OZ respectively. (Refer Fig. 6) 

Let (x, y, z) be the co-ordinates of any point P on this line. 

Let OP=r, 

Ps s=lr, y=mr, 2=nr. 

Squaring and adding, we obtain 

a? +? 229 (12 4-m?+-n?)r?. 

But etyt2=OP?=r", 

af ?-+m?+n?=1. 

Cor. If a, 6, c be three numbers proportional to the actual direction 
cosines J, m, n of a line, we have 


Be Pe _} 
ab ¢ o/ (a? +b?+c?) / (a?+b?+¢?)’ 
a 5 
Eater pony OE yar pory ety 
m= 9 FET ci 
v (a+ 67+ c’) 


where the same sign, positive or negative, is to be chosen throughout. 


Direction Ratios. From above, we see that a set of three numbers 
which are proportional to the actual direction cosines are sufficient to 
specify the direction of a line. Such numbers are called the direction 
ratios. Thus if a, 0, c be the dircction ratios of a line, its direction 
cosines are 

4a] /Ea2, +£b//Za%, Le/Za? 

Note. It is easy to see that if a line OP | through the origin O makes 

angles «, 8B, y with OX, OY, OZ, then the line OP obtained by producing OP 


Fig. 7 


backwards through O will make angles r—a«, 7—f, m—y with OX, OY, OZ. 
Thus if 
cos a=/, cos B=m, cos y=n 
are the direction cosines of OP, then 
cos(m—a) = —1, cos(7—B) = —m, cos(r—y)=—n 
are the direction cosines of OP’, 7.e., the line OP produced backwards. 
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Thus if we ignore the two senses of a line, we can think of the direction 
cosines 1, m, n or —l, —m, —n determining the direction of one and the same 
line. This explains the ambiguity in sign obtained above. 


Note. Thestudent should always make a distinction between direction 
cosines and direction ratios. It is only when l,m,” are direction cosines, that 
we have the relation 


24+ m+ n?=1., 


Exercises 

1. 6, 2, 3 are proportional to the direction cosines of a line. What are 
their actual values ? [Ans. (6/7, 2/7, 3/7). 
2. What are the direction cosines of lines equally inclined to the axes ? 
How many such lines are there ? [Ans. (1/3, 41/3, 41/1/38) ; 4. 
3. The co-ordinates of a point P are (3, 12, 4). Find the direction cosines 
of the line OP. [Ans. (3/13, 12/18, 4/13). 

4. The dtrectton cosines l, m, n, of two lines are connected by the relations 
l+m+n=0 .o-(2) 
2im+2in—mn= 0. .. (42) 


Find them? 
Eliminating n between (2) and (22) ; we get 
212—lm—m?2=0 
1 \3% l 
én 2(—) Se eo. (48) 
mm 70 


This equation gives two values of J/m and hence there are two lines. The 
two roots of (17) are | and —4. 


If 11, my, nz and le, 79, Ny be the direction cosines of two lines, we have 


Bega ee 
my, Mo 2 
Also *.* 1,-+-my+n,=0 or “+1471 <0, - ak ; 
and +. Ip+-mg+n,=0 = or 241+ 280, 2 v8 = 
9 
z tia Ba or hay my ve n= V6 
and 7 ===, or =e ey dik => 


5. The direction cosines of two lines are determined by the relations 
(i) l—5m+3n=0, 712+5m2—3n2=0 ; 
(t) l+m—n=0, mn+6ln—12ln=0; 
fir.d them ? 
yl, 2,8, 1, 1 2 
Vl4 VYl4 v14’ /6 /6 4/6 
304 1 8 8 


. i 
(%) 58 28 Vee vid Vie Vid’ 
1°8. Projection on a Straight line. 


[Ans. ( 


1°81. Projection of.a point on a line. The foot of the perpendi- 
cular P from a given point A on a given straight line BC is called the 
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orthogonal projection (or simply projection for the purpose of this 
book) of the point on the line and is the same point where 
the plane through the given point and 


A perpendicular to the given line meets the 
line. 
Thus in Fig. 1, page 1, A is the projec- 
You tion of P on X-axis ; also B and C are the 
P projections of P on Y-axis and Z-axis respec- 
Fig. 8. tively. 


1-82. Projection of a segment of a line on another line. The 
projection of a segment AB of a line on any line CD is the segment 
A'B' of CD where A’, B’ are the projections of A, B respectively on 
the line CD. 


Clearly A’B’ is the intercept made on CD by planes through 
A, B each perpendicular to CD. 


Ex. The co-ordinates of a point P are (2, y,z). What are the projections 
of OP on the co-ordinate axeg ? [ Ans. 2, Y, 2. 


_ Theorem. The projection of a given segment AB of aline on any 
line CD is AB cos 9, where 9 is the angle between AB and CD. 


Let the planes through A and B perpendicular to the line CD 
meet it in A’, B’ respectively so that A’B’ is the projection of AB. 


Through A draw a line AP ||CD to meet the plane through 
B at P. 


Now, AP || CD. 

= LPAB=6. 
Also BP lies in the plane which is | AP. 
*'s LAPB=90° 
Hence AP=AB cos 6 


Fig. 9 
Clearly A’ B’PA is a rectangle so that we have 
AP=A'B'. 
Hence A'B'=AB cos 6. 


Cor. Direction cosines of the join of two points. 
To find the direction cosines of the line joining the two points 
P(x, Y1) Z) and Q (x2, Ya; Za). 
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Let L, M be the feet of the perpendiculars drawn from P, Q to 
the X-axis respectively so that 


OL=2,, OM=2,. 
Projection of PQ on X-axis=LM 
=OM—OL 
=L_e—2X}. 


Also if 1, m, n be the direction cosines of PQ, the projection of 
PQ on X-axis=1.PQ. 


Ss 1.PQ=2%—42%}. 
Similarly projecting PQ on Y-axis and Z-axis, we get 
m.PQ=Y2—Y1; 
n.PQ =2_— 2}. Bs = Gy t¥a(4 
7 Lg Xy ve A _"4a~*_ pg wa 
™° L[ —" mm ~~ Mn 


Thus the direction cosines of the line joining the two points 
(x4, Y15 21) and (X2, Yas Zy) 
are proportional to 


Vg—%1, Ya Yi, %2— 24. 


Exercises 
1. Find tho diroction cosines of the lines joining the points 
(¢) (4, 3, —5) and (—2, 1, —8). [Ans. (6/7, 2/7, 3/7). 
(ii) (7, —5, 9) and (5, —3, 8). [Ans. (2/3, —2/3, 1/3) 


2. Show that the points (1, —2, 3), (2, 3, —4), (0, —7, 10) are collinear, 
3. The projections of a line on the axes are 12, 4, 3. Find the length and 


the direction cosines of the line. [Ans. 13 ; (12/13, 4/13, 3/13) 
1°83. Projection of a broken line (consisting of several continuous 
segments). If Py, Pg, Pg,...-+0.. , P, be any number of pornts tn space, 


then the sum of the projections of 
PP ae Dal gyicwer Pe ee oe 
on any line is equal to the projection of P,P, on the same line. 


Let 01, Qo, Qs, se awe ’ Qn 


be the projections of the points Donated by 
| Pe ee ee 2 Mr. N. Sreeks 
on the given line. Then M.Sc.(Maths) ( 
Q19.= projection of P,P,, 
Q:03= 9 9 PP, 
and so on. 
Also Q:9n= projection of P,Py. 
AS Q;, Qa, Qgeeee eee ,Q, lie on the same line we have, for all 
relative positions of these points on the line, the relation 
Q1Q2+O29s+ +. + Qn-190=Q19n 


Hence the theorem. 
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# 
“1°84. Projection of the join of two points on a line. 'o show that 
the projection of the line joining 
P(21, Yr, 21) and Q(x2, Yo, 22) 
on a line with direction cosines l, m, n is 


(%—a)L+ (Yo—Yy,)M-+ (Zg— 2). 
Through P, Q draw planes parallel to the co-ordinate planes to 


form a rectangular parallelopipcd whose one diagonal is PQ. (See 
Fig. 3, Page 3). 
Now 
PA=x,—%,, AN=y,.—y,, NQ=2,— 2%. 

The lines PA, AN, NQ are respectively parallel to z-axis, y-axis, 
z-axis. Therefore, their respective projections on the line with 
direction cosines l, m, n are 

(%,—2,)b, (Yo— Yi)m, (2,2). 

As the projection of PQ on any linc is equal to the sum of the 
projections of PA, AN, NQ on that line, therefore the required pro- 
jection is 

(X.—x,)I+ (y2—y1)m-+ (Z2—2Z,)n. 


Exercises 
1. A(6, 3, 2), B(5, 1, 4), C3, —4, 7), D(O, 2, 5) are four points. Find the 
projections of AB on ('D and of CD on AB. [Ans. —13/7 ; —13/3. 


2. Show by projection that if P, Q, Rk, S are the points (6, —6, 0), 
(—1, 7, 6), (3, —4, 4,) (2, —9, 3) respectively then PQ | RS, 
M19, Angle between two lines. 1'o find the angle between lines 
whose direction cosines are (l1, my, ny) and (ly, mz, Ne). 
Let OP,, OP.,, be lines through the origin parallel to the given 
lines so that the cosines of the angles which OP, and OP, make with 


Zz, 


Y 


Fig. 10 
the axes are 1,, m,, m, and [,, mz, m2, respectively and the angle 
between the given lines is the angle between OP, and OP,. Let this 
angle be @. 
Let the co-ordinates of P, be (a2, yz, 22). 
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The projection of the line OP, joining 
O(0, 0, 0) and Po(xe, Yo, Ze) 
on the line OP, whose direction cosines are 


l,, M4, 4, 
is (x_—O)ly + (Ye— 0) + (22 —0) 21 = 1,74 4+ my, +12, 
Also this projection is OP, cos @. 
iy OP, tos 0=1,%.+ myYo+n,20. 
But agw=1,.0P., Yo=My.0P., 2g= N.0Py. (§1°61) 
- | OP, cos 0= (ll,+-m,m_+ nn3)OP, 
or cos 0=),],-+ m,;m,-+ Nye. 


Second Method. Suppose OP,;=7,, OP,=".. 


Let the co-ordinates of P,, P2, be (2%, 41, %) and (22, Ye, 2s) 
respectively. 


Then =n, Y=NmMy, 2%3=N, (§1°61) 
We have 


P,P.? = (%_2—%)? + (Yo— 91)? + (%.—%)? 
= (%q?-+ Yo?+ 27) + (?+y,? +2?) — 2 (24 %o+ YiYo +2122) 


= 19 + 7? — Qror (Lyla + myM2+ NyN2). w(t) 
Also from na we have 


Therefore, from (2) and (22), we obtain 
ry?+r.2—2r.r, cos @=P,P.? 
12 rg? — 27) 79(1yl,4+ myme-+ Ny Ng) 
2.€., cos 9=1,l,+ mymet No. 
Cor. 1. Sin @ and tan 9. The expressions for sin 9 and tan @ in 
a convenient form are obtained as follows :— 

sin?@= 1 — cos?@ 

=1—(1,+ mymy+nn2)? 

= (07, + my?+ 4”) (Le? + mq?-+ Ng”) — (Ly!g-+ yma NN)? 


= (Lm,—1,m,)? + (myng— MoN1)?-+ (Mla— Noly)?. 


os sin g=+V[2(lym,—l,m)*] 
sing, V(2(lm.—lym,)"] 
and tan §= cos fe) = + a, l, ee 


Cor. 2. If the direction cosines of two lines be proportional to 
ay, by, Cy, and Q@p, bg, C,, then their actual values are 


ee ee es ns ae 
a/ (ay? +6,2+ €;7)’ ~~ + (a2 +b? +¢,) / (a;°+ 7+ ¢,?) ” 
Fn. Seer eee eee eee. cee 
a/ (ag?-+ ba? + C2”) a/ (da? +3? + €2”) V/ (Gq?+ bg?-+ €5*) ” 
so that if @ be the angle between the given lines, we have 
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os A, 4+b,b,+ CC, 
008 OE (a2 + by +.0,%) V (ay? + B2-b 0,3)’ 
4 VU(aiba~ aybr)*+ (B16, — 8401)? +- (6449—C ot, )*] 
/ (a,7-+ by? + €,?) / (a.7+ by*-+-c,2) 
ayby— a4b,)"] 
NAA, 

The expression for tan @ is of the same form whether we use 
direction cosines or direction ratios. 

Cor. 3. Conditions for perpendicularity and parallelism. 

(1) When the given lines are perpendicular, 

G=-90° so that cos g=0. 


sin @= 


tan @= + vi 


This gives 
a,a, + b,b.+¢,¢,=0. 
(12) When the given lines are parallcl, 
§=0 so that sin @=0. 
This gives 
(aby — Agb,)? + (yCq~- bgc1)? + (cy, — Co2,)*=0, 
which is true only when 
1b,—A2b;=0, byc,—bacy=0, €44g—c,0,=0, 


ad a b & 

This result is also otherwise evident, for, the lines through the 
origin drawn parallcl to the parallel lines coincide and, therefore, their 
direction cosines must be the same and hence direction ratios propor- 
tional. 


Exercises 
1. Find the angles between the lines whose direction ratios are 
“(4) 5, —12, 13; —3, 4, 5. [Ans. cos~1(!/65). 
(72) 1,1, 2; 4/8—1, —4/3—1, 4. [Ans. 7/3. 


2. Show that the angle between the lines whose direction cosines are given 
by the relations in Ex. 4, P. 9 is }n. 
“3. Find the direction cosines of the line which is perpendicular to the lines 
with direction cosines proportional to (1, —2, —2), (0, 2, 1 
Sol. If 1, m, n be the direction cosines of the line perpendicular to the 
given lines, we have 
1.1 +-m(—2)+n(—2)=0, ¢.e., 1—2m—2n=0, 
1(0)-+-2(2) +n(1)=0, 2.¢., O0-+2m+n=0. 
: [ om Nn 
These give Tie aa 


} 2 2 1 2 
} ~/ [22+ (—1)2 428] 3? "=> NM - 
' 4. Show that a line can be found perpendicular to the three lines with 
direction cosines proportional to (2, 1, 5), (4, —2, 2), (—6, 4, —1). Hence show 
that if these three lines be concurrent, they are also coplanar. 
“3. Uy, my, ny i Lg, me, ne are the direction cosines of two mutually perpendi- 
cular lines. Show that the direction cosines of the line perpendicular to them both 


are 
MyNg—Mony, n ylg—n ol; lym ~ lymy. 
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Sol. IfJ, m,n be the direction cosines of tho required line, wo have 
Wy -+mm,+nn,=0, 
Ug+-mmg+nng=0. 
These give 
1 m n a/ Sl? 1 


a, SS renee a SE 8 eee =e 
IN4~Ng—MegnNy Nylg—Ngly lymg—lgm4 VJ [2 (myng—mMgnq)?] sin §’ 


where @ is the angle between the given lines. As 0=90°, we have sin 0=1. Hence 
the result. 


6. dy, my, ny and ly, mo, Ng aro the direction ratios of two intersecting lines. 

Show that lines through the intorsoction of these two with direction ratios 
Litkl,, my+kmo, nyz-+ kng 

are coplanar with thom ; k being any number whatsoever. 

(Show that they all have a common perpendicular direction.) 

7. Show that three concurrent lines with direction cosines 

(Jy, m4, 71), (Cg, mg, Ng), (lg, mg, Ng) 

are coplanar if. 


8. Show that tho join of points (1, 2, 3), (4, 5, 7) 18 parallel to the join of 
tho points (—4, 3, —6), (2, 9, 2). 
9. Show that the points 
(4, 7,8) ; (2, 3, 4) ; (—1, —2, 1) (12; D) 
aro the vertices of a parallelogram. 
10. Show that the points 
(5, —1, 1), (7, —4, 7), (1, —6, 10), (—1, —3, 4) 
are the vertices of a rhombus. 
11. Show that the points. 
(0, 4, 1), (2,3, —1), (4, 5, 0), (2, 6, 2) 
are the vertices of a square. 
“12. A(1, 8, 4), B(O, —11, 4), C(2, —3, 1) are three points and D is the foot 
of the perpendicular from A on BU. Find the co-ordinates of D. 
[Ans. (4, 5, —2). 
13. Find the point in which the join of (—9, 4,5) and (11,0, —1) is met 
by the perpendicular from the origin. [Ans. (1, 2, 2). 
14. A(—1, 2, —3), B(5, 0, —6), C(O, 4, —1) are three points. Show that 
the direction cosines of the bisectors of the angle BAC are proportional to 
(25, 8, 5) and (—11, 20, 23). 
{Hint.—Find the co-ordinates of the points which divide BC in the ratio 
AB: AC.) 
, 15. Find the angle between the lines whose direction cosines are given by 
the equations 3l+-m+5n=0 and 6mn—2nl+5lm=0. [Ans. cos~1 2, 
, 16. Show that the pair of lines whose direction cosines are given by 
3im—4in+-mn=0, 1+ 2m+3n=0 are perpendicular. 
17. Show that the straight lines whose direction cosines are given by the 
equations 
altbm+en=0, ul?+um?+wn?=0 
are perpendicular or parallel according as 
a2(v+w) +b2(w+u)+c%(u-+v)=0 or a®/u+ b2/v-+c2/w=0, 
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Sol. Eliminating J, between the given relations, we have 
u(bin ten)? 
gk - 
or (bu fare) 124 2nbonn + (c2uta2w)n?%=0 wee (2) 
If tho lines be parallel, their direction cosines are equal so that the two 
values of mj/n must be equal. The condition for this is 
u2b2e2 = (b2 + av) (e2u+a%w) 


+2 +wn2=0 


or 


Again, if 2), m4, ny and Ig, m9. Ng be the direction cosines of the two lines. 
then equation (2) gives 
mM, Me My Mg cRutatw 


—_——— oe 


Ny lg yg HAF a2v 


or 
iNyMe NyNo 
clutatw b2utary 
or 
Similarly the elimination of n, gives, (or by symmetry) 
lilg = MING 
b2w+ekv a2w+cry 
— tla  _ mymg YM =a 
° bw+etv atwt+c2u b2u+a2v —’ y 
or 


Lylgt+-mymg+nyng=k(b2w 4 c2v+a2w+c2ut b2u+a2v), 
For perpendicular lines 
Tylg+ mn 1Ng+nNyNng=0 
Thus the condition for perpendicularity is 
a2 (vw) +62 (wu) +c2(1+v) =0. 
18. Show that the straight lines whose direction cosines are given by 
al+bm+cn=0, fmn+gnl+him=0, 


Slat+g/b+h/c=0, . 
and parallel if 


VaftV by tv ch =0. 


19. 11, my, ny 5; Ig, Mg, Ng are the direction cosines of two concurrent lines. 


Show that the direction cosines of the lines bisecting the angles between them are 
proportional to 


are perpendicular if 


IyAlo, ym, n 12k. 


Sol. Let the lines concur at the origin O and let OA, OB be the two lines. 
Take points A, B on the two lines such that OA=OB=r, say. Also take a 


A’ ~ O A 
Fig. 11 
point A’ on AO produced such that AO=OA’. Let C,C’ be the mid-points of 
AB and A’B. Then OC, OC’ are the required bisectors. The result, now, 
follows from the fact that the co-ordinates of A, B, A’ " 
respectively are 
(Ar, myr, myr) 5 (lar, mer, Nar) 3 (—Uyr, ~myr, —Nyr), 
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20. If the edges of a rectangular parallelopiped are a, b, c show that the 
angles between the four diagonals are given by 


cos—V[ (+422 4-c?) / (a2 +62 + ¢?)], 
Sol. Take one of the vertices O of the parallelopiped as origin and the 


three rectangular faces through it as tho three rectangular co-ordinate planes. 
(See Fiy. 1, Page 1). 


Let OA=a, OB=b, OC=c 
The lines OP, AL, BM, CN are the four diagonals. 
The co-ordinates of A, B, C are (a, 0, 0) ; (0, b, 0) ; (0, 0, c). 
- LL, M, N aro (0, b,c) ; (a, 0, c) ; (a, 6, 0). 
” O, P are (0, 0, 0) ; (a, b, c). 


Direction cosines of OP are 


a c 
VEae 2? VEE 
; ; —a b c 
Direction cosines of AL are VER? VSn2? VE 
a —b cl 
JV Sar? S02? Sar’ 
a b —c 
Via’ Sai? Far" 
The angle between OP and CN, therefore, is 
qe+ b2~—¢2 
a24b2+4¢2° 
‘ analy tho angle between any one of the six pairs of diagonals can be 
ound. 


9? 9”? 93 BM are 


+B 99 ry) CN are 


cos l 


21. A line makes angles «, B, y, §, with the four diagonals of a cube ; prove 
that cos? a+cos® B+cos? y+cos? §=4/3. (P.U. 1932) 
(Choose axes as in Ex. 20 above and suppose that the direction cosines of 

the given line are J, m, n.) 


22. O, A, B, C, are four points not lying in the same plane and such that 
OA | BU and OBLCA. Prove that OC_|.1B. What well-known theorem does this 
become if four points are co-planar ? 


The result of this example may also be stated thus :— 


“If two pairs of opposite edges of a tetrahedron be at right angles, then so 18 
the third.” 


Take O as origin and any three mutually perpendicular lines through O as 
co-ordinate axes. 


Let (ry, Yy. 21), (ar Yas 2g), (%3, Yq, 2g) be the co-ordinates of the points 
A, B,C respectively, 


As OA | BC, we have 


4 (%a—%3) +41 (Yg— Ys) +21 (2g—Z3) = 9, +++(2) 
As OB | CA, we have 
ao(t3—21) + Y9(¥3—Y1) +29 (23—21) = 0. ++.(@t) 


Adding (2) and (22), we obtain 
3(%g—2X1) +43 (Y2—Y1) +23 (22-21) =0 
which shows that OC_| AB. 
23. If, in a tetrahedron O4BC, 
OA®+ BC2=0B?2+CA?=0C24 AB, 
then its pairs of opposite edges are at right angles. 


24. 13, my, 21 and Ig, mo, Ng are two directions inclined at an angle 9, to 
each other. Show that the direction 
Oe. Mame ia. 
2cos$o’ 2cos$o’ 2costo 
bisects the angle between these two directions, 
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Show that these direction cosines are the actual values, 
25. Show that the direction equally inclined to the three mutually per- 
pendicular directions 
Ty, 74, Ny 3 Lg, Mg, Ng 3 Lg, Mg, No, 
is given by the direction cosines 
Litlgotlg my+timgtmg ny +ng+n3 
PV ee V2: eee ee 
/ 26. Show that the area of the triangle whose vertices are the origin and 
the points (x. ¥;, 2), and (rg, Yg, 2%) 18 
$V [(Y122—Yat21)® + (2102 — 2901) ?+ (71 2—Kay3)?]. (B.U. 1958) 
27. 11, 74, 21 3 Lg, Mg, Neg 3 1g, Mg, Mg 
are the direction cosines of three mutually perpendicular lines ; show that 
Ly, Ug, lg 3 M1, Mg, Mg 3 Ny, Ne, Ng 
are also the direction cosines of three mutually perpendicular lines, Hence 
show that 


1,2+42+n,2=1, dy2-++- ly2-+152= 1, 
lo? + 192-+ no?2@=1, 42+ Mo? + mig?= 1, 
Ig?+-1252-+ ng*=1, 142+ no? +ng2= 1, 
lo mymo+nyng=O, 1724 +lgmo+lgmg=0, 
Iglg+mgmg+Ngng=O0, MN + INgNg+INgNg=0, 
Igl,-+mgm4+ngn,=9, N41) + Neleg+nglg=0. 
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CHAPTER II 
THE PLANE 


“2-1. General equation of first degree. Hvery equation of the first 
degree in x, y, 2 represents a plane. 
The most general equation of the first degree in a, y, z ts 
ax -| by-+-cz+d=0 
where a, b, c are not all zero. 


The locus of this equation will be a plane if every point of the 
line joining any two points on the locus also lies on the locus. 


To show this, we take any two points 
P (a1, Yp, 21) and Qa, Yo, 22) 
on the locus, so that we have- 


ax, -+-by,-+-cz;+d=0, ---(%) 
ax, +by.+cz,+d=0. rl ) 
Multiplying (7) by k and adding to (2), we get 
Cyt hoe | Yithkye , eth , 


4+d=0. . (itt) 


eh ee, oe ery 
The relation (222) shows that the point 
(Ai it kye at fa) 


Ith’? I4k?’ 14k 

is also on the locus. But, for different values of k, these are the 
general co-ordinates of any point on the line PQ. Thus every point 
on the straight line joining any two arbitrary points on the locus also 
lies on the locus. 

The given equation, therefore, represents a plane. 

Hence every equation of the first degree in a, y, z represents 
a plane. 

Ex. Find the co-ordinates of the points where the plane 

ax+ by+cz+d=0 


meets the three co-ordinate axcs. 


“2-2. Normal form of the equation of a plane. To find the equation 
of a plane in terms of p, the length of the normal from the origin to it 
and l, m, n the direction cosines of that normal ; (p ts to be always 
regarded positive). 


Let OK be the normal from O to the given plane ; K being the 
foot of the normal. 

Then OK=p and I, m, n are its direction cosines. 

Take any point P(x, y, z) on the plane. 


Now, PK |. OK, for it lies in the plane which is | OK, 
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Therefore the projection of OP on OK=OK=p. 
“ 


Y 
Fig. 12 


Also the projection of the line OP joining 
O(0, 0, 0) and P(a, y, 2), 
on the line OK whose direction cosines are 


l,m, n, 
is 

U(x—0)+ m(y—0)+n(z--0)=lz+my+nz.  (§1°84, p. 14) 
Hence Ix-++my+nz=p. 


This equation, being satisfied by the co-ordinates of any point 
P(x, y, 2) on the given plane, represents the plane and is known as 
the normal form of the equation of a plane. 

Cor. The equation of any plane ts of the first degree in x, y, 2. 

This is the converse of the theorem proved in § 21. 


Ex. Find the equation of the plano containing the lines through the 
origin with direction cosines proportional to (1, —2, 2) and (2, 3, —1). 
[Ans. 4xa—5y—7z=0. 


2:3. Transformation to the Normal form. Zo transform the 
cquation 
ax+by+cz+d=0 


lxa+my-}+ nz==p. 
As these two equations represent the same plane, we have 


dab 6 LV @H TC) apes ety 


to the normal form 


pb om on a (Pm?) 
Thus, —d/p=++/(a?+6?+c’) and as p, according to our con- 
vention, is to be always positive, we shall take positive or negative 
sign with the radical according as, d, is negative or positive. 


Thus, if d be positive, 
| ee ‘m=—-->- et ee : sm — qd 
/ Sai? Sa?’ \/Ea2? p / tae 
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If d be negative, we have only to change the signs of all these. 
Thus the normal form of the equation axz+by+cz+d=0 is 

a b c ds. ve 

~ 7 SqR aad ~ sa? Za? if d be positive ; 


a b c qd, 
«Za at Vsatl tsa = ~ sa if d be negative. 


v 2°31. Direction cosines of normal toa plane. From above we 
deduce a very important fact that the direction cosines of normal to 
any plane are proportional to the co-efficients of x, y, z in its equation 
or, that the direction ratios of the normal to a plane are the co- 
efficients of x, y, 2 in its equation. 

Thus, 
a, b,c 
are the direction ratios of the normal to the plane 
ax + by+cz+d=0. 
Ex. 1. Find the direction cosines of the normals to the planes 
(2) 2x—3y4+62=7. (27) 1+2y4+2z2—1=0. 
[ Ans. (2) 2/7, —3/7, 6/7, (44) 1/3, 2/3, 2/3. 
Ex. 2. Show that the normals to the planes 
x—y++e=1, 3at2y—2+4+2=0 
are inclined to each cther at an angle 90°. 
2°32. Angle between two planes. Angle between two planes is 
equal to the angle between the normals to them from any point. 
Thus the angle between the two planes 
ax-+by+cz+d=0, and aya +byy+c2+d,=0 
is equal to the angle between the lines with direction ratios 
a, b,c, 
a; by, C1; 
and is, therefore, 
_. cos“ 14+ bb, + CC) 
v (Sa*) /(3a,%) 


2/33. Parallelism and perpendicularity of two planes. Two 
planes are parallel or perpendicular according as the normals to them 
are parallel or perpendicular. T'hus the two planes 

ax+by+cz+d=0 and ayx+ by +c,2+d,=0 
will be parallel, if 
a/a,;=b/b,=c/c, 5 
and will be perpendicular, uf 


aa, +bb,-+cc,=0. 
Exercises 
/1, Find the angles between the planes 
(6) 2a—y+2z =3, 3a+6y+22=4, [Ans. cos! (4/21). 
(14) 2a—y+z2=6, r+ y+4+22=7,. [Ans. 2/3. 
- (102) 3a—4y+52=0, 2a—y—2z=5. f[Ans. 2/2, 
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2. Show that the equations 
ax+by+r=0, by+cz+p=0, cze+axr+q=0 

represent planes respectively perpendicular to XY, YZ, ZX planes. 

3. Show that ar+thy+cz+d=0 represents planes, perpendicular respoc- 
tively to YZ, ZX, XY planes, if a, 6, c separately vanish. (Similar to Tix. 2). 

4. Show that the plane 

c+ 2y—3z2+4=0 

is perpendicular to each of the planes 


2u+ 5y4+42+1=0, 42+ 7y4+624+2=0, 


2°4. Determination of a plane under given conditions. The general 
equation ax-+ by+cz+d=0 of a plane contains three arbitrary cons- 
tants (ratios of the co-efficients a, b, c, d) and, therefore, a plane can 
be found to satisfy three conditions each giving rise to only one 
relation between the constants. The three constants can then be 
determined from the three resulting relations. 


We give below a few sects of conditions which determine a plane :— 
(1) passing through three non-collinear points ; 
(12) passing through two given points and perpendicular to a given 


° 


plane ; 
(422) passing through a given point and perpendicular to two given 
planes. 


VY 2°41. Intercept form of the equation of a plane. 7’o find the 
equation of a plane in terms of the intercepts a,b,c which it makes on 
the axes. 

Let the equation of the plane be 
Az+By+C2z+D=0. soot) 
The co-ordinates of the point in which this plane mects the 
X-axis are given to be (a, 0.0). Substituting these in equation (1), 
we obtain 


aA+D=0, 
or a 
Da 
Similarly 
B11. Ci 
a a as 
The equation (1) can be re-written as 
A B C 


==] 


3 


D*- Dp? 
so that, after substitution, we obtain 
2 oe ee 
a 7 ble 


as the required equation of the plane. 


Note. The fact that a plane makes intercepts a, b, c, on the three axes is 
equivalent to the statement that it passes through the threo points (a, 0, 0), 
(0, 6, 0), (0, 0, c), so that what we have really done here is to determine the three 
ratios of the co-efficients in (1) in order that the same may pass through these 
points. 
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Ex. 1, Find tho intercepts of the plane 2c—3y+4+4z=12 on the co-ordinate 
axes, [Ans. 6, —4, 3. 


Ex. 2. A plane meets the co-ordinate axes at A, B,C such that the 
centroid of the triangle ABC is the point (a, 6, c) ; show that the equation of the 
plano is x/a+y/b+z/c=3. 

Ex. 3. Prove that a variable plane which moves 8o that the sum of the 
reciprocals of its intercepts on the three co-ordinate axes is constant, passes 
through a fixed point. 


2°42. Plane through three points. Yo find the equation of the 
plane passing through the three non-collinear points 
(4, Yi> Z1), (Xe, Yrs za), (x3, Y25 z3). 
Let the required equation of the plane be 


ax+ by+cz+d=0. ...(t) 
As the given points lie on the plane, we have 
ax,+by,+cz,+ d=0, .2 (Ut) 
ax,+by,+cz2+d=90, .. (102) 
ax,-|-by3+cz3+d=0. wo (2) 
Eliminating a, b, c, d from (1)—(wv), we have 
GY, &%; 
v1, Yi» 1s I 
=0 
X95 Yo; @25 | 
U3, Y35 235 l 


which is the required equation of the plane. 


Note. In actual numerical exercises, the student would find it more con- 
venient to follow the method of the first exercise below. 


Exercises 


M1. Find the equation of the plane through 
P(2, 2, —1), Q(3, 4, 2), R(7, 0, 6). 
The general equation of a plane through P(2, 2, —1) is 
a(w—2)+b(y—2)+c(z+1)=0 (Refer 4, § 2°5, p. 25) .-(t) 
It will pass through Q and J, if 
a+2b+3c=0 
Sa—2b+7¢=0. 
These give 
a b c a b 
Tae is a i 
Substituting these values in (2), we have 
5(v—2)+2(y—2) —3(z+1)=0 
1.€., 5a +2y—3z—17=0 
as the required equation. 


/2. Find the equation of the plane through the three points (1, 1, 1), 
(1, —1, 1), (—7, —3, —5) and show that it is perpendicular to the XZ plane. 
[Ans. 38x—4z2+1=0. 
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/3. Obtain the equation of the plane passing through tho point (—2, —2, 2) 
and containing the line joining the points (1, 1, 1) and (1, —1, 2). 
[Ans. x—3y—6z+8=0. 
4. If, from the point P(a, b, c), perpendiculars PL, PM be drawn to YZ 
and ZX planes, find the equation of the plane OLM. [Ans. bex+cay—abz=0. 
5. Show that the four points (—6, 3, 2), (3, —2, 4), (5, 7, 3) and 
(—13, 17, —1) are coplanar. 
“6. Show that the join of points (6, —4, 4), (0, 0, —4) intersects tho join 
of (—1, —2, —3), (1, 2, —5). 
-7. Show that (—1, 4, —3) is tho circumcentre of the triangle formed by 
the points (3, 2, —5), (—3, 8, —5), (—3, 2, 1). 
7/8. Find the equation of the plane through the points 
(2, 2, 1) and (9, 3, 6) 
and perpendicular to the plane 
2u +6y+ 62---9. 
Any plane through (2, 2, 1) is 
a(«w—2)4+0(y—2) 4+¢(s—1)=90. . (t) 
It will pass through (9, 3, 6) if 
a(9—2)+ b(3—2)+c¢(6—1)=0 


2.6., 7a+b4+-5¢=0 .-.(t2) 
The plane (7) will be perpendicular to the given plane if 
2a+60-|-Gc=-0. ... (2%) 
From (72) and (772), we have 
a b c a b c 


1) een —— 


2a" — 327 40 Bg 
Substituting in (7), we seo that the equation of the required plane is 
3(a—2)+4(y—2) —5(z—1)=0 
or dt+ 4y—5z2=9, 
- 9, Show that the equations of the three planes passing through the points, 


(1, —2, 4), (3, —4, 5) and perpendicular to XY, YZ, ZX planes arex+y+1=0; 
x—2z+7=0 ; y+2z=6 respectively. 
-10. Obtain the equation of the plane through the point (—1, 3, 2) and 
perpendicular to the two planes 7-+-2y+2z=5 ; 3x+3y+2z=8. 
[Ans. 2x—4y+3z+8=0. 
-11. Find the equation of the plane through 4(—1, 1, 1) and B(i, —1, 1) 
and perpendicular to the plane «7+ 2y422z=5. [Ans. 2¢%4+2y—3z+3=0. 


-12. Find the equations of the two planes through the points (0, 4, —3), 
(6, —4, 3) other than the plane through the origin, which cut off from the axes 
intercepts whose sum is zero. (M.T. 


[Ans. 22—3y—6z2=6 ; 6x+3y —2z=18. 

13. A variable plane is at a constant distance p from the origin and meets 

the axes in A, B,C. Show that the locus of the centroid of the tetrahodron 
OABG is x~24-y-24-2-2=16p-2. 

25, Systems of planes. The Yequation of a plane satisfying 
two conditions will involve one arbitrary constant which can be 
chosen in an infinite number of ways, thus giving rise to an infinite 
number of planes, called a system of planes. 


The arbitrary constant which is different for different members 
of the system is called a parameter, 


Similarly the equation of a plane satisfying one condition will 
involve two parameters. 


The following are the equations of a few systems of planes 
involving one or two arbitrary constants. 
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1. The equation 
ax +by+cz+k=0 
represents a system of planes parallel to the plane 
rr | ax+by+ez+d=0, 
k being the parameter. (§ 2°33, p. 21). 
2. The equation 
ax+by+cz+k=0 
represents a system of planes perpendicular to the line with direction 


ratios a, b,c ; k being the parameter. (§2°31, p. 21). 
3. The equation 
(ax + by+cz+d)+k(ayx+ by +ce,z2+d,)=0 ...(1) 
represents a system of planes passing through the line of intersection 
of the planes 
ax+-by +cz+d=0, re 
a,cx+b,y+c,2+d,=0 ; ...(3) 


k being the parameter, for 


(1) the equation, being of the first degree in a, y, z, represents a 
plane ; 


(iz) it is evidently satisfied by the co-ordinates of the points which 
satisfy (2) and (3), whatever value k may have. 


S 4. The system of planes passing through the point (x1, 4, 2,) is 
A(x—2,)+Bly—y1) +C(z —2,)=0, 

where the required two parameters are the two ratios of the co-effi- 

cients A, B, C; for, the equation is of the first degree and is clearly 


satisfied by the point (a, y;, 2), whatever be the values of the ratios 
of the co-efficients. 


Exercises 
\ V/.. Find the equation of the plane passing through the intersection of the 
planes 
xty+z=6 and 2x-+ 8y+424+5=0 
and the point (1, 1, 1). 
The plane 
x+ty+z2—6+h(20+3y+4+42+5)=0, .-(t) 
passes through the intersection of the given planes for all values of k. 
It will pass through (1, 1, 1) if 
—3+-14k=0 or k=3/14. 
Putting k=3/14 in (7), we obtain 
20x + 23y + 26z—69=0, 
which is the required equation of the plane. 
2. Obtain the equation of the plane through the intersection of the planes 
x-+ 2y+3z4+4=0 and 4x+-3y+2z+1=0 
and the origin. [Ans. 32+2y+2=0. 


3. Find the equation of the plane passing through the line of intersection of 
the planes 


2x—y=0 and 3z—y=0 
and perpendicular to the plane 
4x-+5y—3z=8. 
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The plane 
2x—y+k(3z—y) = 0, z.e., 2e— (1—k) y+3kz=0, 


passes through the line of intersection of the given planes whatever k may be. 
It will be perpendicular to 


4x+5y—32z=8, 


if 2-4—(14+k):5+4+3k(—3)=0, te. l4kh=3. 
3 
k=77- 


Thus the required equation is 


22—-y+(+7) (3=—y) =0, 
4.€., 28.c—~17y4+92z=0. 
/ 4, Find the equation of the plano which is perpendicular to the plane 
dx+3y+4+6z2+8=0 
and which contains the line of intersection of the planes 
x+2y43z—4=0, 2r+y—z+4+5=—0. (L.U. 1934) 
[Ans. 5lx+15y—50:+173=0. 
‘5, The plane r—2y+432=0 is rotated through a right angle about its line 
of intersection with the plane 2u+3y—42:—5=0, find the equation of the plane in 
its new position. [Ans. 22v45y—4z—35=0. 
6. Find the equation of the plane through the mtersection of the planes 
ax+ by+cz+d=0, ayx+byy+ce,2+d,=0 
and perpendicular to the XY plane. 
eA [Ans. x(acy—ayc) + y(bey— bye) + (dey—dyc) = 0, 
; 7. Obtain the equation of the plane through the point (x1, ¥4, 21) and parallel 
to the plane ax+by+cz+d=0. 


The plane 
ax-+by+cz+k=0 
is parallel to the given plane for all values of k. 
It will pass through (71, 3, 2;), if 
aty+by,4+c2,+k=0, 
Subtracting, we get 
a(v—2) + b(y—yy) +¢e(z—2%) =0. 
which is the required equation. 
“8. Find the equation of the plane through the point (2, 3, 4) and parallel 
to the plane 5a—6y+ 7z=3. [Ans. 5a—6y+7z=20. 
-9, Find the equation of the plane that passes through (3, —3, 1) and is 
normal to the line joining the points (3, 4, —1) and (2, —1, 5). 
[Ans. a2+5y—6z+19=0. 
-10. Obtain the equation of the plane that bisects the line joining (1, 2, 3), 
(3, 4, 5), at right angles. 
S 11. £r+2y-—z—3=0, 3x—y + 2z—1=0, 
22 —2y+3z—2=0, c—y+z2+1=0 
are four planes. Show that the line of wntersection of the first two planes is coplanar 


with the line of intersection of the latter two and find the equuiion of the plane 
contuining the two lines. 


The planes 
x-+-2y—z—3+k(3x—y+4+2z—1) =0 
and 2xa—2y+3z—2+k' (a—y+z2+1)=0 
4.66, (143k)x-+ (2—k)y+(—142k)z+(—3—k)=0 
and (24+k')a+ (—2—k’)y+ (3+k')z+(—2+k') =0, 


separately contain the two lines. The two lines will be coplanar if, for some 
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values of k and k’, they become identical. This requires 
143k 2—-k _—142k —3—k 
Q4k’ —2—k 84h! © —24k" 
or 644k43k'4+2kkb! =0, (i) 
4+k+kk'=0, ». (it) 
11—k 4 2k’+3kk’=0. ».. (itz) 


(2) and (¢) give 
=—3/2, k’=5, 


and k==2. k’=—2. - 
Of these two sets of values, k=—3/2 and k’=5 satisfy (777) also. Thus 
the two planes become identical for k= —3/2 and k'=5. Hence the two lines 


are coplanar and the equation of the plane containing them is 
Te— Ty+8z24+3=0. 
12. Show that the line of intersection of the planes 
Tx—4yt+72+16=0, 4¢+3y—2z4+3=0 
is coplanar with the line of intersection of 
e—3y+424+6=0, «—y+24+1=0. 
Obtain the equation of the plane through both. 
[-ns. 38x—Ty+9z+13=0. 


13. A variable plane passes through a fixed poimt (a, 6, c) and meets 
the co-ordinate axes in A, B, C. Show that the locus of the point cominon to 
the planes through A, B, C parallel to the co-ordinate planes is 


alc+blytefc=1. 
x. 2°6 Two sides of a plane. Z'wo points 
A(1, Y1; %1), B(%2, Yo, 22) 
lie on the same or different sides of the plane 
ax+by+cz+d=0, 
according as the expressions 
ax,+by,+cz,4+d, Ax_,-+ by,+cz.+d 

are of the same or different signs. 

Let the line AB mect the given plane in a point P and let P 
divide AB in the ratio r : 1 so that r is positive or negative according 
as P divides AB internally or externally, t.e., according as A and B 
lie on the opposite or the same side of the plane. 

Since the point P whose co-ordinates are 

ey %y TYat Ya ati) 
r+1° r+tl’ r+l 
lies on the given plane, therefore 
1X Xy tee T2a+ 24 
Say gay ey eee 
or r(ax,+by,+ cz, + d) fi on +by,+cz,+d)=0, 
ee pon atoy teat 
ax, + byz,+ c%a+d 
This shows that r is negative or positive according as 
ax,+by,+c2z,+d, ax,+by,+cz,4+d 
are of the same or different signs. 
Thus the theorem is proved. 


Ex. Show that the origin and the point (2, —4, 3) lie on different sides of 
the plane 24+3y—-5z+7=0. 
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2:7. Length of the perpendicular from a point to a plane. To 
jind the perpendicular distance of the point 
P(%15 Y1; 21) 
from the plane 
lx+-my +nz=p. 
The equation of the plane through P(x, y;, 2) parallel to the 
given plane is 
ly+ my +nz=,, 
where é lx, 4+ my, +nz,=7. 
Let OKK’' be the perpendicular from the origin O to the two 
parallel planes meeting them in K and K’ so that 
OK=p and OK'=9,. 
Draw PL | given plane. 
Then LP=OK'—OK 
=p —p =la, + my, + nz, — p. 
Cor. To find the length of the perpendicular from (2, Y1, 2) lo the 
plane ax+by+cz-+d=0. 
The normal form of the given equation of the plane being 
C 


a 5 d 
ty Sat® tyrant © za2* = rai” 


the required length of the perpendicular is 
ax,+by,+-cz,+d 


es a/ (a? + b? +c?) 
Thus the length of the perpendicular from (21, y, 2,) to the plane 
ax+by+cz+d=0 
is obtained by substituting 
X15 Y1> 21; for v,Y; 4; 
respectively in the expression, 


ax + by+cz+d, 
and dividing the same by 
V/ (a? -+b?-+c?). 
Exercises 
/1, Find the distances of the points (2, 3, 4) and (1, 1, 4) from the plane 
3x—6y+22+11=0. [Ans. 1; 16/7. 


/2, Show that the distance between the parallel planes 
22 —2y+2z24+3=0 and 4x—4y+42245=0 
is 1/6. 
(The distance between two parallel planes is the distance of any point on 
one from the other). 


_ *3, Find the locus of the point whose distance from the origin is three timos 
its distance from the plane 2x—y+2z=3. 
[Ans. 322+4322—4xy-+ 8xz—4yz—1224+6u—12z2+9=0. 


https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
BISECTORS OF ANGLES BETWEEN TWO PLANES 29 


4. Show that (1/8, 1/8, 1/8) is in the centre of the tetrahedron formed by 
the four planes x=0, y=0, z=0, a4+2y+2z=1. 

5. Sum of the distances of any number of fixed points from a variable 
plane is zero ; show that the plano passes through a fixed point. 

6. A variable plane which remains at a constant distance, 3p, from the 
origin cuts the co-ordinate axes at 4A, B,C. Show that the locus of centroid of 


the triangle ABC is 
eth 84 2-2 = p28, 


2°71. Bisectors of angles between two planes. T7'o find the equa- 
tions of the bisectors of the angles between the planes 
ax + by+cz+d=0, ay4+b,y+¢,2+d,=0. 
If (x, y, z) be any point on any one of the planes bisecting the 
angles between the planes, then the perpendiculars from this point 
to the two planes must be equal (in magnitude). 


Hence 
ax+by+cz+d ajx+byy+e2z+d, 
V(a@-+ be) = V/(a2-+b2-+e,) 
are the equations of the two bisecting planes. 

Of these two bisecting planes, one bisects the acute and the other 
the obtuse angle between the given planes. 

The bisector of the acute angle makes with either of the planes 
an angle which is less than 45° and the bisector of the obtuse angle 
makes with cither of them an angle which is greater than 45°. This 
gives a test for determining which angle, acute or obtuse, each 
bisecting plane bisects. 

Ex. Find the equations of the planes bisecting the angles between the planes 

a+ 2y422—3=0, beet) 
30 +4y-4- 12:+1=0. ».. (72) 
and specify the one which bisects the acute angle. 

The equations of the two bisecting planes are 

e+ 2y4+22—3 3r+4y+12z241 
te eS 3 = + --- eee Seas, abe 


- 13 
or 2Qc4+7y—52—21=0, .. (dit) 
and Lle+19y4312—18=0. (iv) 
If 0 be the angle between the planes (7) and (777), we have 
cos 02/4/78 


so that tan 0=4/74/2, which being greater than I, we sce that 6 is greater than 
45°. Hence (777) bisects tho obtuse angle, and consequently, (zr) bisects the 
acute angle. 

Note. Sometimes wo distinguish between the two bisecting planes by 
finding that plane which bisects the angle between the given planes containing 
the ongin. To do this, we express the equations of the given planes so that d 
and d, are positive. Consider tho equation 

av+byteztd ayrtbyy+eyz+cy a 

V (RFE Fe2) ~Y (42-+542+ 642) ce: 
Since, by virtue of tho equahty (4), the expressions az-+by+cz+d and 
ayvt+ byy+e,2-+d, must have the same sign (denominators being both positive), 
the points (x, y, 2) on the locus lic on the origm or the non-origin side of both 
the planes, i.e., the points on the locus he in the angle between the planes 
containing the origin. Thus the equation (.1) represents the plane bisecting 
that angle between the planes which contains the origin. 
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Similarly, 
ax+bytez+d _— — ayx+byyteyz+dy 


V (a2+b2 402) (0,24 5,24 042) 
represents the plane bisecting the other angle between the given planes. 


Exercises 


1. Find the bisector of tho acute angle between the planes 
2e—y+224+38=0, 3r—2y-+ 6:4+8=0. 
[-lns. 232—138y+4+32z24+45=0. 
2. Show that the plane 
14a—8y+13=0 
bisects the obtuse angle between the planes 
3a+4y—52+1=0, 5x+12y—132=0., 
3. Find the bisector of that angle between the planes 
3c—6y+2274+5=0, 4u—12y+327—-3=0. 
which contains the origin. [-fns. 67c—162y4+472+ 44=0. 
M28. Joint equation of two planes. 7'o find the condition so that 
the homogeneous second degree equation 


ax* + by? +c2z?+ 2fyz+ 2922+ 2hay=0 ...(1) 
may represent two planes. 
Let the two planes represented by (1) be 
la+my-+nz=0, and l'x+m’y+ n'z=0. 
There cannot appear constant terms in the equations of the 
planes, for, otherwise, their joint equation will not be homogeneous. 
We have 
ax®+ by? +027+-2 fyz+ 2gza + 2hay=(la-+ my + nz) (l'a+m'y+ n’z) 
so that comparing co-efficients, we obtain 
a=ll’, b=mm’, c= nn’ 
and 2f=m'n+mn’, 2g=ln'+l'n, 2h=lm'+l'm. 
In order to find the required condition, we have to eliminate 


l, m, n; Um’, n’ from the above six relations and this can be easily 
effected as follows. We have 


lL vl, 0 l’, l, 0 
O= | m, m’, 0 |x| m’, m, 0 
n, n', O n’, n, 0 


WwW’ 40, Um+t+lm’, Unt lr’ 
= | lm’ +l'm, mm'+m'm, m'n+mn’ 


nl +nl', n'm+nm', n'n+nn’ 


a, h, g 
~ h, 6, f |=8(abe+2fgh—af?—bg*—ch?) 
g, f, © 
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Hence 
abe + 2fgh— af?—bg?— ch?=0 
is the required condition. 


Cor. Angle between planes. If 9 be the angle between the 
planes represented by (1), we have 


/[(mn’ — m'n)* + (nl' — n'l)? + (lm! —1'm)?} 
tan —— oa BS SO a ge - 
ll’+mm'--nn 
_2V (fit g?-+h?—ab—be~ca) 
a atb+e 
The planes will be at right angles if a+b+c=0, for then @ is 90°. 
Ex. Show that the following equations represent pairs of planes and also 
find the angles between each pair. 
(7) 12¢2—2Qy2— 622—2ry+ Tyz4+ b2r=0. [Ans. cos~1(4/21). 
(17) 2u®—2y24+4224 602+ 2yc+3xy=0. [Ans. cos—1(4/9). 
2°9, Orthogonal projection on a plane. Determination of Plane 
Areas. Def. Zhe foot of the perpendicular drawn from any point 
P to a given plane, 1, is called the orthogonal projection of the point P 
on the plane x. 
This plane, x, is called the plane of the projection. 
Thus (Fig. 1, p. 1) L, M,N are respectively the orthogonal 
projections of the point P on the YZ, ZX and AY planes. 
The projection of a curve on the plane of projection is the locus 
of the projection on the plane of any point on the curve. 
The projection of the area enclosed by a plane curve is the area 
enclosed by the projection of the curve on the plane of projection. 


In particular, the projection of a straight line is the locus of the 
foot of the perpendicular drawn from any point on it to the plane of 
the projection. 


2°91. The following simple results of Pure solid geometry are 
assumed without proof :— 

(1) The projection of a straight line is a straight line. 

(2) Ifa line AB in a plane, be perpendicular to the line of inter- 
section of this plane with the plane of projection, then the length of 
its projection is AB cos @ ; @ being the angle between the two planes. 

In case AB is parallel to the plane of projection, then the length 
of the projection is the same as that of AB. 

(3) The projection of the area, A, enclosed by any curve in a 
plane is A cos @; @ being the angle between the plane of the area 
and the plane of projection. 


Theorem. Jf Az, Ay, Az be the areas of the projections of an area, 
A, on the three co-ordinate planes, then 


At=A,?+ Ap+A? 


Let J, m, n be the direction cosines of the normal to the plane of 
the area A. 
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Since J is the cosine of the angle between the YZ plane and the 
plane of the area A, therefore 


A,=1LA. 
Similarly, ra =m.A, 
and 2==Nn.A. 


Hence A,i+ApP+APZ= AP +m? +n?) =A 


i Exercises 
1. Find the area of the triangle whose vertices are the points 


(1, 2, 3), (—2, 1, —4), (3, 4, —2). (D.U. Hons., 1947) 


To find the area A of this ian gle, we find the arcas A,, A, , A,, of the 
projection of the same on the co-ordinato planes. 


The vertices of the projection of tho triangle on the X Y plane are 
(1, 2, 0), (—2, 1, 0), (3, 4, 0), 


so that 
1, 25 ] 
1 
Ay= 5 —2, I, l a 
3, 4, ] 
| l. ; l 
e36 ] 29 
S l ] = —2, —4, l = 
imilarly, A. : 5 
3, —2, l 
2, 3, ] 
l 19 
d =—| I, —4 i et 
an A, 9 5 


Therefore, the area of the triangle 


(26 
error er =n / (4+! ak SN = V8 


2. Find the arcas of the triangles whose vertices are the points 
(2) (a, 0, 0), (0, b, 0), (0, 0, c). 
(22) (1ys Ys 21), (Xe, "39 *2), (73, Y3, 23). 
3. From a point P(x’, y’, =’), a plane is drawn at right angles to OP to 


meet the co-ordinate axes at A, B, C ; prove that the area of the triangle ABC 
is 75/2.r'y’2’, whoro ris the measure of OP. 


2°10. Volume of a tetrahedron. To find the volume of a tetrahedron 
in terms of the co-ordinates 


(24, Y15 Z1); (22, 29 Z2), (23, Y3> Z3), (x4, Ya» Z4) 
of its vertices A, B, C, D. 
Let V be the volume of the tctrahedron ABCD. 
Then 
A C 
V=1p/, w+ (4) 


where p is the length of the perpendicular 
AL from any vertex A to the opposite face 
BCD ; and A is the area of the triangle 
') 9) BCD. 
Fig. 13 
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The equation of the plane BCD is 


LX, Y; Ze. l 
Xo Yo, 295 ] 
= () 
X35 U3; 235 ] 
X4) Yap m4, 1 
Yas 2%) 1 Xo, 225 ] 
or 2X) ¥35 35 1 |—y| 23, 3 l 
Ys, 44; ] X4, 245 l 
Co, Yo. l X25 Yo, >) 
+2| %3, Y3: 1) — | &s, Y35 zz, | =0 
| 
U4. Yas 1 | U4) Ya, m4 
. the length of the perpendicular, p= 
Yo, 22, 1 Xe, 2%, | Xe, Ye, 1 Xo, Yas %2 
% | Y3, 23, 1 |\—Yyy) %3, 23, 1 itz.) %3, Y3, 1) — | Xa, Yo, 2s 
Ya, 24; 1 4, 24, 1 | Xa, Yas 1 U4, Yas Xa . 
.- (tt) 
12 2 2 
( Y2) 22) ] Vo, a, ] vo, Yo, l } 4 
| Y3, %3, 1) + | 4, 2%, 1)| + | x, Ys, 1 f 
Ya; @49 ] | X45 eas ] U4. Ya; ] J 
U1, Y1 zy ] 
X25 Ya €2, 1 
The numerator of p= 
U3, Y35 @3> ] 
U4, Y4; Z45 1 ° 


If Ax, Ay Jz be the areas of the projections of 4 on the YZ 
ZX, XY planes respectively, we obtain 


Ya, £25 ] | X95 2) ] 
2A\2= ¥3, <3; ] 5) 2\y= X35 235 1 
Y4) 24s ] Ua, Ya, ] 3 


2Ne= ©35 Y35 1 


Vas Ya ] ’ 
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Therefore, denominator of p=[4(AsttA + A2A)]t=2 ‘\.. 
From (¢) and (it), we see that the required volume 


U5 Y15 215 ] 


Lg, Ys, 2%, IL. 


Exercises 


1. The vertices of a tetrahedron are (0, 1, 2), (3, 0, 1), (4,3, 6), (2, 3, 2) ; 
show that its volume is 6. 


2. A, B,C are three fixed points and a variable point P moves so that 
the volume of the tetrahedron PABC 1s constant ; show that the locus of the 
point P is a plane parall.] to the plane ABC. 


3. A variable plane makes with the co-ordinate planes a tetrahedron of 
constant volume 64k3. Find 
(t) the locus of the centroid of the tetrahedron. [Ans. xyz=6k8. 
(#2) the locus of the foot of the perpendicular from the origin to tho 
plane. [Ans. (22+ y8+-22)8 -s384k3 xyz. 
4. Find the volume of the tetrahedron in terms of three edges which meet in a 
point and of the angles which they make with each other. (P.U. 1939) 
B Let OABC be a tetrahedron. 
Let 
OA=a, OB=b, OC=c. 
Let 


£.BOC=), LCOA=u. 


—? and Z AOB=yv. 
We take O as origin and any system 
Cc A of three mutually perpendicular Imes 
through O as co-ordinate axes. Let the 
Fig. 14 * direction cosines of OA, OB, OC be 
li, m1, 5 lo, Me, No ; lg, Mg, Ng. 
Therefore, the co-ordinates of A, B, C are 
(13a, mya, Nya) ; (lgb, mab, Neb) ; (gc, mec, 73C) (§ 1-61) 
Therefore, the volume of the tetrahedron OA BC 


0, 9, 0, ] 


lia, mya, nya ly, My, Ny 
== = 5 l,b, mob, nob =—— ls, Mg, Ng 
l,b, mob, nob, 1 6 
Isc, MgC, Ngc ls, Mg; ng 
Now 
ly, My, My 2 ls, My, Ny ly, my, ny 
ln, Mg, Ng |=) Lg, mg, Mg |X| la, me, Ne 
ls, me, ng lg, M3, ng ls, m3, ng 
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D3, Llylg, Tyzls 1, cos v, cos u 
= Li yle, D1,3, Dols =; COS \V, l, COS A 


Lisl, D!3le, dl3? cOS LK, COS A, ] 
Therefore, the volume of the tetrahedron OABC 
1, cosy, cosu if 


abc 
== COs V, 1, cosa 


COS U2, COB A, l 


5. Show that the volume of the tetrahedron, the equations of whose faces are 
a,z+b,y+c,z+d,=0, r=(I, 2, 3, 4) 
is 
A3 
6D DeDsDq 
where /\ is the determinant 


A, by, Cy, dy 
Ag, bg, Cg, dg 
Ag, bg, Cg, dg 
ag, bg, Cg, dg 


and D4, Da, D3, Dg are the co-factors of dy, dg, Ug, dy respectively in the determi- 
nant [\. 
Let (21, yy, 21) be the point of intersection of the three planes 
a,v+b,y+te,z+d,=0, r= (2, 3, 4), 
so that (21, ¥1, 21) 18 one of the vertices of the tetrahedron. 


Let (xg, Yo, Ze), (73, Y3> 23)s (4, Ya, 24) be the other vertices, similarly 
obtained. 


We write 
ary thy toy +dy=hy 
1.€., 
yy + Op yy + C121 + (1 — hy) = 0. - (I) 
Also, we have 
dgty + boyy +¢923+72=), suet) 
Agr + bgy1 +0324 +d3=0, (3) 
Age + by + cyzy+d4=0. -(4) 


Eliminating x1, y1, 2; from (1), (2), (3), (4), we have 
1, by, Cy, dy—ky 
& 
a9, be, Cogs do 


ag, b3, C3, dg 


Ag, by, Cg, dy 
or 


ag, bo, Co 
A+ky| a3, 63, cz |=9, 


Ag, bg, C4 


https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 


36 ANALYTICAL SOLID GEOMETRY 
or A-k,D,= 0. 
A 
ky Dy 
Similarly 


A 
dgtet boyy + Co2g + dg=hy=-- 


2 


agtat baat onratdg=hy =~ 


AgX gt bgygt Cazgt d4a= k= a 


We, now, have 


1,5 bi, C1, dy | T1y Uys 71 | ky, 0, 0, 0 
C9, bo, Co, dy Xo, Vas 22, l 0, ko, 0, 0 
x = 
dg, bs, C3, dg T3, Ygs 23, | 0, 0, hg, 0 
4g, Dg, Cg, Uy Tq, Yay A> | 0, 0, 0, kg 
=hykolkgk, 
I: 
= DyD2D3)4 ? 
; 3 
h t Se — 
Therefore the required volume 6D,D»DaDy 
6. Find the volume of the tetrahedron formed by planes whose equations 
are 
yt+z=0, z+2=0, rt+y=0 and a+y+2=1. (P. U. 1942) 
[Ans. 2/3. 
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CHAPTER III 
RIGHT LINE 


3:1. Equations of aline. A line may be determined as the 
intersection of any two planes through it. 

Now, if 

ax+by+cz+d=0 and a,x+b,y+e2+d,=0 

be the equations of any two planes through the given line, then these 
two equations, taken together, give the equations of the line. This 
follows from the fact that any point on the line lies on both these 
planes and, therefore. its co-ordinates satisfy both the equations and 
conversely, any point whose co-ordinates satisfy the two equations 
lies on both these planes, and, therefore, on the line. 


Thus, @ straight line in space is represented by two equations of the 
first degree in x, y, z. 


Of course any given line can be represented by different pairs of 
first degree equations, for we may take any pair of planes through 


the line and the equations of the same will constitute the equations 
of the line. 


In particular, as the X-axis is the intersection of the XZ and 
AY planes, its cquations are y=0, z=0 taken together. Similarly 
the equations of the Y-axis are x=0,z=0 and of the Z-axis are 
x=0, y=0. 


Fx. Find the intersection of the line 


x—2y+42+4=0, r+y42—-8=0 
with the plane 


x—y+2z2+1=0. [Ans. (2, 5, 1) 
J 3°11. Symmetrical form of the equations of a line. To find the 


equations, of the line passing through a given point A(X, Y1, 2,), and 
having direction cosines, 1, m, n. 


Let P (x, y, z) be any point on the line and let AP=r. 
Projecting AP on the co-ordinate axes, we obtain 
Y—-X=lr, y—Y,=MTr, 2—-2,= nr ...(3) 
so that for all points (x, y, z) on the given line, 
GTX YW e741 
a. 


Thus 
ome ae ESD 8 WS oa . 
= ; .. (44) 
are the two required equations of the line. 
Clearly, the equations (27) of the line are not altered if we replace 
the direction cosines 1, m, n by three numbers proportional to them. 
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so that it suffices to use direction ratios in place of direction cosines 
while writing down the equations of a line. 


Cor. From the relations (1), we have 
x=x,+lr, y=y,-+ mr, z=z,-+nr, 
which are the general co-ordinates of any point on the line in terms 
of the parameter r. 


Any value of r will give some point on the line and any point 
on the line arises from some value of r. 


It should be noted, that it is only when J, m, n are the actual 
direction cosines that r gives the distance between the points 
(x, Y¥1, 2,) and (a, y, 2). 

Note 1. Tho symmotrical form (ii) of the equations of a straight line 
proves useful when we are concerned with the direction cosines of the line or 
when we wish to obtain the genoral co-ordinates of any point on the line in 
terms of a parametcr. 

Note 2. The cquation 

Booty YU 
(om 
of first degroe, being froo of z, represents a plane through the line drawn 
perpendicular of the XOY plane. Similar statements may be made about the 
equations 


Yr 2-2 2-24 «OU 


eins 9 —— 
aD n n l 


The equations 
(x—29) [l= (y—y1)/m, (y—-y1) m= (z—24)/0 
represent a pair of planes through the given line, 
/' 312. Line through two points, To find the equations of the line 
through the two points 
(11, 41,21) and (x2, Yo, zg). 
Since 
Xg— By YoY, 2a 1 
are proportional to the direction cosines of the line, the required 
equations are 
XT YON _ t7h 
X2—X1 Ye-Y, Ze—Z * 
Note. Results obtained in Cor. 2 page 6 may be regarded as the para- 


metric equations of the line through the two points (21, y1, 23) and (ag, Ya, 22); A 
being the parameter. 


Exercises 
/1. Find k so that the lines 


3k TO 5 
may be perpendicular to each other. [Ans. —10/7. 
-2. Find two points on the line 
x-2 y+3 2465 
i eee 
on either side of (2, —3, —5) and at a distance 3 from it. 
[Ans. (8, —5, —3) ; (1, —1, —7). 
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3. Pend the co-ordinates of the point of intersection of the line 


with the plane 


Let 


so that the point 
r—1, 3r—3, —2r+2 
lies on the given line for all values of r. 
If it also lies on the given plane, we have 
3r—3+ 12r—12—1074+-10=5 or r=2. 
Hence the required point of intersection is (1,3, —2). 
Its distance from the point (—1, —3, 2) is 1/56 which is different from 
the value 2 of r. (Why ?) 
‘4. Find the point where the line joining (2, —3, 1), (3, —4, —5) cuts the 
plane 22+y+2=7. [Ane (1, —2, 7). 
“5, Find the distance of the point (—1, —5, —10) from the point of inter- 
section of the line 4(x—2)=4(y+1)=7's(z—2) and the plane 
x—y+z=5. (P.U. 1934) [Ans. 13. 
. 6, Find tho distance of the point (3, —4, 5) from the plane 
22+ 5y—62z = 16 
measured along a line with direction cosines proportional to (2, 1, —2). 
[Ans. 60/7. 


eo Find the tmage of the point P (J, 3, 4) in the plane 
Ze—y+z4+3=0. 


If two points P, Q be such that the line is bisected perpendicularly by a 
plane, then either of the points 1s the image of the other in the plane. 


The line through P perpendicular to the given P 
plane is 
a—1oy—-3 2-4 
2 —1 1’ 
so that the co-ordinates of Q are of the form L 


(2r-+1, —r+3, r+ 4) 
Making use of the fact that the mid point 


(r+1, —}$7r+3, $r+4). 
of PQ lies on the given plane, we see that Q 


aan Fig. 15 
so that the image of P is (—3, 5, 2). 

/8, Find the equations to the line through (—1, 3, 2) and perpendicular to 
the plane z+ 2y-+2z=3, the Icngth of the perpendicular and the co-ordinates of 
its foot, [Ans. 2; (—5/8, 5/3, 2/3). 

9, Find the co-ordinates of the foot of the perpendicular drawn from the 
origin to the plane 27-+3y—4z+1=0; aleo find the co-ordinates of the point 
which is the image of the origin in the plane, (P.U. Supp.) 

[Ane, (—2/29, —3/29, 4/29) ; (—4/29, —6/29, 8/29). 

10. Find the equations to the line through (a2, y,, z}) perpendicular to 
the plane ax-+by+cz+d=0 and the co-ordinates of its foot. Deduce the 
expression for the perpendicular distance of the given point from the given 
plane, 

[Ans. (ar+2y, br+y,, cr+2,) where r= —(ax,+by,+ 23+) /(a*+b? 4 c?), 
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11, Show that the line 
3(e—7) = — (y+3) =(z—4) 


6x +4y—52=4 and r—5y4+2z=12 


in the same point and deduce that the line is co-planar with the line of inter- 
section of the planes, 


12. Show that tho line 
(v—3)/8=(2—-y)/4=(24+1)/1 


v+2y+52=0, 2v+4y74+324+3=0. 
Find their point of intersection, [Ans. (9, —6, 1). 


13. Show that the equations to the straight line through (a, b,c) parallel 
to the X-axis are (v—a)/1=(y—b)/0=(z—c)/0. 


14. Show that 


intersects the planes 


intersects the line 


(r—a)/L= (y—b) n= (2—¢)/0 

is a straight lino perpendicular to the Z-axis, 

15, Show that the straight line 

(xa) [d= (y—B)/m=(2—y)In 
meets the locus of the equation 
aa? -by®=+e22=1, 

in two points, 

Deduce the conditions for the two points to coincide at (a, 8, y). 

[Ans. ala+bmB+eny=0 ; Sao2-+ 62+ cy2=1, 

16. P18 any point on the plane lxr+my+nz=p and ayzoint Q is taken on 

the line OP such that OP.OQ=yp?2 ; show that the locus of Q 1s 
p(le+my+nz) =02+ y2422, 

17. A variable plane mukes intercepts on the co-ordinate axes the sum of 
whose squares 18 constant and equal to k?, Find the locus of the foot of the 
perpendicular from the origin to the plane. 

[Ans. (e724 y72 4272) (~2+y2422)2— 42, 

18. Show that the equations of the hnes bisecting the angles between the 
lines 


r—3 yt4 2-5 x—-3_yt4 2-5 
i aa ae |) 3 
= aby ees 4 z—5 
aes x 3 ee yt+4_2 5 x _yt4 


“14 23) 35" 

3°13. It has been seen in §§ 3°11, 3:12, that the equations of a 
straight line which we generally employ are of two forms. 

One is the symmetrical form deduced from the consideration 
that a straight line is completely determined when we know its . 
direction and the co-ordinates of any one point on it, or when any 
two points on the line are given. 

The second form is unsymmetrical and is deduced from the con- 
sideration that a straight line is the locus of points common to any 
two planes through it. 

In the next section it will be seen how one form of equations can 
be transformed into the other. 


3°14. Transformation from unsymmetrical to the symmetrical 
form. 1'o transform the equations 
ax+by+cz+d=0, a,x+b,y +¢42 4+-d,;=0 
of a line to the symmetrical form. 
https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
EXERCISES 41 


To transform these to the symmetrical form, we require 
(2) the direction ratios of the line, and 
(1) the co-ordinates of any one point on it. 


Let J, m, n be the direction ratios of the line. Since the line 
lies in both the planes 


ax-+-by+cz+d=0 and a,4+b,y+c,2+d,=0, 


it is perpendicular to the normals to both of them. As the direction 
ratios of the normals to the two plancs are 


a, b, C ; My}, b, C15 


we have 
al+ bm+cen=0 
a,l+bm+cen=0. 
: ' m = mM 


°° be,—bje cay—cya =aby—a,b 

Now, we require the co-ordinates of any one point on the line 
and there is an infinite number of points from which to choose. We, 
for the sake of convenience, find the point of intersection of the line 
with the plane z=0. This point which is given by the equations 


av+by+d=0 and ayr+b,y+ d,=0, 


is 
7 a,d--ad, 0). 
ab,— a,b’ ab,—a,b’ 

Thus, in the symmetrical form, the equations of the given line 
are 

a — (bds —byd)/(ab,— a4) _y ~ (ad —ady)i(ab;— a,b)_ 20 

bcy— b,c CO, —C,a ab;—a,b © 
Exercises 


1, Find, in asymmetrical form, the equations of the line 
xt+y+24+1=0, 4r+y—22+2=0 
and find its direction cosines, (P.U. 1937) 
_ i. 2 
’ /6 ) 1/6 ’ 1/6 
2. Obtain the symmetrical form of the equations of the line 
x—Qy4+32=4, 2r—3y+42=5. 
[Ans. (x-+2)=(y+3) =z. 
3. Find out the points of intersection of the line 
x+y—2+1=0=142 + 9y—7z—1 
with the X Y and YZ planes, and hence put down the symmetrical form of its 
equations, [Ans. —(x)/2=(y—4)/7= (z—5)/5. 
4, Find the equation of the plane through the point (I, 1, 1) and per- 


y endicular to the line 
x—2y+-2=2, 4e+3y—2+1=0, 


[Ans. x—5y—11z+15=0, 
5, Find the equations of the line through the point (1, 2, 4) parallel to 
the line 


3a +4+2y—z2=4, x—2y—2z=5, 
[Ans. («—1)/6=(2—y)/5=(z—4)/.8 
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6. Find the angle between the lines in which the planes 
32—7y—52=1, 5ea—13y+3z+2=0 


cut the plane ; 
8x—lly+2z=0 [Ans. 90 


7. Find the angle between the lines 
3a+2y+z2—5=0=2+y—22—3, 
22—y—z=0=7x+ 10y—8z. (L.U.) [Ans. 90°. 
8. Show that the condition for the lines 
e=az+b, y=cz+d 3 v=ayz+b,, y=cy2+dy, 
to Le perpendicular is 
ada, +ecy+1=0, 
9. What are the symmetrical forms of the equations of the lines 
(t) y=b, z=0 [dns. x/l=(y—b)/0=(z—c)/0. 
(22) wa, by+cz=d [Ans. (c—a)/0=(y—-d/b)/c=z—), 


32. To find the angle between 
bey YI et 
bm 
and the plane ax +byt+cz+d=0. 

Angle beween a line and a plane is the complement of the angle 
between the line and the no1mal to the plane. 

Since the direction cosines of the normal to the given plane and 
of the given line are proportional to a, 6, c and J, m, n respectively, 
we have 


the line 


al-++bm-+ten 
V (a+b? +e?) (2+-m* +n) ’ 
where @ is the required angle. 
The straight line is parallel to the plane, if @=0 
v.€., al+bm+cn=0, 
which is also evident from the fact that if a line be parallel to a plane, 
it is perpendicular to the normal to it. 


sin @= 


Exercises 


1. Show that the line ix—2)=}ly—3)=4(z—4) is parallel to the plane 
2r+y—2z=3. 
2. Find tho equations of the line through the point (—2, 3, 4), and parallel 
to the planes 27+ 3y+44z=5 and 32+4y+5z=6, 
[Ans. (x+2)=—4(y—3)=(z—4). 
[Hint. The dircction ratios, /,m, n, of the line aro given by the relations 
214+-3m+4n=0=31+4m+5n.,] 
3. Find the equation of the plano through tho points 
(1, 0, —1), (3, 2, 2) 
and parallel to the line 
(2—1)=(1—y)/2=(z—2)/3. [Ans, 4xa—y—2z=6, 
4. Show that the equation of tho plane parallel to the join of 
(3, 2, —5) and (0, —4, —11) 
and passing through tho points 
(—2, 1, —3) and (4, 3, 3) 
is 
4x+3y—52= 10, 
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5, Find the equation of the plane containing the line 
2e—-5y+2z2=—6, 2x+3y—z2=5 

and parallel to the line c=—y/6=2/7, f[Ans, 6x+y—16=0, 

6. Prove that the equation of the plane through the line 

Uy a4x+by4+Cy24+d,=0, wgeagr+ bay + cgz+dg=0 
and parallel to the line 
arfl=y/m=z[n 
is 
Uy(dgl+ 5910 + con) =U,(ayl+bym+c4n). (D.U. Hons. 1957) 

7. Find the equation of the plane through the point (f, g, h,) and 
parallel to the lines a/l,=y/n,=z/n, 3; r=1,2. [Ans. 3(x—f)(myng—mgn,) =0, 

8. Find the equations of the two planes through the origin which are 


parallel to the line 
(x—1)/2=—(y+3) = —(z41)/2 
and distant 5/3 from it ; show that the two planes are perpendicular, 
; [Ana, 2x+2y+z2=0, x—2y+2z=0. 
}*3. Conditions for a line to lie in a plane. To find the conditions 
that the line 


may lie in the plane 
ax-+by+cz+d=0. 
The line would lie in the given plane, if, and only if, the 
co-ordinates 
Irt-ax,, mrty,, nr+2, 
of any point on the line satisfy the equation of the plane for all valucs 
of r so that 
rial+bm-+en) + (ax,+by,+02z,+d)=0, 
is an identity. 
This gives 
al + bm 4 cn=0, 
ax, + by,+¢z,+d=0 ; 
which are the required two conditions. 
These conditions lead to the geometrical facts that a line will lie 
in a given plane, if 
(1) the normal to the plane is perpendicular to the line, 
and (ti) any one point on the line les in the plane. 
Cor. General equation of the plane containing the line 
e~*1 9TH 2 
l m n 
1s A(x—2,)+Biy—y,) + C(z—2) =9, 
where 
Al+ Bm+Cn=0. a(t) 
Here, A : B: C are the parameters subjected to the condition (1). 


Exercises 
1. Show that the linc x+10=(8—y)/2=z lies in the plane 
x+2y+3z=6 
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and the line ${r—2)=—(y+2)=}(z—3) in the plano 
2c+2y—z24+3=0. 


2. Find the equation to the plune through the point (21, yy. 21) and through 
the line 


(w—a)/l=(y—b)/m=(z—c)/n. (P.U. 1939) 
The general equation of tho plane containing the given line is 
A(x—a)+ B(y—b)+C(z—c)=0, w(t) 
where A, B, C are any numbers subjected to the condition 
Al+Bmn+Cn=0, ... (02) 
The plane (¢) will pass through (24, 41, 24), if 
A(x,—a)+ B(yy—6)+C(24—c) =0. w. (222) 


Eliminating A, B, C from (7), (47) and (277), we have 


t—a, y—-b, 2-c 
l, mM, n | =0, 


| T1—a, ¥1—9, “y—C¢ 
as the required equation, 


3. Find the equation of the plane containing tho line 


4(v-+2)=4(y+3)=— (2-4) 


and the point (0, 6, 0). [-4ns, 324+2y+62—-12=0, 

4 A I nT ang 28 a * 8, 

dy m4 ny l, Mg Ng 

are two straight lines, Find the equation of the plane containing the first line 
and parallel to the second, [Ans, D(c—axz1)(myng—mMgqn1) = 9. 

5. Show that the equation of the plane through tho line 

x—-l_ y+6_2z+1 x—2 y—1l_2z+4 
aay mae and parallel to ag a 


is 26.c—1ly—17z—109=0 and show that the point (2, 1, —4) lies on it. What is 
the goometrical relation between the two lnes and the plane ? 


6. Find the equation of the plane containing the line 
—§(v+1)=3(y—3) = (242) 
and the point (0,7, —7) and show that the lino #«=}(7—y)=4(z+7) lies in the 
same plane, [Ans, xt yt2=0. 
7. Find the equation of the plane which contains the line 
(x—1)/2 = —y—1l=(z—3)/4 
and is perpendicular to the plane 
x+2y+z2=12, 
Deduce the direction cosines of the projection of the given line on the given 
plane, (L.U.) 
[Ans, 9x—2y—5z4+4=0 ; 4k, —7k, 10k, where k=1/4/ (165). 
8. Find the equations, in the symmetrical form, of the projection of the 
line 
¥(e+1)=4(y+2)=4(2+3) 
on the plane 
x—2y+3z—4=0, 
[Ans, (x—}4)/10 =(y+15/8)/29=(z—0)/16, 
3°4. Coplanar Lines. Condition for the coplanarity of lines. 


To find the condition that the two given straight lines should intersect, 
t.e., be coplanar. 
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Let the given straight lines be 


lca Ve: ig: a 

ly my nN, ; --(1) 
Oe Man dia 

ls ms Ng ° es (2) 


If the lines intersect, they must lie ina plane. Equation of any 
plane containing the line (1) is 


A(%—2,) + Bly—y,) + C(z—2,) =0 -+(t) 
with the condition 
Al, + Bm, 4+ Cn ,=0. ... (12) 
The plane (z) will contain the line (2), if the point (a2, y», 29) 
lies upon it and the line is perpendicular to the normal to it. (§ 3°3). 
This requires 


A(X_~%))+B(Yys— yi) +O (2 — 2) =9, ++ (070) 
Al,+ Bm, + Cn.=0. »-(1v) 
Eliminating A, B, C' from (22), (722), (2v), we get 


Le—X1, Yo Yiy 2 —- %] 
lh, my, n, | =0, ...(A) 


ls, Mo, Ne 
which is the required condition for the lines to intersect. Again 
eliminating dA, B, C from (2), (77), (¢v) we get 
LX, Y- Yrs oY 


ly, My, Ny te 0, 


LL 

which is the equation of the plane containing the two lines, in case 
they intersect. 

Second Method. The condition for intersection may also be 
obtained as follows :— 

(yry+%, mrt yr, MM+2) and (lyr, +2, Moret Yo, Nyro +2) 
are the general co-ordinates of the points on the lines (1) and (2) 
respectively. 


In case the lines intersect, these points should coincide for some 
values of r, and r,. This requires 
(a,—2#_) + Lr,—lerz =0, 
(Yi—Yo) FMP, — Mere =O, 
(2122) + My" — Nor, =O. 
Eliminating 71, 72, we have 
X1— Xo, b,, ls 


Y¥i-— Ya; Mm, mM, |=0 


Ry Ray M1, Ng 
which is the same condition as (A). 
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Note 1, In general, the equation 
G— LI, YY, Z—2y 


LL, my, ny |=0 


lg, Mg, Mg 
represents the plane through (1) and parallel to (2), and the equation 


L— Xe, Y—Ya, %—%q 
lj, my, ny |=0 


Io, mg, Ng 
represents tho plane through (2) and parallel to (1), 


In case the lines are coplanar, the condition (A) shows that the point 
(Zg, Ya, 2g) lies on the first plane and the point (r,, y1, 2;) on the second, These 
two planes are then identical and contain both the intersecting lines, 


Thus the equation of a plane containing two tntersecting lenes is obtained 
by finding the plane through one line and parallel to the other or, through one 
lhne and any point on the other, 


Note 2, Two lines will intersect if, and only if, thero exists a point whoso 
co-ordinates satisfy the four equations, two of cach line, But we know that 
three unknowns can be determined so as to satisfy three equations, Thus for 
intersection, we require that the four equations should be consistent among 
themselves, 2.e., the values of the unknowns 2, y, z, as obtained from any thrce 
equations, should satisfy the fourth also, The condition of consistency of four 
equations containing three unknowns 1s obtained by elimimatimg the unknowns, 
It is sometimes comparatively more convenient to follow this method to obtam 
the condition of intersection or to prove the fact of intersection of two lines, 


Note 3. The condition for the lines, whose equations, given in tho unsym- 
metrical form, are 


aye+byy+c,24+d,=0, agr+boy+coz+d,=0 ; 
agx+bsy+c3z-+dg=0, agx+bgy+cqz+d,=0 ; 
to be coplanar, 7.e., to intersect, as obtained by eliminating z, y, z from these 
equations, is 


ay, 6, Cy, dy 
Ag, bo, Co, ds 
a3, bg, C3> dg 
aq, bg, Cy, ay 
In case, this condition is satisfied, the co-ordinates of the point of intersec- 
tion are obtained by solving any threo of the four equations simultancously, 
Examples 
1, Prove that the lines 
ed _ytS_ 2+] 2-1 _yti_2+10 
1} -47" 7°’ 2 ~-37~ 8 
intersect and find the co-ordinates of their point of intersection. 
Now, 
(r+4, —4r--3, 7r—1) and (27’'+1, —3r’—1, 87r’—10) 
are the general co-ordinates of points on the two lines respectively. 
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They will intersect if the three equations 


r—2r'+3=0, s+ (t) 
4r—3r'+2=0, ... (ii) 
Ir —8r'+9=0, .. (1%) 


are simultaneously true. 

(i) and (72) give r=1, 7’=2 which also, clearly, satisfy (72). 
Hence the lines intersect and their point of intersection obtained by 
putting r=1, or r'=2 is (5, —7, 6). 

Note. This equation can also be solved by first finding the point 
satisfying three equations 


w—-4_yt3 yt3_2tl  «—-l_ytl 


J -4'-4 7 7 2 =? 
and then showing that the same point also satisfies the equation 
yt+1_2+10 
=a 


2. Show that the lines 
e+3  yt+5 2-7 x4+l1_yti_2z4+1 
er eee ee en © 
are coplanar and find the equation of the plane containing them. 
The equation of the plane containing the first line and parallel 
to the second is 


a+3, yt5, 2-7 | 
ya 


oy —3 = (0 
4, 5, —l 
or 6x4 —5y—-z=0. 


which is clearly satisficd by the point (—1, —1, —1), a point on the 
second line. Hence this plane contains also the second line. Thus 
the two lines are coplanar and the equation of the plane containing 
them is 
62 —5y—z=0. 
3. Show that the lines 
xt+5_yt4 2-7 
ne 
3a + 2y+z2—2=0—4—3y +2z--13 
are coplanar and find the equation to the plane in which they lie. 
The general equation of the plane through the second line is 
30+ 2y+2—-2+h(x4—3y4 2z—13)=0 
or 
3(3-+k) +y(2—3k) + 21+ 2k) —2—13k=0. 
This will be yarallel to the first line 
if 
3(3-+k) + (2—3k) —2(14+2k) =0, 2.€., k=}. 
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Hence the equation of the plane containing the second line and 
parallel to the first is 
2la—19y+4+22z—125=0 


which clearly passes through the point (—5, —4, 7) and so contains 
also the first line. 


Thus the two lines are coplanar and lie in the plane 
21a—19y4-22z—125=0. 


Exercises 
1. Show that the lines 
}rt4)==5(y+6) =—$(2—1) 
3¢—2y+c+5=0=2r+3y+42—4 
are coplanar, Find also the co-ordmates of their point of intersection and the 
equation of the plane in which they he, 
fAns, (2,4, —3) 3 45r—17y4-25z+53==C. 
2. Prove that the lines 


a—1l_y+l z+10 x—4 _Ut8_. e+] 


eee TS es ses) See 


2 83 8 7 Lb mb OT 
intersect, Find also their point of intcrsection and the plano through them, 
[ulns, (5, —7, 6) 3 lle=6y4+52+467. 


3. Prove that the lines 
a+1_y+3_24+5 7-2 _y—t_ z—6 
3 i) oe a: 6 
intersect, Find their point of intersection and tho plane in which they lie, 
[Ans, (1/2, —1/2, —3/2) ; x—2y+z=0, 


4. Show that the lines 
e+ 2y—52z+9=0=32—y+2z2—5 ; 
2Qa+d3y—2—-3=0=4r—5y+e2+3 
are coplanar, 
5, Prove that the lines 
a—3y4274+4=0=2r-+yt42+1; 
31 +2y4+52—-1=0=2y+z 
intersect and find the co-ordinates of their point of intersection, 
[Ans. (3,1, —2). 
6. Prove that the lincs 


r—a_y~-b_%—ce - nd” —a' yb! 2c! 
a’ b! c’ : a : b C 
intersect and find the co-ordinates of the point of intersection and tho equation 
of the plane m which they he, [-ins. (a+a’, b+b',c-+c’) ; Yu(be'—b’c)=0, 


7. Show that the condition that the two straight lines 
e==meta, y=ne+b, and w=m'sta’, y=n’2-+b/ 
should intersect is 
(a—a’)(n—n’)=(b—b’\(m—m’), 
8. Show that the plane which contains the two parallel lines 
x—4=—4(y—3)=}(2—2), a—3=—Hy42)=F2 
is given by 
lla—y—3z= 
9. Find the equation of the plane passing through 2z/l=y/m=z/n, and 
perpendicular to the plane containing 
r[m=y|/n=2/l and x[n=y/l=2zfm. (D. U. Hons. 1949) 
[Ans, 3(m—n)x=0. 
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10. Show that the line x+-a=y+b=27-+c intersect the four lines 
(t) a=0, ytec=3a; (44) y=O0, z+a=—=3b ; (att) z= 0; e-+y=3e 
(iv) at+y+tz=3k, a(a—k)-1 x+b(b—k)-!) yte(c—k)-12=0 

at right angles if a+b+c=0, 

11, Obtain the condition for the line 

(v—a)/l=(y—B)/im= (2-7) /n 
to intersect the locus of the equations axz?+by2-=1, <=0. 
[Ans. a(an—ly)2+b(Bn—my)2=n2. 

3°5. Number of arbitrary constants in the equations of a straight 
line. To show that there are four arbitrary constants in the equations of 
a straight line. 

A line PQ can be regarded as the intersection of any two planes 
through it. In particular, we may take the two planes perpendicular 
to two of the co-ordinate planes, say, YZ and ZX planes. 


The equations of the planes through PQ perpendicular to the YZ 
and ZX planes are respectively of the forms 


z=cy+d, and z=azx+b 


which are, therefore, the cquations of the line PQ and contain four 
arbitrary constants a, b, c, d. 


Hence the equations of a straight line involve four arbitrary cons- 
tants as it is always possible to express them in the above form. 


Note. Tho symmetrical form of the equations of a line apparently involves 


six constants 21, yy, 21 3 1, m, n, but they are really equivalent to four arbitrary 
constants only as is shown below : 


l,m, n, which aro connected by the relation 1?4+-m?+n?=1 aro equivalent 
to two independent constants only. 


Also, of the three apparently independent numbers 7, 41, 24, only two 


are indopendent as one of them can always be arlatrarily chosen as deseribed 
below :— 


A line cannot be parallo] to all the co-ordinate planes, Let the given line, 
in particular, bo not parallel to the YZ plane. If, now, 2, be assigned any 
value, we may tako tho point where the line meets the plane 2=a, at the point 
(21, Y4s 21). 

Hence wo muy give to 2, any value we pleaso, The three numbers 
1, Y1, 21 are, thereforo, equivalent to two independent constants only. 

The fact that the general equations of a straight line contain 
four arbitrary constants may also be seen directly as follows :— 


) 
We see that 


aah YAM YAN eT 


l m ’ d n 
are equivalent to 


nla re oe 2 


Ux - =< -- 
m n nr 


respectively, so that 


mn’ m n 
are the four arbitrary constants or parameters, 


L m mae—ly, nyy—mey 
ices ee ok 
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3°51. Determination of lines satisfying given conditions. 


We now consider the various sets of conditions which determine 
a line. 


We know that the equations of a straight line involve four 
arbitrary constants and hence any four geometrical conditions, each 
giving rise to one relation between the constants, fix a straight line. 


It may be noted that the conditions for a line to intersect a 
given line or be perpendicular to it separately involve one relation 


between the constants and hence three more relations are required to 
fix the line. 


A given condition may sometimes give rise to two relations 
between the constants as, for instance, the condition of the line 
(«) to pass through a given point. 
or (2) to have a given direction. 


In such cases only two more relations will be required to fix the 
straight line. 


Equations of lines have already bcen discussed under the follow- 
ing sets of conditions : 


(1) passing through a given point and having a given direction ; 
(12) passing through two given points ; 
(422) passing through a point and parallel to two given planes ; 


(iv) passing through a point and perpendicular to two given 
lines. 


Some further sets of conditions which determine a line are given 
below :— 
(v) passing through a given point and intersecting two given lines ; 
(vz) intersecting two given lines and having a given direction ; 
(viz) intersecting a given line at right angles and passing through 
& given point ; 
(viiz) intersecting two given lines at right angles ; 
(2x) intersecting a given line parallel to a given line and passing 
through a given point ; 
(x) passing through a given point and perpendicular to two 
given lines ; 
and 80 on. 


An Important Note: Jf 
Uy=O0=v, and tg=0=rp, 


be two straight lines, then the general equations of a straight line intersecting them 
both are 


U4 +Aqv, =V=Ug+ gra, 
where 1, Ag are any two constant numbers. 


The line v4 -++Ayvy =0-= vg+Agve lies in the plane uw 4+Ayvy=0 which again 
contains the line vy=0=7}. 


The two lines 
Uy AY =0=lg+Agds 5 Uy= NHK ry 
are, therofore, coplanar and hence they intersect, 
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Similarly, the samo line intersects the line 19=0= vg. 
This conclusion will be found very helpful in what follows. 
For the sake of illustration, we givo below a few cxamples. 


Examples 


1. ‘Find the equations of the line that intersects the lines 
24+y—4=—0=y422 5 a+32=—4, 274+ 5z2=8 
and passes through the point (2, —1, 1). 
The line 
2x+y—4+A,(y+ 2z) =0, +32 —4-+A,(27-+5z— 8) =0 
intersects the two given lines for all values of Aj, Ag. 
This line will pass through the point (2, —1, 1), if 
—1+A,=0 and 1+A,=0, 
1.¢., if Aja 1, Agee1, 
The required equations, therefore, are 
xet+y+z2=2 and 4+2z2=—4. 
2. Find the equations, to the line that intcrsects the lines 
2a-+y—-1l=0=a2—2y4+32 ; 
d@ ~yt24+2=0=4¢+5y—24—3 
and is parallel to the line 
x YY _ 2 
Tp 273° 
The general equations of the lines intersecting the two given 
lines are 
2¢-+y—1-+Aj,(e—2y+3z)=0 
3a —ytz+2+A,(4a + 5y—2z—3)=0 
which will be parallel to the given line if 4,, A, be so chosen that the 
two planes representing it are separately parallel to the given line. 
This requires 
(2+ Ay) +2(1 — 2A,) + 3(3A,) =0, #.e., A= — 4. 
and (3-+-4A,) + 2(—1-+-5A,) +3(1—2A,)=0, t.e., Ag= —4F. 
The required equations of the line, therefore, are 
4x+-Ty—6z-3=0, 2a—Ty+4z2+7=0. 
3. Aline with dircction cosines proportional to 2, 1, 2 meets each 
of the lines given by the equations 
e=yta=z;a¢+a=2y=2z ; 
find out the co-ordinates of each of the points of intersection. 
P(r, r—a, r) and P’(2r’—a,7’, r’) are the general co-ordinates of 
points on the two given lines 
@ _yYta_% e1ra_y _% 


sewn —  — a CR eee 


1 1 1° 2 21 #41 

The direction cosines of PP’ are proportional to 
p~2r' +a, r—r’—a, r—?'. 
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Now, we choose 7 and 7’ such that the line PP’ has direction cosines 
proportional to (2, 1, 2). 
r—2r'+a_1T— rY—a_ r—r 


os 9 i 9? 
which give 
r= 3a, 1 =a. 
Putting r=3a and r’=a in the co-ordinates of P and P’, we get 
(3a, 2a, 8a) and (a, a, a) 


which are the required points of intersection. 


4. Find the equations of the perpendicular from the point 
(3, —1, 11) to the line 


s2=3(y—2)=4(z—39). 
Obtain also the foot of the perpendicular. 


The co-ordinates of any point on the given line are 
2r, 3r+2, 4r+3. 


This will be the required foot of the perpendicular if the line joining 
it to the point (3, —1, 11) be perpendicular to the given line. This 
requires 

2(2r—3)+3(387+2-+1) 4 4(4r+3—11)=0 or r=l. 


Therefore the required foot is (2, 5, 7) and the required equations 
of the perpendiculars are 
x—3 _y¥tl _2 =A 


] —6 4 


Exercises 


1. Find tho cquations of the perpendicular from 
(i) (24,1) to (x-+5)=4(y +3) =—2(2—6), 
(12) (—2, 2, —3) to (w7—3)=3(y+1)=—3(z—-2), 
(222) (0, 0, 0) to x-+2y432+4=0=2r14+3y74 42-45, 
(tv) (—2, 2, —3) to 2x+y+2—7=-0=4r-+2— 14. 
Obtain also tho feet of tho perpendiculars. : 
[Ans.  (¢) 3(t~—2)=3(y—4) =}(e+1), (—4, 1, —3). 
(22) ei aa aa aa (4, 1, —2). 
(2¢7) —a/2=y=2/4, (2/38, —1/3, —4/3). 
(tv) t ie al y—2)=(2+3), (4, 1, —2). 
2. A line with direction cosines proportional to (7, 4, —1) is drawn to 
intersect the lines 


w—\_y—T_zt+2 2+3 _y—3_ 2-5 


3  ~1l 1’ =3 2 40 
Find the co-ordinates of the points of intersection and the length inter- 
cepted on it. [Ans. (7, 5, 0), (0, 1, 1), (66). 


3. Find the equations to the line that intersects the lines 
ttytez=l, Qrmy—z=2 5 x—y—2=3, 2a+4y—2=—4 
and passes through the point (1, 1,1). Find also the points of intersection. 
(P.U. 1939) 
[Ans. (#—1)/0=(y—1)/1=(2—1)/35 (1, 4, —#) 3 (1, 0, —2)- 
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4. Find the equations to tho straight lines drawn from the origin to 
intersect the lines 


32+ 2y+42—5=0, 2—3y+42+1=0; 2e—4y+24+6=0=32—4y+2-—3. 
(P.U. 1942) 
[Ans. 13x—l3y+242=0=8x—12y+3z<. 


5. Obtain the equations of the line drawn through the point (1, 0, —1), 
and intersecting the lines 


e=2Qy=2z; Sxtdy=1; 4¢4+52=2. 
[Ans. —(c—1)/6=y=(z2+1)/9. 


6. Ifind the equations to tho line drawn parallel to 7/2=y/3=2/4 so as to 
intersect the Imes 


9vrty4+2+4=0=524+y+32 5 e+2y—32—3=0=27—5y4324+3. 
[Ans. (#+1)/2ey/3=2/4. 
7, Find tho equations of the hne drawn through the point (—4, 3, 1), 
parallel to the plane w-+2y—z==5 so as to mtersect the hne 


— (x-+1)/3-=(y—3)/2=— (2-2). 
Find also the point of mtersection. 
[Ans. (w+4)/3 = —(y—3)=(z—1) ; (2, 1, 3). 
8. Find the distance of the point (--2, 3, —4) from the line 
(w-+2) [B= (2y+3)/4 = (B2-4+4)/5 
measured parallel to the plane 
4a+12y—324+1=0. [Ans. 17/2. 
9, Find the equations of the straight line through the point (2, 3, 4) 
perpendicular to the X-axis and intersecting the line c=y==z. 
[Ans. xw=2, 2y—z=2. 
10. Find the equations of the straight line through the origin which will 
intersect the lines 


(e—1)/2=(y+3)/4~=(2—5)/3, (w—4)/2= (y +3)/3 =(2—14)/4 
and prove that the secant 1s divided at the origin in the ratio | : 2. 
11, Find the cquations of the two lines through the origin which intersect 
the line (w2—3)/2=y—3=< at angles of 60°. 
[Ans. w=y/2=—z2; ¢2=—y=2/2. 
12. The straight line which passes through the points (11, 11,18), (2, —1, 3) 


is intersected by a straight ine drawn through (15, 20, 8) at right angles to 
Z-axis ; show that the two lines intersect at the point (5, 3, 8). 


13. A straight line 1s drawn through the origin meeting perpendicularly the 
straight line through (a, &, c) with direction cosines 1, m,n ; prove that the 
direction cosines of the hne are proportional to 


‘a—Ik, b—mk, c—nk where k=al+bm-en. 


14, From the point P(a, b,c) perpendiculars PA, PB aro drawn to the 
lines y=2a, z=1 and y=—2.r, z=—1 ; find the co-ordinates of A and B. 


Provo that, if P moves so that the angle APB is always a right angle, P 
always lies on the surface 12x2—3y?-+4 2522= 25. 


A[(2b-+a)/5, (46-+2a)/5, 1] ; BL(a—28)/5, (46—2a)/5, —1]. 


[Ans. 
S36. The shortest distance between two lines. 7'o show that the 
shortest distance belween two lines lies along the line meeting them 
both at right angles. 


Let AB, CD be two given lines. 
A line is ccmpletely determined if it intersects two lines at 
right angles. (See § 3°51. Case vitt). 
Thus, there is one and only one line which intersects the two 
given lines at right angles, say, at G and ZH. 
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GH is, then, the shortest distance between the two lines for, if, 
A, C be any two points, one on cach of the two given lines, then GH 
is clearly the projection of AC on itself and, therefore, 


GH=AC cos @, 
where @ is the angle between{GH and AC. 
Hence GH<AC. 


Thus GH is the shortest distance 
between the two Jines AB and CD, 

3°63. To find the magnitude and the 
equations of the line of shortest distance 
between two straight lines. 

If AB, CD be two given lines and 
GH the line which meets them both at 
right angles at G and Z/, then GH is the line of shortest distance 
between the given lines and the length GHZ is the magnitude. 


Let the cquations of the given lines be 


Fig. 16, 


C—-%_Y -Yi_ %—% 
L, Mm; by ma? ++ (4) 
ec RL TI : 
i, a a .- (72) 
and let the shortest distance GI lie along the line 
a7 ; ais 
— fa Pn ae ... (itt) 


Line (itz) is perpendicular to both the lines (7) and (77). Therefore, 

we have 
ll, +mm,+nn,=0, a 
ll, +mm,+nn,=0, 
l _ m n 
mn MNy—MyN, Nylo—N,l, ~ Lm,—lomy 
a 1 ] 
~ a/X(mMyn-—mpn,)* sin 8 
where @ is the angle between the given lines. 
MNzg— M,N; Nbo—Noly l,m,—Il,m 

“ = ar »m= cre » n= a . (40) 

The line of shortest distance is perpendicular to both the lines. 
Therefore the magnitude of the shortest distance is the projection on 
the line of shortest distance of the line joining any two points, one on 
each of the given lines (2) and (72). 

‘Taking the projection of the join of (%,, ¥;, 21), (%e, Ye, 22) on the 
line with direction cosines J, m, n, we see that the oe 

= (%_— 2% )I+ (Ye—Yi)M+ (%g—21)N, , 

where |, m, n have the values as given in (iv). 

To find the equations of the line of shortest distance, we observe 
that it is coplanar with both the given lines, 
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The equation of the plane containing the coplanar lines (i) and 
(iii) is 
| Lay, YY, 2— A 


lL, mm, ”, .=0. ..(v) 


and that of the plane containing the coplanar lines (27) and (iz) is 


| U— 2a, Y— Yas %— Ze 


l., Mo, No =(), .. (v2) 


l, mM, N 


Thus (v) and (v7) are the two equations ofthe line of shortest distance, 
where J, m, are given In (iv). 

Note. Other methods of determmimg the shortest distance are given 
below where an cxample has been solved by three different inethods. 


Examples 


1. Find the magnitude and the equations of the line of shortest 
distance between the lines : 


sara ha a 


3 —16 7 9 ...(2) 
x—-15__y—29 2-5 . 
3 x 5° »- (22) 


First Method 
Let 7, m, n be the direction cosines of the line of shortest 
distance. 
As it is perpendicular to the two lines, we have 
31—l6m+7n=0, 


and 31+8m—5n=0. 
. l _m _n 
_° 24 36 12. 

[ mm mn 
Pose 
Hence 


l=, m=, n=, 
The magnitude of the shortest distance is the projection of the 


join of the points (8, —9, 10), (15, 29, 5), on the line of the shortest 
distance and is, therefore, 


=7.54+38.4-—5.5=14, 
Again, the equation of the plane containing the first of the two 
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given lines and the line of shortest distance is 
xr—8, ¥t-9, z—10 
3, —16, 7 |=0, 


Or 

17x +4y—41z—490=0. 
Also the equation of the plane containing the second line and 
the shortest distance line is 


x—15, y—29, z—5 


5 SS. 


or 
97 —4y—z=14. 
Hence the equations of the shortest distance line are 
li7x+4y—41z— 490 =0=9x—4y—z—14. 
Second Method 
P(3r+8, —16r—9, 7r+10), P’(3r'+15, 8r'+29, —5r’ +5) 


are the general co-ordinates of the points on the two lines respec- 
tively. The direction cosines of PP’ are proportional to 


3r— 3r’—7, --16r- 8r’—38, 7r+5r’ 45. 
Now PP’ will be the required line of shortest distance, if it is 
perpendicular to both the given lines, which requires 


8(3r—3r' —7) —16( —16r - Sr’ —-38)+-7(7r--5r’ +5)=0, 
and 3(3r—3r’ —7) +8(—16r—8r" — 38) —5(7r +57’ +5) =0. 
or lS7r+77r’ . 311=0 and llr + 7r'+25=0 
which give r= —1, 7’ = —2. 


Therefore co-ordinates of P and P’ are 
(5, 7, 3) and (9, 13, 15). 
Hence, the shortest distance PP’=14 and its equations are 


2 3 «66U 

This method is sometimes very convenient and is specially useful 
when we require also the points where the line of shortest distance 
meets the two lines. 

Third Method. This method depends upon the following consi- 
derations :— 

Let AB, CD be the given lines and GH, the line of shortest 
distance between them. 
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Let ‘a’ denote the plane through AB and parallel to CD and let 
*B’ be the plave through CD and parallel to AB. 


The line of shortest distance GH, being perpendicular to both 
AB, CD is normal to the two planes so that the two planes are 
parallel. The length GH of the shortest distance is, therefore, the 
distance between the parallel planes « and 8. This distance between 
parallel plancs being the distance of any point on one from the other, 
w? see that it is enough to determine only one plane say ‘«’ and then 
the magnitude of the shortest distance is the distance of any point 
on the second line from the plane ‘a’. 


Again, we easily see that the plane through the lines AB, GH is ° 
perpendicular to the plane ‘a’ and the plane through CD, GH is 
perpendicular to the plane ‘8’ and, therefore, also to ‘«’. Thus GH, the 
line of shortest distance, ts the line of intersection of the planes separately 
drawn through AB, CD perpendicular to the plane ‘a’. 

We now solve the equation. 


The equation of the plane containing the line (2) and parallel to 
the line (22) is 


x—8, y+9, z—10 


3, 8, —5 
or 2x+3y+6z—49=0 ..- (402) 
Perpendicular distance of the point (15, 29, 5), lying on the 
second line, from this plane 
_ 30 +874 30—49 
aod Sa 
= 4, 
which is the required magnitude of the shortest distance. 
The equation of the plane through (7) perpendicular to the plane 
(402) is 
x—8, yt+9, z—10 
3, —16, 7 |=0 


25 3, 6 
or 117xz+ 4y—41lz—490=0. oo (20) 
The equation of the plane through (iz) and perpendicular to the 
plane (222) is 
x—15, y—29, 2-5 
3, 8, —5 =0 
2, 3, 6 
or 94 —4y—z=14. .o.(v) 


Hence (iv), (v) are the equations of the line of shortest distance. 
https://t.me/ pdf4exams 


. Downloaded from https:/ / t.me/ civilsbuzz 
58 ANALYTICAL sOLID GEOMETRY 


2. Find the shortest distance between the axis of z and the line 
ax+by+cz+d=0, a'x+b'y+c'z+d'=0. 
(D.U. Hons. 1948, B.U. 1955) 
The third method given on page 56 will prove very convenient in 
this case. 
Now, any plane through the second given line is 
ax+by+cz+d+k(a'x+b’y+c'z+d')=0, ; 
1.€., (a+ka'\x+ (b+ kb’)y+ (c+ke’)z+(d+kd’)=0. we. (2) 
It will be parallel to z-axis whose direction cosines are 0, 0, 1, if 
the normal to the plane is | z-axis, 2.e., if, 
0.(a+ka’)+0.(b+kb’)+1.(c+kc’)=0, 
1.€., ==—c/c’. 
Substituting this value of & in (i), we see that the equation of 
the plane through the second line parallel to the first is 
(ac’ —a’c)x+(be’ —b’c)y + (dce’ —d’c)=0 ... (00) 
The required 8.D. is the distance of any point on z-axis from the 
plane (72). 
* &.D.=perpendicular from (0, 0, 0), (a point on z-axis) 
dc’ —d'c 
=A (ac! —a’c)?+ (bo’ —B'e)") 
Exercises 


1. Find the magnitude and the cquations of the line of shortest distance 
between the two lines : 


2 —7 5 2 l —3 
—] 2 1 l 3 2 


[Ans. (4) m=y=z; 44/3. 
(ii) (w@—4) =(y—2)/3 =—(24 3)/5 ; 0/38. 
2. Find the length and the equations of the shortest distance line between 
5a—y—z=0, x—2y+2+3=0 ; 
Tx—4y—2z=0, x—y+2—3=0, 
(Hint, Transform the equations to the symmetrical form.] 
[Ans. 17a+20y—19z—39=0=-8x+5y—31z2+67 ; 13/4/75. 
3. Find the magnitude and the position of the shortest distance between 
the lines 
(4) 2a+y—z2=0, x—y+2z=0 ; e+ 2y—3z=—4, 2v—3y+42=5, 
a Ut het * 3 6a—2y—3z+6=0, r—3y+2z2—3=0, 


ir a 
(Ans. (i) 3a+z2=0=222—5y+42—67, 24/ 14/7, 
(ii) 7x—2y—11z4+20=0= 13¢—1324 24 ; 176/39. 
4. Obtain the co-ordinates of the points where the shortest distance 
between the lines 
x—23_ y—19 = z—-25 = x—12_ y—1 _2z—5 
Rg SE 
[Ans, (11, 1], 31) and (3, 5, 7). 
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5. Find the co-ordinates of tho point on the join of (—3, 7, —13) and 
(—6, 1, —10) which 1s nearest to the intersection of tho planos 


3a—y—32+32=0 and 3x4 2y—15z—8=0, 
[Ans. (—7, —1, —9). 
6. Show that tho shortest distance between the lines 
eta=2y=— 122 and z=y+2a=62—6a 
is 2a, 
7. Find the shortest distanco between the lines 
a—l y—2 2-3 wx—-2 y-—3_ 2-4 
og 3 4’ 3 ~~ 4° 6 
show also that the lines are co-planar, (P.U. 1926) 
8. Find the length and equations of the line of shortest distance between 
the lines 


oe aes (B.U. 1956) 


[-lns, 9; 324+34y+13z—108=:0, 12v+33y+ 15z—81-=0, 

9, Show that the length of the shortest distance between the line 

z=x tan a, y =0 and any tangent to the ellipse x? sin? g+y2—«2, z=0 1s constant, 

10. Show that the shortest distance between uny two opposite edges of the 
tetrahedron forined by the planes 

yte=0, zt+x=0, e+y=0, et+y+z=a 
is 2u/4/6 and that the three lines of shortest distance intersect at the point 
Cys a. (D.U. Hons. 1960) 


3°7. Length of the perpendicular from a point toaline. To 
find the length of the perpendicular from a given point P(x, y,, 2,) to a 
gwen line 
t—a _y—P_2z—-Y PC XpYpZ1) 
y m nn 


If H be the point («, 8B, Y) on 
the given line and Q the foot of the 


perpendicular from P on it, we have, A(,8,Y) Q 
PQ? =HP?—HQ*. Fig. 17. 

But I] P? =(x,—«)?+(y,—B)? + (a—¥)?, 

and HQ=projection of HP on the given line 


= ((%,—a%) +m(y,—B) + n(z—Y), 
provided J, m, n, are the actual direction cosines. 
oe PQ? =(x,—a«)? + (yi:—8)? + (a—7)? 
—[U(%,—a) +m(y,—B) +n(4—Y)P. 
The expression for PQ? can be put in an elegant form as follows: 
We have, by Lagrange’s identity, | 
PQ? =[(%1—«)? +(yi—B)P? + (a —Y PUP? +m? +n?) 
— [U(x —«) + m(y,—B) +n(z,—7)?? 
=[1(y1:—B) —m(x, — «)]?+[m(21—7) —n(y,—B) 
+[n(2,—%) -Ua—Y)P 
L1— a, yi—B ¥i—B; 2;—Y : ZY, ty —% F 


l, ™ mM, n n, ti. 
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Exercises 


1. Find the length of the perpendicular from the point (4, —5, 3) to 
the line 
x—-5 y+2_ 2-6 (475) 
ot ier gee [Ane, wee 
2. Find the locus of the point which moves so that its distance from the 
line «=y=z is twice its distance from the plane 2+y+z=1. 


[Ans. a®@+-y24224 5ry+5yz+ 52x —4a—4y—424+2=0, 

3. Find the length of the perpendicular from the point P(5, 4, —1) upon 
the line 3(7—1)=hy= fz. [Ans. 4/(2109/110). 

3°8. Intersection of three planes. 7Z'o find the conditions that 
the three planes 

a,ct+b,yte,z+d,=0; (r=1, 2, 3) 

should have a common line of intersection. 

If these three planes have a common line of intersection, then 


a3x + bsy+c3z +d,=0 ...(2) 
must represent the same plane as 
a, x+by+c2+d4-A(agx+b,y +c.2+d,)=0, woe (22) 


for some value of A. 
Comparing (7) and (2), we get 
sade GR eee ae 
a, bs - Zz =k, (suppose) 
ee ©) ai Ad —_ kas a 0, 
by +Ab, os kb, Be 0, 
Cy +Ac, rae keg — 0, 
d,+Ad,—kd,= 0. 
Eliminating A and k from these four equations, taking them 
three by three, we obtain 


G1, bi; Cy by, Cis dy | G1, Cy; dy a; b,, dy 


aq; bs, Cg =Q, be, C2, ds =0, Qs, Ce, d, =(), Ag, b,, dy =(), 


Qs, bs, C3 bs, C3, ds 3, C3; ds Qs, bs, ds 
which are the required conditions. 

Only two of these four conditions are independent for, if the 
planes have two points in common, they have the whole line in 
common and this fact requires only two conditions. 

These four determinants will respectively be denoted by the 
letters Ls Aw L\e5 L\3- 

Note. The following is the Algebraic proof of the fact that only 
two of the above four conditions are independent, t.e., if two of these 
four determinants vanish the other two must also vanish. 


4, bi, Cy by, Cy) dy 
Let Qos bo, Ce =0= bo, Ce, dy 

Qs, bs, C3 bs, C35 d, 
ne a,A,-+a,A, + a34,=0 


d,A,+d,4,+d,A,;=0 
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: Ar Aa As =. 1 (sup pose) 
Aed3—Azd, A,d,—A,d3 ayd,—a,d, k’ 
OF Aodg—Agdg=k Aj, a3gd,—,d,= kA,, dyd,—a.d,=kA3. 
Thus we obtain 
bi (d_d3 — agdq) + bo(agd1 — ayd3) + b3(a,d_— ad) 
= k(A,b,+ A,b2+ A3b3)=9, 


| Gh, by, dy | 
1.€., Ay, bo, ds ==(), 

: As, bs, dy | 
Similarly it can be proved that 

| G1, Cy; dy 


Qo, Cos d. ==(), 


Os, C3, ds 
Note. The same conditions will also be obtained in § 3°82 in a 
different manner. 


3°81. Triangular prism. Def. Three planes are said to forma 
triangular prism if the three lines of intersection of the three planes, 
taken in pairs, are parallel. 


Clearly, the three planes will fourm a triangular prism if the line 
of intersection of two of them be parallel to the third. 


: 3°82. To find the condition that the three planes 
a,c+b,ytc,2+d,=0; (r=l, 2, 3) 
should form a prism or intersect in a line. 
The line of intersection of the first two planes is 
Xv — (D,de —b,d,)/(ab.— Ay) Jy (dgd,— G19) | (A,b2— ayh,) 


b.Ca— Doc, AyC1— Ay Cg 


a ...(i) (See Page 41) 


V2 Td 
Fig. 18. Fig. 19, 


The three planes will form a triangular prism if this lines 
parallel to the third plane but does not lie in the same. 
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Then line (i) will be parallel to the third plane, if 
Ag(b\ Ce -- bgc,) +.03(6,42 —C_21) + €3(@:bg—@,5) =9, 
or Ay, by, cy 


as, bs, Cy =(), 


As, bg, Cg 
i.e., A=0. 
Again, the planes will intersect in a line if the line (7) lies in the 
plane a3% +bsy+c3z+d,;=0. This requires : 
(1) this line is ae to the third plane which gives /\=0, and 


bod, Aody— yd 
bd, — bod, 9h — . : ‘ eve 
(2) the point (. a ata 0) lies on it which gives 
A3(b,d,—bed,) + b3(agd, —a4d2) +-d,(a,b, —a2b,) =90, 

or GQ, Oy, dy 

Qe; bs, ds =0, 

a3, bg, dy 
2.€., L\3=9. 
Thus the three planes will intersect in a line, if 

/\= f\3=9, 


and will form a triangular prism, if 
/\=0 and /A\;40. 

Note. Three distinct non-parallel planes behave in relation to 

each other in any of the following three ways :— 
(1) They may intersect in a line which requires that two of the 

four determinants /\. /\;, Ag, A3 should vanish. 

(i) They may form a prism which requires that only /\ should 
vanish. . 

(iii) They may intersect in a unique finite point which requires 
that /\~<0. 


Exercises 


1. Show that’ ‘the following sets of planes intersect in lines : 
(1) 4a4-3y 4524-70, Qx+-y—424+1=0, a—72—-2=0. 
(41) Qeaty+2+4=0, y—724+4=0, 3x4+2y4+2+8=0. 
2. Show that the following sets of planes form triangular prisms : 
(4) a+y4+243=0, 837+y—2:42=0, 2a4+4y4+ 7z—7=0. 
(47) x—2z—1=0, «+ y—2z2—3=0, ex—2y42—-3=0. 
3. Examine the nature of the intersection of the following sets of planes ; 
(¢) 4c—5y—2z—2=0, 54—4y422+2=0, 2742y+4 8z~—1=0. 
(i7) 2a+3y—z—2=0, 3x+3y+2—4=0, r—y+22—5=0. 
(it) 5a+3y+7z—4=0, 382+ 26y+22—9=0, Tx+2y4102—5=0. 
(tv) 2x-+6y+11=0, G6x+20y—624+3= 0, 6y—18z+1=0. 
[Ane. (4) prism, (i) point, (‘si line, (¢v) prism. 
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4. Prove that tho planes 
x=cy+bz, y=az+cx, z=bret+ay, 
pass through one line if 
a2+ 624+. ¢2+2abe=1, 
and show that the line of intersection, then, is 
2 


= y = 
V(l=a®) (1-88) 
5. Show that the planes 
br—ay=n, cy—bz=l, az—cxr=™m, 
will intersect in a line if 


cA 


dey * (B.U.) 


al+bm+cn=0, 
and the direction ratios of the hne, then, are, a, 6, c. 
6. Prove that the three planes 
bz—cy=b—c, cxr—az=c—a, ay—br=a—b, 

pass through one line (say 1), and the three planes 

(c—a)z—(a—b)y=b-+c, 

(a—b)x—(b—c)z=c-+a, 

(b—c)y—(c—a)x=a-+b, 
pass through another line, say (/’). Show that the Imes / and I’ are at right 
angles to each other. 
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CHAPTER IV 


INTERPRETATION OF EQUATIONS 
LOCI 


41. In Chapters IT and III, it has been shown that any equa- 
tion of the first degree in z, y, z represents a plane and two such 
equations together represent a straight line. 


We now consider the nature of the geomctrical loci represented 
by the equations of any degree. 


42. Equation to a surface. Locus of a variable point with its 
current co-ordinates x, y, z connected by a single equation f (x, y, z)=0 ts 
a surface. 

Consider any point («, B, 0) on the XY plane. The line through 
this point drawn parallel to the Z-axis, viz., s=a, y=B meets the 
locus in points whose z-co-ordinates are given by the roots of the 
equation f(a, B, z)=0. 

As this equation has a finite number of roots, the number of 
points of the locus on every such line is also finite. Hence the locus, 
which is the assemblage of all such points for different values of «, 6, 
must be a surface and not a solid. 

Thus the equation f(x, y, z)=O0 represents a surface. 

4°21. Equations free from one variable. Cylinders. Locus of 
the equation f (x, y)=0 1s acylinder with its generators parallel to Z axis. 

Consider the curve on the XY plane, whose two dimensional 
equation is f(z, y)=0. Let (a, 8) be any point on itso that f(«,6)=0. 

Any point («, 8, z) on the line through this point, drawn parallel 


to OZ, therefore, satisfics the equation f (2, y)=0 and hence the whole 
line lies on its locus. 


Thus the locus is the assemblage of Jines, parallel to OZ drawn 
through the points, on the curve and is, therefore, a cylindrical 
surface. 

Similarly the loci of the equations 

Fly, 2)=0 and f(z, z)=0 
are cylinders with generators parallel to the X-axis and the Y-axis 
respectively. 

Ex. What surfaces are represented by the equations 

(4) z2+y2=a?2, (t¢) 22/a2+ y?2/b2= 1, (72) y2=4az. 

(tv) xy=c?, (v) 2?2/a%—y2/b2=1. 

4°22. Equations containing only one variable. Locus of the 
equation f(x)=0 is a system of planes parallel to the YZ plane. 

If 0), Oy, Ug.scscrccecsererecrscsceereehy be the roots of the equation 

f(x) =0, 
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then this equation is equivalent to 
(X— ay)(Y— Ag)... 0reee(U— Ay) =O 
and, therefore, represents the planes 
Ba Oy, BS Wapesectaven So 

which are parallel to the YZ plane. 

Similarly the loci of the equations f(y)=0 and f(z)=0, are 
systems of planes respectively parallel to the ZX and XY planes. 

4:3. Equations to a Curve. Jwo equations 

f(x, y, z)=0, p(x, y, z)=0 

together represent a curve. 

The points. whose co-ordinates satisfy these equations simul- 


taneously, are common to the two surfaces separately represented by 
them and, therefore, lic on their curve of intersection. 


Hence the locus of a point whose current co-ordinates are 
connected by two equations is a curve. 


Exercises 
1, Find out the loci represented by 
(2) x®/a2+72/b2—1,2—0, (17) y2=ar, 2=C, 
(477) vty? —a2, 22 c2, 
2. Show that the two curves 
fle, y, )=0, ox, y, 2) <0; 
f(x, Y5 z)—AQg(a, yy z)=0, T(%, Y, z)—v9g(2, Ys z)=0 
are identical. 


3, Find the equations to the parabola whose focus is the point (1, 2, 3,), 
and directrix the line r=y=<. 


[-Ins. a2 y2+4 224 Qeryt 2Qy2+2xr2—6x— 12y— 182+42=0=27—2y+z. 


4°4. Surfaces generated by straight lines. Ruled Surfaces. A 
straight line subjected to three conditions only, can take upan infinite 


number of positions. The locus of these lines is a surface called a 
ruled surface. 


4°41. To determine the ruled surface generated by a siraight line 
intersecting three given lines 


Uy=0=4, 5 Ug=D0=v, 5 Ug=D— 23, 
where Up=a,a+b,yto,2+d,, v-=a' a+b y+e' 2+’, 
The straight line 
Uy Avy =O=UgtAgve -» (2) 
intersects the first two lines for all values of A,, A,. (Note Page 50) 


The condition of intersection of the line (7) with the third given 
line is a relation between A,, A,, say 


f(A Ag) =0. we. (22) 


The required ruled surface is, then, obtained by eliminating 
A,» Ag between (7) and (iz). 


Another method will be indicated in the examples below. 
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4°42. Condition for the intersection of a straight line and a curve. 
If a straight line intersects a given curve, the co-ordinates of the 
points of intersection satisfy the four equations (two for the straight 
line and two for the curve) so that the four equations are simul- 
taneously valid, 7.e., consistent. The condition for consistency Is 
obtained by eliminating x, y, z from the four equations. 


Examples 
1. Find the condition that the line 
e—-a _y—B_ 2-7 
lL ™m™ on (2) 


should intersect the curve 
xy=c*, 2=0. ... (iz) 
Eliminating x, y, 2 from (7) and (iz), we obtain 


(Ya) 


which is the required condition. 
2. Find the locus of the line which intersects the three lines 


y=b, 2=—c 3 2=¢, t= —a;x4=a, y=—b. 
First Method. The line 
y—b+A(z -¢)=0, z—c+A,(e-+a)=0, (8) 


which intersects the first two of the given lines, will also intersect 
the third, 


; - 2b 
if a a a 
b se 
or c= .-+aA,. .-.(2t) 
Ay 
Eliminating A, A, from (7) and (77), we obtain 
ete) er6 
yb Gta 
or o(x-+a)(y—b) + a(z—c)(y—b) +-b(e+-a)(z2 +c) =0, 
or ayz+ bzx +cxy + abc=0, 


which is the required locus. 


Second Method. 
: Let the equations of the variable line intersecting the given lines 
e 
r—-%_ y—B_ 2-7 (4) 


l m n 


so that («, B, Y) is any point on the line. 
-It will intersect the three given lines, if 


ee (ii) 
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c—Y ate ome 
ane i woe (108) 
a—a% b+ 
and = eat .-. (20) 


(Note Page 49) 


Eliminating /, m, n, between (72), (i277) and (iv), we have 
(a—a)(b—B)(c—Y)+(a+a)(b+B)(e+7) = 


s (a, 8, Y) is any point on the variable line, the required locus 


(a—x)(b—y)(c—z) +(a+2)(b+y)(c+2)= 
or ayz+ bzea+cay+abc=0. 
3. Two skew lines are given by the equations 
ax-+-by=z+c=0 ; ax—by=z—c=0; 
show that the lines which are perpendicular to the line with direction 


cosines proportional to l,m, n, and which meet the given lines generate 
the surface 


is 


abz(la+my + nz) =c(a’mx-+bly+aben). (M.T.) 

Let the variable line be 
— “a y—B_2z —Y ’ 
a 7 - w+. (1) 


This will be perpendicular to the line with direction cosines 
proportional to J, m, n, 


if 
lA+mu+ny=0, ... (22) 
and will intersect the given lines 
if 
aX(Y + c)+bu(¥+c) —v(aa+ 63) =0. ... (002) 
and 
an(Y —c) — bu(Y¥—c) — viaxa—bB) =0. ... (tv) 
Eliminating A, p, v from (7), (22), (tv), we have 
a(y—c), —b(Y—c), ax—bB 
a(y+c), O(¥+c), ax+68 |=0, 
i. m, —n 
or l(aba'yY —b?cB) —m(abByY — a®cx) + nab(y?—c?) =0. 


The required locus, therefore, is 
abz(la+ my + nz)=c(a?ma + b*ly+aben). 
4. Find the locus of the line which moves parallel to the ZX plane 
and meets the curves 
ry=c*, z=0; y?=4cz, x=0 ; 
verify that the locus contains _ curves. 


Let the variable line b 
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I a 7 wo (4) 
This will intersect the two given curves 

ly my ‘e 
if («-—)(p— h )=e .. (42) 
am? xn ee 
and (e— | =4¢ ( —~*). .o0 (000) 

The line (2) will be parallel to the ZX plane 
if m=0. ..(2v) 


Eliminating 2, m, n from (77), (ai2) and (cv), we obtain 
(c?—a8)(B2?—4cyY) =4caBy, 
so that y?(c?— ary) = 40% 
is the required locus, 


Putting x and z separately equal to zero in this equation we get 
y?=4cz and xy=c? and hence the verification. 


5. Find the equation of the surface traced out by lines which pass 
through a fixed point (a, B, Y) and intersect the curve 
ax? +by?=1, z=0. 
Any line through (a, B, 7) is 
xL—O — nay ; 
pend PLE Y woe() 
l,m, n, being variables. 


It will intersect the given curve 


ly\? : as 
if a(a—— +0( a. a ... (02) 


Eliminating 2, m, n between (i) and (77), we get 
x — a" y—Bv* 
o( a7 5) +8(8-YE=5) = 
or alaz—Yx)?+ b(Bz—Yy)?=(z—7)?, 
which is the required equation to the surface. 


Exercises 


1. Prove that all lines which intersect the lines 
Y=ML, 2=C3 Y= — MA, 2= —€ 
and are perpendicular to the X-axis lie on the surface 
MUZ==CY. 
2. Find the locus of the lines which are parallel to the plane 
x+y=0, 
and which intersect the line s—y=0=z and the curve 
e2-—2az, y=0, [Ans, «2—y2=2Qaz, 
3. Find the surface generated by straight lines which intersect the lines 
y=0, z=c;2=0, z=—c ; and are parallel to the plane 


le+my+nz=0, [Ans la/(z+c)+my](z—c)+n=0. 
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4. Show that the equation to the surface generated by straight lines 
intersecting the three lines 
x=4a, y+2z=0; r+ 4a=—0, y= 22 5 y=4a, x=2z, 
is 
v2 + y2—422= 1642, 
5. <A variable line intersects the three lines 
y—2=1,¢=0; z—r=1, y=0; e—y=1, z=0. 
Show that the locus is 
2 4 y24t 22 Qry —2yz—2ze=1. 
6. Obtain the locus of the straight line which intersects the circle 
eet y2-zr2, z=0 
and tho two straight lines r=O0=z2+a ; y=0=z—a. 
[Ans. a?[v2(z—a)2+-y?(z+a)2]=7r2(22—a2)2. 
7. Prove that the locus of a lmne which meets the lines 
Y=emar, 2=*ke 
and the circle 
e2+y2=a2, c=:0 
is c2m2(cy— maz)2+c2(yz—cmx)®=a2m2(z2—c2)2, 
(D.U. Hons. 1948) 


8. A straight line is drawn through a variable point on the ellipse 
x2 /a2-+ y2/b2=1, z=0 to meet two fixed lines 


YAM, 20 5 YS — is, 2S —C, 
Find the equation to the surface generated. 
[dns. a%c212(cy—maz)2 + b2c2( mex — yz)2*= a2%bm(c2— z2)2. 
4:5. Equations of two skew lines in a simplified form. To find 
the equations of two skew straight lines in a simplified form. 
Let the shortest distance between the two given lines 4B and 
CD mect them at L and M and be of length 2c. 


Z, 


Fig, 20 
Through O, the mid-point of LV, draw OG and OH parallel to 
AB and CD. 


Take the bisectors of the angles between OG and OH as the X and 
Y-axis and LM as Z-axis. These three lines are mutually at right 
angles. 


If the angle between the given lines be 29, the line OG makes 
angles 9, 4x—0, 4 with the axes OX, OY, OZ so that the direction 
cosines of AB which is parallel to OG are 
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cos 9, sin @, 0. 


Also, since OH makes angles —@, 4%+6, 4 with the axes, 
therefore the direction cosines of CD are 


cos @, —sin @, 0. 
Finally, the co-ordinates of L, M are 
(0, 0, c) and (0, 0, —c) 
respectively, for DM=2c. 
Thus the equations AB, CD are 


x y z2—Cc ; 
wa SS 4.€, =2 tan A] 2—C; 
cos@ sing 0” 2 
x y zte , 
and = pS , 1.6.5 y= tang, z=—e 
cos 9 ~—sing 0 ’ ad 


respectively. 
Note 1. (r, r tan 0, c) and (p, —p tan 0, —c) are the general co-ordinates of 
points on the two lines ; r and p being the parameters. 


Note 2. Solutions to certam problems relating to two non-intersecting 
straight lines are often simplified by taking the equations of the lmes in the 
simplified form obtained above. 


Exercises 


1. Fend the surface generated by a straight line which meets two given skew 
lines at the same angle. 


Choosing the axes as in $ 4:5, the equations of the two lines can be taken as 


ay se . 
Tom 0 veal) 
ry ete 7 
and eae: ». (24) 


so that the points (r, mr, c) and (p, —mp, —c) lie on these lines for all values of 
rand 7p. 
The line joinng these points is 
t— yY—? rae was 
Ce ee ...(122) 


As it makes the same angle with both the lines (t) and (72), we have 
r—p-+m?(r+p)=r—p—m?2(r+p) x) 
or r-+p=0. 

From (8227) and (zv), we have 

ee ae 
Qn. Ye and y—mr=0, 
so that eliminating 7, we obtain 
MCX ==Y2, 
as the required locus. 

2. A line intersects each of two fixed perpendicular non-intersecting lines 
so that the length intercepted is constant ; show that the locus of the middle 
point of the intercept is a circle. 

3. A line of constant length has its extremities on two fixed straight 
lines ; find the locus of its middle point. (D.U. Hons., 1959) 

4. Find the locus of a point which moves so that the perpendiculars 
drawn from it to two given skew lines are at right angles. 

5, Two skew lines AP, BQ, mnclined to one another at an angle of 60°, are 
intersected by the shortest distance between them at A, B, respectively, and 
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P, Q are points on the lines such that AQ is at right angles to BP ; prove that 
AP.BQ=2AB?. 

6. TI'wo skow lines AP, BQ are met by the shortest distance between thom 
at A, Band P,Q are points on them such that AP—r, BQ—p. If the planes 
APQ and BPQ are perpendiculars show that, pr, is constant. 


7. AB and CD are two fixed skew lines, Planes are drawn through them 
at right angles to cach other, Find the locus of their line of intersection, Show 
that the locus degenerates into two planes if AB 1s perpendicular to C'D, 

8. AB, CD are two perpendicular skew lines and the shortest distance 
between them meets the same at L and M ; O18 the mid-point of LEM; P and 
P’ are variable points on AB and UD such that OP2+4O0OP’2 is constant. Find 
the locus of the line PP’. 


9, Prove that the locus of the point which is equidistant from the lines 
y—mx=O0=2—-c, yt-ma=—0=z+e 
is the surface 
may +(1-+m*)cz=0. 

10. One edge of a tetrahedron is fixed in magnitude as well as position, 
and the opposite edge is of given Jength and hes along a fixed straight line. 
Show that the locus of the centroid of the tetrahedron 1s a straight line. 

11. The length of two opposite edges of a tetrahedron are a, Db ; the 
shortest distance between them 1s 2c and the angle betwecn them is a; prove 
that its volume is (abe sin «)/3. 

12. A, B,C and A’, B’, C’ are two scts of poimts on two skew lines. Prove 
that if 

AB: BC=A'B' : BC’, 
the middle points of AA’, BB’, CC’ are collinear. (M.T.) 
13. Lines are drawn to intersect the lines 
y—mxz=O=2—c and y+mxr=-O0=2z+e 
and to make a constant angle with z-axis. Show that the locus of their mid- 
points is an ellipse whose eccentricity 18 


(1—mty? or (m4—1)2 |? 
according as m2@<] or >1. 
14. AA’ is the common perpendicular of two skew lines PQA, P’Q’A’; 
P, Q being any two points on the first hne and P’, Q’ any two points on the 
second. Prove that thecommon perpendicular of A.A’ and tho line joining the 
mid-points of PP’, QQ’ bisects AA’. (M.T.) 
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CHAPTER V 
TRANSFORMATION OF CO-ORDINATES 


5°1, The co-ordinates of a point in space are always determined 
relatively to any assigned system of axes, generally called the frame 
of reference and they change with the change in the frame of reference. 
We shall now obtain the formulae connecting the co-ordinates of a 
point relative to two different frames of reference. 


5-11. Change of origin. YJ'o change the origin of co-ordinates 
without changing the directions of axes. 


Let OX, OY, OZ, be the original axes and O’X’, O’'Y’, O’Z’, the 
new axesrespectively parallel to the original axes. Let the co-ordi- 
nates of O’ referred to the original axes be (f, g, h). 


Let the co-ordinates of any point P be a, y,zand2’, y’, 2 
referred to the original and the new axes respectively. 


Draw PI perpendicular to the parallel planes YOZ and Y’O’Z’ 
meeting them at Z and L’ so that 


DLP=zx and L'P=vx’. 


Now, LL’ is equal to the length of the perpendicular from O’ to 
the YOZ plane and is, therefore =f. 


Fig. 21. 
Also LP=LL'+L'P 
ne X= x’-+f, 


Similarly 
y=y +g, and z=z'+h. 
Hence, if in the equation to any surface, we change 
XL, Y, 2 
to z+f,ytg, 2th 


respectively, we obtain the equation to the same surface referred to the 
point (f, g, h) as origin. 
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Ex. Find the equations of the plane 27+3y+4z=7 referrod to the point 
(2, —3, 4) as origin ; directions of the axes remaining the same. 


[Ans. 2x+3y+4z4+4=0. 
5°12. Change of the directions of axes. T'o change the directions 
of axes without changing the origin. 

Let 11, my, 21 3 Ug, Ma. Ny 5 Ly. Mg, Nz be the respective direction 
cosines of the new axes OX’, OY’, OZ’ referred to the original axes 
OX, OY, OZ. 

Let x,y,z and 2’, y’,2' be the co-ordinates of any point P 
referred to the two systems of axes. 

Draw PN | X'OY' plane meeting 
it in N’ and also N’L’ | OX’ meeting it 
in L’ so that 

Ol/=x 31 N’=y NPS. 

Now, the projection of OP being 
equal to the sum of the projections of 
OL’, L'N', N’P on OX’, we have, 

x=],x’ +hy’ +1,z' , 
Similarly y=m,x’+m,y’ +m,z’, ) .--(A) 
and Z=n,x +My’ +n3Z’. 

By a method similar to the one adopted, we can show that 

x’ =]x+m,y+nyz 5 
y =1,X+ m,y+NyZ 5 ...(B) 
Z =13x-+Msy +N3Z 5 

The results (A) and (B) can easily be written down with the 

help of the following table : 


Fig. 22. 


Exercises 
1. Find the equation of the surface 
3x24 5y24-3224-2y2+22r4+Q2ry=1 
with refcrence to axcs through tho same origin and with direction cosines 
proportional to (—1, 0, 1), (1, —1, 1), (1, 2, 1). [Ans. 2272+3y24622=1, 
2. Show that the equation Jv+my+nz=0 becomes z=0, when referred to 
new axes through the same origin with direction cosines 


—m l —In —mn 


ip ance ra OS are aerrrS Sie 


pee Ade : See ee ee 2442) - 
4/ (12+ m2) ’ a/ (12+?) ’ 0 9 a/ (12+ m2) ’ a/ (12+-m2) ’ Vv (i +m ) ’ l, m,n, 
Hence show that the curve az?+by2=2z, lx+my+nz=0 is a rectangular 
hyperbola if (a+b)n? +am2+612=0. 
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5°13. Dhe degree of a surface is unaltered ‘by any transformation 
of axes. 


Since, for x, y, 2 we always put expressions of the first degree in 
x, y, 2, the degree cannot increase. 

Also, it cannot decrease for, otherwise, on retransforming it 
must increase. 

5°2. Relations between the direction cosines of three mutually 
perpendicular lines. 

11, 121, %, 3 lg, Me, Me 3 ls, M3, Mz being the direction cosines of 
three mutually perpendicular lines OX, OY, OZ, we have the relations 


l?t+m?tn/Z=!1 ; 
1,2+-me?+n,7=1 i ..(A) 
1,7 + mg 37+ n32=1 ; 
Ll, + my M,g+n,N3=0 5 
[13+ m12M4-+ NyN3=0 1 ...(B) 
and l,l; +m,m, +n n,=0 . (Cor. 3, Page 17) 


Thus these six relations exist between nine direction cosines. 
They can also be expressed in another form as shown below. 


Now, 11, lz, 3 ; mz, Mg, Mg 3 M1, Ny, %3 are clearly the direction 
cosines, of the original axes OX, OY, OZ referred to the new. There- 
fore, we have the relations 


by? + 0,2 -+ Ug? ; 
m?+ m2 +m?=1 ; ..(C) 

ny? + Ne” +- Ns? = l : 

and Lm, +l,m,+lgm,=0 ; 
MN MyNo-+ MgNz=O0 | ...(D) 


Nyly+ Nolo + Nyls = 0. J 

The relations A, B, C, D are not independent. 

In fact the relations C, D can be algebraically deduced from the 
relations A, B and vice versa, without any geometrical considerations 
at all. 

Cor. Jf 11, my, 2 5 lz, Me, Ny 3 15, M3, Nz be the direction cosines of 
three mutually perpendicular straight lines, then 


i, My, Ny 
lo, Meo, Ne =+1. 
ls, Ms, Ns 
For, if D be the given determinant, we have 
l;, ™;, m4) |d4, m4, Ny 
2. 
D* = lg, Ms, Ng! X lle, Me, Ng 
le, Mg, Ng ls, m3, Ng 
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1? + mj? + n,’, Lyle mymg+NNg, Ll3+mym3z+nyNg 
=[yla + myme+NyNg, 12” + M42 + Ng", gly + Mgmg+NgNz 


[ls myMz+NyN3, Islet mgm_g+NgNg, 13°-+- mg” + Ng” 


1, 0, ° | 
= 0, l, 0 = 
| 0, 0, 1 
Hence D=+1. 


5°3. Invariants. Jf, by any change of rectangular axes without 
change of origin, the expression 
ax*+- by? + cz? +2 fyz+ 2gzx+ 2hay 


becomes 
a’ a? + b'y® + ¢'27 + 2f’yz+ 29’zx+ Qh’ay 
then 
(2) atb+c=a'+b'+e', 
(ii) ab + bc+ca—f?—g?—h?=a'b' 4+ 0'c' + c'a’—f?—g?—h®, 
(272) ahg a Wh’ 9g’ 


hb fi=l a bf 


g fe jg fi |}. 
Consider two sets of rectangular axes 

Ox, Oy, Oz; OX, OY, OZ 
through the same origin O. Let P be any point so that if (a, y, 2), 
(X, Y, Z) be the co-ordinates of the same relative to the two systems 
of axes, we have 

a t-y?t2?=OP*= X?4Y2 + 2. 

Thus we see that 


xe? y?t a 
X24 Y24Z2, 


becomes 


Also, as given, 
ax? + by? +c274+ 2fyz+ 2gzx+ Zhay 


a’ X?+-0'Y?2+ ¢'Z? 4 2f'YZ+4+-29'ZX + 2h’ XY. 
Then if A be any constant number, the expression 
ax? + by?+-c2z2+ 2 fyz+ 2gza+ Qhry +A(x*+ y?+ 2’) 
=(a+A)2?-+ (b+ A)y? + (ec +A)2? + 2 fyz4-2gzu-+ 2hay (1) 


becomes 


becomes 
a’ X*4+-b'Y?+0'Z*+2f'VZ429'ZX 4+ 2h’ XY +A(X2+ Y2+ Z?) 
= (a'+A)X?2+(b'+A)V2+(c' +A)Z?+2f'YZ+29’'ZX+2h'XY ...(2) 
If now, for any value of A, the expression 
(1) becomes a product of two linear factors, then, for the same 
value of A, the expression GE tg Os: FP 
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(2) must also become a product of two linear factors. This 
follows from the fact that the degree of an expression does not 
change as a result of the change of axes so that the linear factors of 
(1) will become the two linear factors of (2). 

Now, by § 2°8, P. 37, the values of A for which the expression (1) 
and (2) are the products of linear factors are respectively the roots 
of the cubic equations 


ata h g a’ +A h’ g’ 
h b+A f \=0,) h' b’+rA ff’ =( 
ig f ota ig! ‘i oA 
4.€., B+A2(a+b+c¢)+A(be+ca +ab — f?—g?—h?) + D=0, ...(3) 
A3+A?(a' +b' +’) +A(b'c’ +-c'a' +a'b’ —f’2?—g"* —h”) + D’ =0, ..(4) 
where 
1 a h g | q’ h’ g’ 
D= h b fi D' =| h’ b’ f’ 
g f ¢ g ff  o¢ 
As the equations (3) and (4) have the same roots, we see that 
1 _atb+e _  bet+eatab—fr—ge—-h®  _D 
‘Tl oa'+b'+e' b'c'+c'a' + a'b’—f"-g"?—h'?  D'’ 
so that at+tb+c=a'+b’4+c’, 
bc-+ca+ab-—f?—g?—h?=b'c'+c'a' +a'b’—f"" —g?—h’, 
D=D", 


Note 1. The result obtained above shows that if in relation to 
any second degree homogeneous expression 


ax? + by? + c2z?+ 2 fyz+ 2gzx+ 2hry, 
x, y, 2 be subjected to any change of rectangular axes without change 
of origin, then 
a+b+c, be+ca+ab—f*?—g*?—h?, D 
are invariants. 
Note 2. It may be seen that 
bc+ca+ab —f*—g—V=A+B+0, 
where A, B, C are the co-factors of a, 6, c in the determinant D. 
Ex. Show directly by changing 
x,Y,2,toxr+p, ytq, 24+r 
respectively that 
atbic, A+B+C, D 
are also invariants for change of origin. 

{In fact, as may easily be seen, the co-efficients a, b, c, f, g, h, 
are themselves separately invariants for a change of origin without 
change in the direction of axes]. 
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Ex. 1. OA, OB, OC are three mutually perpendicular lines through 
the origin, and their direction cosines are 


11, M1, 21 3 lo, Me, Nz 3 Lg, Mg, N3- 
If O0A=OB=OC=a, prove that the equation to the plane ABC is 
(1, +-l,+13)x + (y+ me+ mM3)y + (n+ N+ N3)e=a. 
Let the required equation be 
le+my+nz+p=0. ...(2) 
The co-ordinates of A are (al,, am,, any). 
The plane (2) passes through A. Therefore, we have 


a(ll,-+mm,+nn,)+p=0. +e (22) 

Similarly, we have ; 
a(lls+mm,+nn) + p=0, w (272) 
a(lls+-mm3+nn3)-+p= 0. ...(1v) 


Multiplying (72), (#72), (tv) by 1,, lz, J, respectively, and adding, 
we get 
al + p(t, + 1, +3) =9, 
(From relations D. Page 74) 


ft _thtls 


or 
a 
Similarly 
mm ++m,+M, 
p a” 
n My +No+Ng 
and ee . nena 


8 


Making substitutions, in (i), we get the required result. 


Ex. 2. 1,, my) Np 3 (r=1, 2, 3) aro direction cosines of three mutually per- 

pendicular straight lines and 
5a ae ees M0 igh 

ly my ny lg Mg Ng 

Prove that 

aflg+b/ng+e/ng=0 and a: 6: c=l lglg : mymamg : NyNnoNg. 
Ex, 3. If three rectangular axes be rotatcd about the line given by 
a[l=ylm=z]n 
into new positions and the direction cosines of the new axes referred to the old 
ard 11, 4, Ny 3 lg, Mg, Ng ; 1g, mg, Ng ; and, if 
L,=+(mgn3g—mM3N2) 


thon U(mgkeNg)=m(Ny +13) =N(lg+m}). (B.U.) 
Examples 
1. Show that the planes 
32—6y—5z+3=0, (i) 
6x — 9y —8z+3=0, ..(22) 
x—y—z+2=0. ...(112) 


form a triangular prism. Find the area and the lengths of the edges of 
its normal section. 
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Symmetrical form of the equations of the lines of intersection of 


the first two planes is 
x—-l y-l1l_z 
~1] 2 3? 
and, as may be easily shown, this line is parallel to the third plane 
but does not wholly lie in it. Hence the planes form a prism. 
Normal sections of the prism are congruent triangles. 
We consider the normal section through the origin. Equation 
of the plane of this section is 
2—2y+-32=0. .-. (iv) 
Co- sramates of the three vertices of the triangular section are 
obtained by solving simultaneously each of three pairs of the given 
equations with the equation (tv). 
Thus the vertices are 
A(— we —?i, fa), B(—fé, ~—F2, — 34), Crs, ti, 74): 
Therefore, the lengths of the edges AB, BC, CA are 
V1512 10136 4/3920 
14 5 14 7 14 
Let “\ be the area of (\ ABC. The co-ordinates of the projec- 
tions A’B’C’ of A, B, C, on the XY plane are 


al 16 . 2 40 .715 12 
(—Ti, “145 0) ’ (—#3, “14> 0) 3 (42, 14> 0) 
Let /\z be the area of /(\ A’B'C’. Therefore, 
4 16] 
14> 14> | 
Agel) adh, 8 1 
z= 3 14> 14) q 
15. 12 1 | 
145 14s 


Let @ be the angle between the plane (iv) and XOY plane. 
Therefore, 


cos @ 3 
V/(14) 
Also Az=Z cos 6. 
. _ 2: _9 “/ 14 3 14 
oe at eg 7 * “37 7 V/ 14, 


2. Find the equations of the line of the greatest slope on the plane 
3a—4y+5z2—-5=0 
drawn through the point (3, —4, —4) ; given that the plane 
4x —5y +6z2—6=0 
1s horizontal. 

Line of greatest slope on a given plane, drawn through a given 
point on the plane, is the line through the point perpendicular to the 
line of intersection of the given plane with any horizontal plane. 

We have, thus, to find the line through A(3, —4, —4) perpen- 
dicular to the line of intersection of the plancs 

32 —-4y+5z—5=0, 
4x—5y+6z—6=0. 
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Equations of this line in the symmetrical form are 


xt+1 y+2 z 
l — = 9 ils | ) »-(2) 
so that the general co-ordinates of any point P on the line are 
r—1, 2r—2, 7. 


The line AP will be perpendicular to (1), if 
l(r—4) +-2(2r+2)+4+1(r+4)=0, te., r=—? 
Thus, the co-ordinates of P are 
= a 9 
Hence the line, AP, of greatest: slope is 
r—3 yt4 2+4 
——- he 
3. CP, CQ, are conjugate diameters of the ellipse 
vla*+y?/b*=1, z=—c ; 
C'P’, C'Q’ are conjugate diameters of the iva 
a /a*-+-y?/b=1, z= —c ; 
drawn in the same direction as CP and CQ. Find the locus of the lines 
PQ’ or P’Q. 
Let P be (a cos @, b sin 9, c). Therefore, Q, P’,Q’ are 
(—a sin 9, b cos 9, c), (a cos 9, 6 sin 8, —c) 
(—a sin §, b cos 9, —c) 


respectively. 
Equations of PQ’ are 
_—x—-acosG — y—bsing@ —2~¢ (i) 
a(cos @+sin 6)” b(sin @—cos 6) 2 a 
The locus will be obtained on eliminating @ from the equations (2) 
The equations (2) can be written as 


x 2+c Z-- 

- = —— GO — gin @ 

a 2c O-F 2c : 

y Z— zte ., 

-“-=- _-- -cos @+- sin @ 
2c + 2c 


a® ¢ b+ 2c 2¢ 
2 yO 
of ae thE ge =) 


as the required locus. 
It may be shown that the locus of P’Q is the same surface. 


4. Show that the equations of the planes through the lines which 
bisect the angles between the lines 


x y 2 x Yy 2 
ace mm dar = nt 
l n Um tn 
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and perpendicular to the plane containing them, are 
(+l')a+(m+m')\y+(ntn')ze=0. (P.U. 1945) 
‘Let OA, OB be the given lines. Take points A and B on the 
lines such that 
OA=OB=r, 
Take another point .4’ on the line OA produced such that O is 
the mid-point of AA’. 
The co-ordinates of A, B, A’ are 
(Ir, mr, nr), (l’r, m’r, n’r), (—lr, —mr, —nr) 
respectively. 
‘*' Let P, Q, be the mid-points of AB and A’B respectively so that 
OP, O@ are the bisectors of the angles between OA and OB. We have 
P=[RUAM)r, 8(m+m’)r, ¥(n4+n')r). 
Q={HI'—Dr, 4m! —m)r, ¥(n! —n)r}. 
Thus the lines OP, OQ are 
pene eee ee ee 2) 
I+l'’ mtm  n+n'? U—l m'—m_ n'—n 
The lines OA, OB, OP, PQ are all coplanar. 
Let OF be normal to this plane. 
The lines OP, OQ and OR are mutually perpendicular so that 


the planes POQ (i.e., the plane AOB), QOR, ROP are also mutually 
perpendicular. 


The plane QOR passes through a bisector OQ and is perpendicular 
to the plane AOB so that it is one of the required planes. Being 
perpendicular to the line OP, its equation is 


(J4+U')\a+(m+m')y+(n+n’)z=0. 


Similarly POR is the other required plane. Being perpendicular 
to the Jine OQ, its equation is 


(T—1')at+(m—m’)y+(n—n')z=0. 


Revision Exercises I 
1. Find the volume of the tetrahedron formed by the planes 
le+my+nz=p, lat+tmy=0, my+tnz=0, nz+lx=0. 
(D. U. Hons., 1948) 
[Ans. 2p3/3linn 
2. Show that the straight lines 


will lie in one plane, if 
U(b—c)/a+-m(c—a)/B+n(a—b)/y=0, (P.U. 1942) 
[The three lines have a point in common, viz,, the origin, They will be 


coplanar, if there exists a line through the origin perpendicular to each of them, 
If 4, uw, v be the direction cosines of this line, we have 


da+uB+vy=0, axzrA+bBu+cy=0, lA+mp+tnv=0, 
Eliminating A, v., v we have the given condition. ] 
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3. Show that the lines 
x y 2 x y 2 y 2 


aja Bib yje* a By } ca Bb ye 
are coplanar if a=b or b=c or c=a. 

4. Show that the triangle whose vertices have co-ordinates (a, b, c), 
(b, c, a) and (c, a, b) is an oquilateral triangle, Find the co-ordinates of the 
vertices of the two regular tetrahedra described on the above equilateral triangle 


peer (C.U, 1915) [Ans. (f,f, f) where poe, 


__ 3. If two opposite odgos of a tetrahedron are equal in length and are at 
right angles to the line joining their middle points, show that the other two pairs 
of opposite edges have the same property. 


6. Two edges, AB, CD of a tetrahedron 4 BCD are perpendicular ; show 
that the distance between the mid-pomts of AD and BC is equal to the distance 
between the mid-points of AC and BD. 


7. Planes are drawn so as to make an angle of 60° with the line r=y=z 
and an angle of 45° with the line x=0-=y—z. Show that all these planes make 
an angle of 60° with the plane «=0. 


Find the equations of the planes of this family which are 3 units distant 

from the point (2, 1, 1). [Ans,  2e+ (2-4/2) y+(25F V2) z=20 or —4. 

8. A plane meets a set of three mutually perpendicular planes in the sides 

of a triangle whose angles are 4, B,C. Show that the first plane makes with 
the other three planes angles, the squares of whose cosines are 

cot B cot C, cot C cot A, cot A cot B. (B.U, 1926) 

9, A triangle the lengths of whose sides a, b and ec, is placed so that the 


middle points of its sides are on the co-ordinate axes, Show that the equation 
to its plane is 


ela ty/B+ely=1, ; 
whore 8a2==b2+4+ c2—a2, 882-—c%+a2—bh2, 8y2—a2+bh2—c?2, 
Also show that the co-ordinates of tae vertices of the triangle are 
(—a, B, y), (~, —B, y), (%, B, —y). (A.U, 1938) 


10. Show that there are two lines which mtersect the lines 
x—5=§(y—8)= 5 (2—14) 
gx = 3(y+1)=4(z—10) 
and also intersect the x-axis perpendicularly, Find the points in which they meet 
the x-axis, : [Ans, (2, 0, 0), (74/17, 0, 0). 
11. Taking axis OZ to be vertical, find equations of the line of greatest 
slope through the point P(2, —1, 0) on the plane 
Qxn+3y—42—1=0, [Ans. U(2—2)=ee(y+1) = vez. 
[The required line is the line through P drawn perpendicular to the line of 
intersection of the given plane and the horizontal plane z=0.] 


12. The plane 37+4y+5z=0 is horizontal. Show that the equations of the 
line of greatest slope on the plane x+2y+432z=4 through tho point (2, —5, 4) are 


(c—2)=(y+5)= —$(z—4). 

13. Find the equation of the plane through (0, 1, 1) and (2, 0, —1) which 
is parallel to the line joining (—1, 1, —2), (3, —2, 4). Find also the perpendi- 
cular distance between the line and the plane, 

[Ans, 6x+10y+2—11=0 ; 9/+/ 137, 

14. A straight line is drawn through (a, 8, y) perpendicular to cach of two 
given straight lines which pass through («, 8, y) and whose direction cosines are 
Ly, my, 1 3 lg, 2g, Ng. Show that the volume of the tetrahedron formed by («, 8, y) 
and the points where the three lines cut x=0 is 

a3 gin? 6/614/5(m,n_g— men) 
where 0 is the angle between the lines, (B.U.) 
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15. If OA, OB, OC have direction cosines 1,, m,, n,3 (r=1, 2,3) and 
OA’, OB’, OC’, bisect the angles BOC, COA, AOB; ‘the planes AOA’, BOB’, 
Coc’ pass through the line 

x y ue z 
em Pe a m1 +my +  nytnegtng 
16. A point P moves so that three mutually perpendicular lines P.1, PB, 
PC may be drawn cutting the axes OX, OY, OZ at A, B, C and the volume of 
the tetrahedron OABC is constant and equal ‘to a3/6, Prove that P lies on the 
surface 
(a2 + y2+ 22)3— 8a3ryz, 
17. Find the angle between the common line of the planes 
a+y—z=1, 2x—3y+z=2 
and the line joining the points (3, —1, 2), (4,0, —1). Find also the equations 
of the line through the origin which 1s perpendicular to both the above lines. 
[dns. cos] (10/ 4/418, x/14—=—y/ll=z, 
18. Show that the image of the line x—1 = —9(y— 2) = —3(z+3) in the plane 
3.0 —3y+ 10z-=26 1s the line 


B(e—4)= —(yt I) =—H(z— 

19. The plane z/a+y/b+2/c-=1 meets the axes at A, B,C respectively and 
planes aro drawn through OX, OY and OZ meeting BC, CA and AB respec- 
tively at nght angles, Show that these planes are coaxial, 

If the common axis meets tho plano ABC in P and perpondiculars are 
drawn from P tothe co-ordinate planes, show that the equation of the plano 
through the feet of the perpendiculars is 

uoay ae 2abe 
be ca ab. b2c2® 4+ c2u2+ G22 * 
20. Prove that 
a b c 


Y—2z'2—-L By 
represents a pair of planes whose line of intersection is equally inclined to the 
axes, (C.U, 1927) 


21. From a point P whose co-ordinates are (x, y, 2), a perpendicular PM 
is drawn to the straight line through the origin whose direction cosines are 
l,m, n, and 1s produced to P’ such the PM=P’'M, 


If the co-ordinates of P’ are (x’, y’, 2’), show that 


DA dy dni eae). (P.U.) 


l m n 
22. Show that the reflection of the plane 2x+3y+z=1 in the line 
x=y/2—2z/3 is the plane 31—y—26z2+7=0, 
23. Prove that the reflection of the plane 
a’x+b'y+ec’z+d’= 
in the plane 
ax-+by+cz+d=0 
is the plane 
2(aa‘ +bb! +cc’)(ax+by+cz+d) =(a2+b2+-c?)(a’a+b'y+e'z+d’), (M.T.) 
24. Find the equations of the straight line through the point (3, 1, 2) to 
intersect the straight line 
a+4=(y+1)=2(z—2) 
and parallel to the plane 4z+y+5z=0, (B.U, 1959) 
| [Ans, —}(x—3)=4}(y—1)=—}(z—2). 
25. The line 4x46) =4(y+10) = $(z+ 14) is the hypotenuse of an isosceles 
right-angled triangle whose opposite vertex is (7, 2,4). Find the eqations of the 
remaining sides, [Ans, 3(a—7)=4 (y—2)=4(z—4) 3; 4(a—7) =—}(y—2) =F (z—4), 
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26. A straight line 4B is drawn through a point (4, 1, 7) and perpendicular 
to the plane 2x+3y—4:=8. Find the pointsin which AB and the axis OX are 
intersected by their cominon normal, (B.U. 1926) [Ans. (6, 4, 3), (6, 0, 0). 

27, Find the equations of tho two straight lines through the origin, each 
of which intersect the straight line 

}(x—3)=(y—3)=2 
and is inclined at an angle of 60° to it. (L.U, 1937) 
[Ans, vh=y=—2z ; c= ~—y= fz, 
28. Find the direction cosines of the projection of the line 
4(%—1)=—y=(%+2) 
upon the plane 2c-+y—3z=4, [Ans, 2/4/6, —1/+/6, 1/+/6. 

29. Find the equations of the straight line which is the projection on the 

plane 32x+2y+z2=0, of the line of intersection of the planes 
3u—y+2z2=1, ~+2y—z2=2, 
[Ans, —(x4+1)/1l=(y—1)/9=(2—1)/15. 

30. QP, RP are two lines through a point P with direction cosines propor- 
tional to 1, 1, —2 and 1. —1, 1 respectively. Find the equation of the plane 
through the origin which is perpendicular to the plane PQA and parallel to the 
line QP. 

If P 1s the point (—1, 1, 1), find the co-ordinates of the foot of the perpen- 
dicular from P on this plane. [Ans, 4%—2y+z=0, (— jf, df, 29). 

31. Show that the shortest distance between any two opposite edges of the 
tetrahedron formed by the planes «+y=0, y+z=0, z+a2=0, «+y+z=a is 2a/+/6 
and that the three lines of shortest distance mect at the point r=y=z=—a, 


32. Prove that the co-ordinates of the points where the shortest distance 
hne between the lines 


e—a y—b’ z—c’ 


sess —— as ee 
l m n l’ ne’ n’ 


mects the first lno are 
a+l cosec? 6(u’ cos 6—u), b+m cosec? 0(u’ cos 8—u), c+n cosec” O(2’ cos O—w), 
where @ is the angle between the given straight lines 
u=l(a—a’)+m(b—b’)+n(c—c’), 
and u! =l'(a—a’)+m'(b—b’)+n'(e—c’). (B.U. 1920) 
33. Prove that the shortest distance between the axis of z and the line 


x z Yy x 2 1 y 
eee ee a Fe ef JK 
a = c a( = b ). a C A ( +) 


for varying, A, generates the surface 


abz(%2-+ y2) = (a2—b2)exry, (B.U, 1929) 
34, Prove that through the point (X, Y, Z) one line can be drawn which 
intersects the lines y=a tana, z=c ; y=—a2 tana, z=—c and that it meets the 


plane XY at the point 
w=(cYZ cot «a—c2X)/(Z%—c*), y=(cXZ tan «—c2Y)/(Z2—c2), z=0. (L.U.) 
35. Show that the surface generated by a straight line which intersects 
the lines y=0, z=c; x=0, z=—c and the hyperbola z=0, xy+c2=0 is the 
surface 22—zy=c?, 


36. A straight line intersects the three lines 
=O, By+yz=By, 
y=0, yz+ar=ya, 
z=0, ax+By=a8. 
Prove that it is parallel to the plane x+y+2z=0 and its locus is the surface 
Lar2+ Dd (a+B)zy—La(B+y)e+aby=0, (M.U. 1912) 
https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
84 ANALYTICAL SOLID GEOMETRY 


37, Show that the planes 


a=y sin V+z sin 9, y=2 sin 0+2 sin }, z=2 sin g+y sin 9, 
intersect in the line 


ee eee 
cos@ cos cos py’ 
if O-+e+W=4n 


38. Points P and Q are taken on two given skew lines so that PQ 1s 
always parallel to a given plane, 
If R divides PQ in a given ratio, prove that the locus of R is a straight line. 


39. Find the locus of a point whose distance from a fixed point is ina 


constant ratio to its distance measured parallel to a given plane, from a given 
line, 


[Hint. Take the given plane as XY plane and its intersection with the 
given line as origin. ] 

40. Show that the planes 

2r+3y+42=—6, 374-4y4+52=2, «+2y43z2=2 

form a prism and find the area of its normal section, [Ans, 84/6/38. 

41. A straight Ime meets the co-ordimate planes YOZ, ZOX, XOY in the 
points A, B, C respectively. If a, B, y denote the angles BOU, COA, AOB 
respectively, and if the equation of the plane joming the Ime to O 1s 
la+my+nz=0, show that 

14 cot? w=m4 cot2 B =n4 cot? y, (M.T.) 
42. Gis the centroid of the triangle whose vertices are the points in which 


the co-ordinate axes meet a plane «, ‘The perpendicular from G to this plane 
meets the co-ordinate planes in A, B,C. Prove that 


1 l l 3 
Gat GBT GC OR’ 
where K is the foot of the perpendicular from the origin O to the plano a. 
43. Assuming that the equation 

an? + by2+-ez2-+- 2 fyz+2gzx+ 2hry=—0 

represents two planes, show that their line of intersection is 
Pu=Gy=Hz, 
where F, @, H are the minors of /, g, h in the determinant 
a, hy g 


h, 6, f 


9, f, c}. 


44. Three straight lines mutually at right angles meet in a point P and 
two of them intersect the axes of x and y respectively, whilo the third passes 


through a fixed point (0, 0, c) on the axis of z. Show that the equation of the 
locus of P is 


e2+ y2+ 22 = 2cz, (D.U. Hons. 1944) 
45. The triangle whose vertices have the rectangular co-ordinates 
(5, —4, 3), (4, —1, —2) and (10, —5, 2) 
respectively is projected eihoponally on to the plane whose equation 1s z—y=3. 
Find the co-ordinates of the vertices and the area of the new triangle. 


(M.T. 1950) {Ans. (2, —1, 3), (3, 0, —2), (4, 1, 2), 9//2. 
46. Prove that the plane through the point (a, 8, ~) and the ine, 


a C=pPyt+q=r2+s8 
is given by 


x, pytq, re+8 
a, ph+q, ryts |=0. 


1, in 1 (D. U. Hons., 1955) 
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CHAPTER VI 
THE SPHERE 


611. Def. A sphere is the locus of a point which remains at a 
constant distance from a fixed point. 


The constant distance is called the radius and the fixed point 
the centre of the sphere. 

6°12. Equation of a sphere. Let (a, b, c) be the centre and 7 the 
radius of a given sphere. 


EKquating the radiusrto the distance of any point (xz, y, z) on 
the sphere from its centre (a, 6, c), we have 


(x—a)?-+ (y— 6)? + (zc)? =r" 
or xv? -+ y? + 22 — 2aux —2Qby —2cz+4+ (a®+b?+c?—7r?) =0 ...(A) 
which is the required equation of the given sphere. 


We note the following characteristics of the equation (A) of the 
sphere : 


1. Itis of the second degree in a, y, z ; 
2. The co-efficients of x, y?, 2? are all equal ; 
3. The product terms xy, yz, zx are absent. 
Conversely, we shall now show that the general equation 
ax? + ay*®+- az? + 2ux+2vy+2wz+d=0, aA<0 .. (B) 
having the above three charactcristics represents a sphere. 
The equation (B) can be re-written as 
uu? v2 wr? yut+ty?t+w*—ad 
(ets) (vt) +g) ae 
and this manner of re-writing shows that the distance between the 
variable point (x, y, 2) and the fixed point 


( U Vv w 
ee — “9 ——— 
a a a 


is 
a/ (uu? + v2 + w*— ad) 
a 

and is, therefore, constant. 

The locus of the equation (B) is thus a sphere. 

The radius and, therefore, the sphere is imaginary when 

u?t+y?+wt—ad<0 

and in this case we call it a virtual sphere. 

6°13. General equation of a sphere. 

The equation (B), when written in the form, 


2 d 
type pe y+—— 2+ aaa: axe0 
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or att y2@t 224 2u’e +t Qv’yt Qw’2z+d'=0, 
is taken as the general equation of a sphere. 
Ex. 1, Find the centres and radii of the spheres : 
(t) v2+-y2+22— 67+ 8y—10z+1 =0, 
(47) w2+y2422427r—4y—6245 = 0, 
(i277) Qr2+2y24222-2r+4y4+224+3 =0. 
[Ans. (2) (8, —4,5); 7. (at) (—1, 2,3); 3. (442) (2, —1,—4) ; 0, 
2. Obtain the equation of the sphere described on the join of 
A(2, —3, 4), B(—5, 6, —7) 
as diameter, [Ans. w%-by2+22+3(2¢—y+z)—56=0. 


3. <A point moves so that the sum of the squares of tts distances from the stx 
faces of acube 1s constant ; show that its locus 7s a sphere. 


Take the centre of the cube as the origin and the planes through the 
centre parallel to its faces as co-ordinate planes. 


Let each edge of the cube to be equal to 2a. 
Then the equations of the faces of the cube are 
f=0 40S —6 $y =6..4 = —6 5 8S 0, FS — a, 
If (f,g, 2) be any point of the locus, we have 
(f—a)?+(fta)?+(g—a)?+(g+a)*+(h—a)?+(h+a)?=k? (k, a constant) 
or 2( f2+g?+h2+3a?)=h2 
so that the locus is 
2(x24-y24 224302) =)2, 

which is a sphere, 


4. A plane passes through a fixed point (a, b,c). Show that the locus of 
the foot of the perpendicular to it from the origin is the sphere 


v2 y2+ 22 —axr—by—cz=0. 


§, Through a point P three mutually perpendicular straight lines are 
drawn ; one passes through a fixed point C on the z-axis, while the others 
intersect the x-axis and y-axis, respectively ; show that the locus of Pisa 
sphere of which C is the centre, 


62. The sphere through four given points. General equation of 
a sphere contains four effective constants and, therefore, a sphere 
can be uniquely determined so as to satisfy four conditions, each of 
which is such that it gives rise to one relation between the constants. 


In particular, we can find a sphere through four non-coplanar 
points 
(1, Yrs 21)> (er Yos 22), (Lg, Yas Za)s (V4, Yas 24): 
Let 
z+ y?t- 22+ Que +2vyt+2we+d=0, ... (2) 
be the equation of the sphere through the four given points. 
We have then the equation 
yt y+ 2,27+2u2,+2vy,+2wz,+d=0, .+. (12) 
and three more similar equations corresponding to the remaining 
three points. 


Eliminating uw, v, w, d, from the equation (i) and from the four 
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equations (7) just obtained, we have 
a+ y?+2?, x, Y, &, ] 


2 
vy +y,?+2,3, U1, Yi» ®1> ] 
? 2 i 
Le + Yo + 29, X9; Yo; 295 ] =(, 
2 2 2 
vs +Y3 +25 ’ 3; Y¥3; 233 ] 


CPt YP +24, Tas Yas Za, 1 
which is the equation of the sphere through the four given points. 


Note. In numerical questions, we may first find the values of wu, v, w, d 
from the four conditions (i) and then substitute them in the equation (#), 


Exercises 


1. Find the equation of the sphere through the four points 
(4, —1, 2), (0, —2, 3), (1, —5, —1), (2, 0, 1). 
[Ans. a?+y?+22—474+ 6y—2z2+5=0. 
2. Find the equation of the sphere through the four points 
(0, 0, 0), (—a, 5, c), (a, —b, ¢), (a, b, —c) 
and determine its radius, (D.U. Hons. 1947) 


2 2 22 ~ 
[ Ans. “Eig a 8s 4(a2+-b62-+4.c2)4/(a—-2-++b-24-¢7-2), 
3. Obtain the equation of the sphere circumscribing the tetrahedron 
whose faces are 
x=0, y=0, ==0, r/a+y/b+2/c=1. 

[Ans. w2+y24+22—ax—by—cz=0. 

4. Obtain the equation of the sphere which passes through the points 

(1, 0, 0), (0,1, 0), (0, 0, 1), 


and has its radius as small as possible, 
[.dns, 3(a2+y?+22)—2(4+y+z)—1=0, 
5. Show that the equation of the sphere passing through the three points 
(3, 0, 2),(—1, 1, 1), (2, —5, 4) and having its centre on the plane 2xr+3y+4z=6 
is 72+ y2+22+4y—62=1. 
6. Obtain the sphere having its centre on the line 5y+22=0=2r—3y and 
passing through the two points (0, —2, —4), (2 —1, —1). 
[Ans, #?+y2422—6x—4y+ 102+ 12=0. 
7, A sphere whose centre lies in the positive octant passes through the 
origin and cuts the planes a2=0, y=0, <=0, in circles of radii 4/2a, 26, +/2c, 
respectively ; show that its equation is 
24 y+ 22—24/(b24¢2—G2) x—2Q4/(c?+a2—b2) y—24/(a?+ b2—-c?)z=0, 


8. A plane passes through a fixed point (a, 6, c) and cuts the axesin 
A, B,C. Show that the locus of the centre of the sphere OABC 1s 


aja+b/y+c/z=2. (D.U. Hons., 1958, 60) 
Let the sphere OABC be 
ee y2t 224 Jue+ Qvy+2we=0, .(1) 


so that u, v, w are different for different spheres. The points A, B,C where it 
cuts the three axes are (—2vz, 0, 0), (0, —2v, 0), (0,0, —2w). The equation of 
the plane ABC is 


—Fu! —20' Be 
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Since it passes through (a, b, c) we have 


a 5 c 
gua; ogee ae eta) 
If x, y, z be the centre of the sphere (1), 
L=--U, Y= V, T= — UV, »«.(3) 
From (2) and (3), we obtain 
Spine 


as the required locus, 


9. A sphere of constant radius 7 nasses through the origin O and cuts the 
axes in A, B,C, Find the locus of the foot of the perpendicular from O to the 
plane ABC, (P.U, 1940 ; B.U, 1955) 


[Ans, (22+ y2-+22)a-2-y- 24272) = 409, 
10. If O be the centre of a sphere of radius unity and A, B be two points 
in a line with O such that 
OA.OB=1 
and if P be any variable point on the sphere, show that 
PA : PB=constant, (P.U, 1941) 
11. A sphere of constant radius 2k passes through the origin and meets 


the axes in A, B,C. Show that the locus of the centroid of the tetrahedron 
OABC is the sphere 


at y2+ 22—h2, 


6°31. Plane section of a sphere. A plane section of a sphere, 1.¢., 
the locus of points common to a sphere and a plane, is a circle. 


Let O be the centre of the sphere and P, any point on the plane 
section. Let ON be perpendicular to the given plane; N being the 
foot of the perpendicular. 


As ON is perpendicular to the plane which 
contains the line NP, we have 
ON | NP 
Hence 
NP?=0P?—ON?. 
Now, O and N being fixed points, this rela- 


tion shows that NP is constant for all positions 
of P on the section. 


Fig, 23 Hence the locus of P is a circle whose centre 


is N, the foot of the perpendicular from the 
centre of the sphere to the plane. 


The section of a sphere by a plane through its centre is known 
as a great circle. 


The centre and radius of a great circle are the same as those of 
the sphere. 


Cor. The circle through three given points lies entirely on any 
sphere through the same three points. 


Thus the condition of a sphere containing a given circle is equi- 
valent to that of its passing through any three of its points. 
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6°32. Intersection of two spheres. The curve of intersection of 
two spheres is a circle. 


The co-ordinates of points common to any two spheres 
SH 24 y74+2242u, 24+ 20,y+2u,2+d,=0, 
Sg=2? + y? +274 Qu.x+2v,y +2u.z+d,=0, 
satisfy both these equations and, therefore, they also satisfy the 
equation 
Sy —S,=22(uy— U2) + 2y(v1— Vp) +-22(w,— We) + (dy — dy) =0 
which, being of the first degree, represents a plane. 

Thus the points of intersection of the two spheres are the same 
as those of any one of them and this plane and, therefore, they lie on 
a circle. [See § 6°31]. 

6°33. Sphere with a given diameter. 7'o find the equation of the 
sphere described on the line joining the points 

A(x, Yr, %1), B(X2, Y2, 22) 
as diameter. 


Let P be any point (2, y, z) on the sphere described on AB as 
diameter. 
Since the section of the sphere by the plane through the three 


points P, A, B is a great circle having AB as diameter, P lies on a 
semi-circle and, therefore, 


PA IPB. 
The direction cosines of PA, PB are proportional to 
L—- Hy, Y—-Y, 2—2 and T—Xy, Y — Yn, Z—%zy 
respectively. Therefore they will be perpendicular, if 
(X—X1)(X—Xe) + (Y— Ya)(Y— Ya) + (Z—Zi)(Z—Zz) =O 
which is the required equation of the sphere. 


Ex. Show that the condition for the sphere 
ert yt+22%@+2ue+2vy+2wz+d=0 


ett y2t 221 2u e+ 2v0y+ 2wyz+d=0 


220 + 2004 + 2wwy— (d+d,) = 2ry?. 
where r, is the radius of the latter sphere. 
6°4. Equations of a circle. Any circle is the intersection of its 
plane with some sphere through it. Therefore a circle can be 
represented by two equations, one being of a sphere and the other of 
the plane. 
Thus the two equations 
et y*+ 22+ 2ua+ 2vy+2wz+d=0, la+my+nz=p 
taken together represent a circle. 
A circle can also be represented by the equations of any two 
spheres through it. 
Note,—The student may note that the equations 
2+ y2%+42gx-+2fy+c=0, z=0 
also represent a circle which is the intersection of the cylinder 
x2+-y2 4 297+2fy+c=0, 


to cut the sphere 


in a great circle is 


with the plane ; 
z==Q, 
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Examples 

1. Find the equations of the circle circumscribing the triangle 

formed by the three points 
(a, 0, 0), (0, 6, 0), (0, 0, c). 
Obiain also the co-ordinates of the centre of this circle. 
The equation of the plane passing through these three points is 
zlaty/b+z/c=1. 

The required circle is the curve of intersection of this plane with 

any sphere through the three points. 


To find the equation of this sphere, a fourth point is necessary, 
which, for the sake of convenience, we take as origin. 
If 
ert y+ 22+ 2ue+ 2vyt+2wet+d=0 
be the sphere through these four points, we have 
a?+2uat+d=0; b?+27b+d=0; c?4+2wce+d=0; 
d=(. 
These give 
d=0, u=—ta, v=—hb, w=—Kke. 
Thus the equation of the sphere is 
a? + y?+ 2? aaz—by—cz=0. 
Hence the equations of the circle are 


2 2 2 — — =—— oy fees 
xt y? + 2°— ax—by—cz a ee 1. 


To find the centre of this circle, we obtain the foot of the 
perpendicular from the centre ($a, 4b, 4c) of the sphere to the plane 


a a 
Zee ts 7 


The equations of the perpendicular are 


ja jb je? 
so that 
r C 
(L+$, 543, 244), 


is any point on the line. Its seamen with the plane is given by 
] ] ] ] ] 
r (rt +-;) + 9 =0 or r=— 


(22a-*) ’ 
Thus the centre is 
k a(b*+-c~*) b(c*+a-*) cla*-+b-*) 


230-2’ BXa-®  ?  D3a-2 
2. Show that the centre of all sections of the sphere 
a+ y?+22=7? 
by planes through a point (x’, y’, 2') lie on the sphere 
a(x—a')+y(y —y') +2(z—z')=0. 
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The plane which cuts the sphere in a circle with centre (f, g, 2) is 


f(a—f)+ gy —9g) +h(z—h)=0. 
It will pass through (2’, y’, 2’), if 


f(a! —f)+ gly'—g) + h(z'—h)=9, 
and accordingly the locus of (f, g, h) is the sphere 


x(a’ —ax)+yly’ —y)+2(z'—z)=0. 
Exercises 


1, Find the centre and the radius of the circle 
e+ Qy+2e==15, v2+y2*+2%—2y—4e= 11, 
[dlns. (J, 3, 4), 7. 
2. Find the equation of that section of tho sphere 
g2py2te2— a2, 
of which a given internal point (71, 41, 2,) 18 the centre, (P.U., 1939 Suppl.) 


(The plane through (771, 41, 2,;) drawn perpendicular to the line joming this 
point to the centre (0, 0, 0) of the sphere determines the required section.) 


3. Obtam the equations of the circle lying on the sphere 
a2 yet c2@—2r4+4y—62+3- 0 
and having its centro at (2, 3, —4). 
[drs a%@ty2+22—-2r+4y—624+3=0=2+5y—72—45, 
4, O is the origin and A, B, C, are the points 
(4a, 4b, 4c), (4b, 4c, 4a), (4c, 4a, 40), 
Show that the sphere 
wet y2t 22 _ 9 ytyt)(at+b+e)4+8(be+ca+ab)=0 
pass°s through the nine-point circles of the faces of the tetrahedron OABC, 


5. Find the equation of the diameter of the sphere x?+y2+2?=29 such 
that a rotation about it will transfer the point (4, —3, 2) to the point (5, 0, —5) 
along a great eircle of the sphere, Find also the angle through which the sphere 
must be so rotated. (L.U,) [Ans, jau=gy=h2, cos-1(16/29), 


6. Show that the following points are coneyclic :— 
() (5, 0, 2), (2, —6, 0), (7, —3, 8), (4, —9, 6). 
(72) (—8, 5, 2), (—5, 2, 2), (—7, 6, 6), (—4, 3, 6). 
6°41, Spheres through a given circle. The equation 
S+AU=0, 
obviously represents a gencral sphere passing through the circle with 
equations 
S=0, U=0, Donated by 
where Mr. N. Sreekanth 
S=a*+ y? +224 2uxe+ 2vy+ 2wz + d, M.Sc.(Maths) 9.U 
U=Ile+my+nz—p. spi 
Also, the equation 
S+AS'=0 
represents a general sphere through the circle with equations 
S=0, S’=0, 
where 
S=a?4+y?4+ 224 Quat 2vy+2wet+d, 
QO’ seg? y?+-227-+42u'e+20'y+2Qw'z+a’. 
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Here A is an arbitrary constant which may be so chosen that 
these equations fulfil one more condition. 


Note 1, We notice that the equation of the plane of the circle through 
the two given spheres is 


S—S’ 3 2(u—u’)v+2(v—v’)y+2(w—w’)z+d—d’ =0, 
From this we see that the equation of any sphere through the circle 
S=0, S’=0 
can also be taken of the form 
S+k(S—S’)=0; 
k, being any arbitrary constant. 
This form sometimes proves comparatively more convenient. 


Note 2, It is important to remember that the goneral equation of a sphere 
through the circle 


w2+ y2+2gx+2fytco=0, z=0 
is xrtty2+ 22+ 292+ 2fy+kz+c=0, 
where k is different for the different spheres, 
Examples 
1. Find the equation of the sphere through the circle 
etytez=9, 2a+3y+4e=5 
and the point (1, 2, 3). 
The sphere 
grt y?t2—9+A(Qe +3y+42—5)=0 
passes through the given circle for all values of A. 
It will pass through (1, 2, 3) if 
5+15A=0 or A= —}. 
The required equation of the sphere, therefore, is 
3(2?%+ y?-+2°) —22—3y—4z—22=0. 
2. Show that the two circles 
at y?+22?—y+2z2=0, x—y+z2—2=0; 
at ytt 22+a— 3y4+2—-5=0, 2a--y+4e—-1=0 ; 


lie on the same sphere and find its equation. (D.U. Hons. 1947) 
The equation of any sphere through the first circle is 
arty? +2%7—y+2z2+A(cr—y+z—2) =0, ...(4) 
and that of any sphere through the second circle is 
etytz+e—38y+2—-5+4 (2a —-y+4z2—1) =0. vs. (17) 


The equations (2) and (27) will represent the same sphere, if A, p 
can be chosen so as to satisfy the four equations 


A=2u+1, 
—]-—-A=—p—3, 
2+A=4y-+-1, 

—2A=—p—B5. 


The first two of these equations give A=3, y=1, and these values 
clearly satisfy the remaining two equations also. These four equations 
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in A, uw being consistent, the two circles lie on the same sphere, viz., 
at y?+ 22 y+224+3("a—y+z2—2)=0, 
v.€., 


x + y?-+ 224 34 —4y+5z—6=0. 


Exercises 


1. Find the equation of the sphere through the circle 
v2 y2+z2+274+3y+6=0, «—2y+4z2—9=0 
and the centre of the sphere 
eet yet 2297+ 4y—624+5=0. 
[Ans. a2%+y2%+224 7y— 8z424=0. 
2. Show that the equation of the sphere having 1ts centre on the plane 
4x—5y—z=3 
and passing through the circle with cquations 
e2+ ye 22— 29 —3y4+42+8 -0, v?+-y2+229+47+5y—62+2=0; 


x2 4-y? + 22472497 —l1z—1=-0. 
3. Obtain tho equation of the sphere having the circle 
v2 y2to2%1 10y—42—8=0, aty+2=3 
as the great circle. ; 
[The centre of the required sphere lies on the plane x+y+z2=3.] 
[Ans. o®+y24+22—474+6y— 8z+4=0. 
4, A sphere S has points (0, 1,0), (3, —5, 2) at opposite ends of a 


diameter, Find the equation of the sphere having the intersection of S with 
the plane 


5a—2y+42+7=0 
as a great circle, 
[Ans. g%@ty2+22129+2y+ 2z24+2=0, 
5. Obtain the equation of the sphero which passes through the circle 
w*+y2—4, z=0 and is cut by the plane 2+2y+22=0 in a circle of radius 3, 
[Ans. a%+y2%+2246z—4=0. 
6. Show that the two circlos 
2 (x2 -4-y24-z2) 4+ 8x—138y+17z2—17=0, 2x+y—3z2+1=0 ; 
wet y2+ 224 37—4y4+32=0, x—y+2z—4=0 ; 
le on the same sphere and find its equation. 
[Ans, w%+y2+4224 54—6y+7z—8=0, 
7. Prove that the circles 
eet y2+22—2r24 38y+4z2—5=0, 5y+6z4+1=0 ; 
e24 y2+ 22 3¢—4y+5z2—6=0, x+2y—Tz= 
lie on the sphere and find its equation, (D.U. Hons., 1945) 
[Ans. w%4-y2422—2xr—2y—2z—6=0. 
6°5. Intersection of a sphere and a line. 
Let : 
e+ y®+ 227+ Quat2vy+2wz+d=0 «-.(1) 
and 


oe 
l m n’ soe(2) 
be the equations of a sphere and a line respectively. 
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The point (Ir-+a, mr+ 8, nr +7) which lies on the given line (2) 
for all values of r, will also lie on the given sphere (1), if r satisfies 
the equation 

(P+ m+ n®) +2r[l(a+u)-+m(B +0) + n(¥+w)] 

+ (02+ B?+ Y?2+ 2ua+ 208 +2wy +d)=0, . (A) 
and this latter being a quadratic equation in r, gives two values say, 
1,7, 0fr. Then 

(Ir; +a, mr +B, mry+Y), (rete, mret+B, nr2+Y7) 
are the two points of intersection. 

Thus every straight line meets a sphere in two points which may be 
real, imaginary or coincident. 

Ex. Find the co-ordinates of the points where the line 
4(x+3)=3(y+4)=—3(2—8) 
intersects the sphere 
eet y2+22 4 2v—10y=23. 
[dns, (1, —1,3); (5,2, —2). 
6°51. Power ofa point. If 7, m, n, are the actual direction 
cosines of the given line (2) in § 6°5, so that l¢+m?+7?=1, then 
11, fg, are the distances of the point A («, 8, Y) from the points of 
intersection P and Q. 

& APX AQ=nr.=0?+8?+Y74 2ua+ 208+ 2wy +d 
which is independent of the direction cosines, /, m, n. 

Thus if from a fixed point A, chords be drawn in any direction 
to intersect a given sphere in P and Q, then AP.AQ is constant. This 
constant is called the power of the point A with respect to the sphere. 


Example 


Show that the sum of the squares of the intercepts made by a given 
sphere on any three mutually perpendicular straight lines through a fixed 
point 1s constant. 


Take the fixed point O as the origin and any three mutually 
perpendicular lines through it as the co-ordinate axes. With this 
choice of axes, let the equation of the given sphere be 

a t-y? +274 Qua + Qvy +2wz+d=0. 
The z-axis, (y=0O=2) meets the sphere in points given by 
z?+2urt+d=0, 
so that if z,, x, be its roots, the two points of intersection are 
(x1, 0, 0), (x, 0, 0). 
Also we have 
ty +%,=—2u, x,%,=d. ° 
“. (intercept on «-axis)? =(x,—2,)* 
= (%,+2%_)* —4a,7,=4(u?—d). 
Similarly 
(intercept on y-axis)? = 4(v?—d), 
(intercept on z-axis)?=4(w? —d). 
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The sum of the squares of the intercepts 
= 4(u?+ y*+ w? — 3d) 
=4(u?+v?-+ w? —d) —8d 
= 4728, 
where r is the radius of the given sphere and p is the power of the 
given point with respect to the sphere. 
Since the sphere and the point are both given, r and p are both 
constants. 
Hence the result. 
Note. The co-efficients uw, v,w and d in the equation of the 


sphere will be different for different sets of mutually perpendicular 
lines through O as axes. 


Since, however, the sphere is fixed and the point O is also fixed, 
the expressions 


r=urtv?+w'—d 
for the square of the radius and 
Pp pees d, 


for the power of the point, w.r.t. the sphere will be invariants. 


Exercises 


1. Find the locus of a point whose powers with respect to two given 
spheres are in a constant ratio. 


2. Show that the locus of the mid-pomts of a system of parallel chords 
of a sphere 1s a plane through its centre perpendicular to the given chords, 


6°6. Equation of tangent plane. 7'o find the equation of the 
tangent plane al any point (a, B, Y) of the sphere 
xt ty+ 224 2ue+2vy+2wze+d=0. 
As (a, 8, Y) lics on the sphere, we have 
a®+ 82+ 44 2ua+2v8 +2wy+d=0. (4) 
The points of intersection of any line 
t—%_y—B_z-Y 7 
<j o!O~« a ..(20) 
through («, 8, ¥) with the given sphere are 
(Ir-+a, mr+B, nr+¥) 
where the values of r are the roots of the equation 
r? (12+ m? + n*) 4-27[U(a+u) + m(B +0) +n(¥+w)] 
+ (a? + B?+Y?+ 2ua-+ 208 + 2wy+d)=0. 

By virtue of the condition (2), one root of this quadratic equation 
is zero so that one of the points of intersection coincides with 
(«, B, Y). 

In order that the second point of intersection may also coincide 
with (a, B, Y), the second value of 7 must also vanish and _ this 
requires 

(a+ u)+m(B +e) +n(¥+w)=0. ..+(tii) 
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Thus the line 


meets the sphere in two coincident points at («, B, Y) and so isa 
tangent line to it thereat for any set of values of 1, m, n which satisfy 
the condition (722). 

The locus of the tangent lines at («, 8, Y) is, thus, obtained by 
eliminating J, m,n between (27) and the equations (i+) of the line 
and this gives 

(n—a)(%-+u)-+(y—B)(B +0) +(2-Y)(¥ +w) =0 
or an+Phy + Y¥zt+ulrt+a)+v(y+B)+w(z+7)+d 
=o? +8?+ Y?+2ux+ 208 +2wy+d=0, from (i) 
which is a plane known as the tangent plane at (a, B. Y). 
Hence 
(atujx+(B + v)yt(Y +w)z+(ux +v3-+wy +d) =0 
is the equation of the tangent plane to the given sphere at («, B, Y). 

Cor. 1. The line joining the centre of a sphere to any point on it 
is perpendicular to the tangent plane thereat, for the direction cosines 
of the line joining 

the centre (—u, —v, —w) to the point (a, 6, Y) 
on the sphere are proportional to 
(a2+u, B+v, Y+w) 
which are also the co-efficients of x, y, z in the equation of the tangent 
plane at («, B, Y). 


Cor. 2. Ifa plane or a line touch a sphere, then the length of 
the perpendicular from its centre to the plane or the line is equal 
to its radius. 


Note. Any line in the tagent plano through its point of contact touches 
the section of the sphero by any plane through that line, 


Examples 


1. Show that the plane Ix+-my+nz=p will touch the sphere 
a7-t-y?+z?+ Qua-+ 2vy+2wz+d=0, 


(ul + om+wn-+p)?= (P+ m?+-n?)(u2+v? + w*—d). 

Equating the radius +/(u? +v?+w*—d) of the sphere to the length 

of the perpendicular from the centre (—u, —v, —w) to the plane 
lxe+my+nz=p, 

we get the required condition. 

2. Find the two tangent planes to the sphere 

2+ y?+t 2% 474 2y—62+5=0 
which are parallel to the plane 
24-+-2y=<. 
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The general equation of a plane parallel to the given plane 
2x-+ 2y —z=0, 
is 
24+ 2y—z+A=0. 
This will be a tangent plane. if its distance from the centre 
(2, —1, 3) of the sphere is equal to the radius 3 and this requires 


—1+4A_ 
3" = 3. 
Thus 
A=10 or —8. 


Hence the required tangent planes are 
2¢+2y—z2+10=0, and 2%+2y —z—8=0. 
3. Find the equation of the sphere which touches the sphere 
gt y?tz?—xt3y+2z—3=0, 
at (1,1, —1) and passes through the origin. 
The tangent plane to the given sphere at (1, 1, —1) is 
x+5y—6=0. 
The equation of the required sphere is, therefore, of the form 
4 yt—a+d3y+ 2z2—3+4+k(2+ 5y—6)=0. 
This will pass through the origin if 
k= —}. 
Thus the required equation is 
2(a?+y?+-27)—32 + y+4z2=0. 
4. Find the equations of the sphere through the circle 
grtty%tetal, 2e4+4y+5z=6 
and touching the plane 
z=0. 


oe? t+ y?+2z?@—1+A(2e+4y+5z—6)=0 
passes through the given circle for all values of A. 
Its centre is (—A, —2A, — 4A), and radius is 
a/ (A2-+-4A2-+ 282+ 1 4 6A). 
Since it touches z=0, we have by Cor. 2, 
| —3A= +t (5A? + 220? +1 + 6A). 
or BAZ 4-6A+1=0. 
This gives 


The sphere 


A=—l1 or —}. 
The two corresponding spheres, therefore, are 
2+ y% +. 2% Ie—4y —5z+5=0, 
5(x?-+ y? + 27) —2a —4y—5z-+1=0. 
5. Find the equations of the two tangent planes to the sphere 
at y+ 29, 
which passes through the line 
s+y=6, «—22=3. 
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Any plane 
x+y—6+A(a—2z—3)=0 
through the given line will touch the given sphere 


if 
—6—3A 
~ LE A)e pa 
or 
2A2—A—1=0, 
This gives 
1, 


The two corresponding planes, therefore, are 
2a+y—22=9, a+2y+2z2=9. 


Exercises 


1. Find the equation of the tangent plane to the sphere 
3(a2+ y2-+22)— 2a —3y—4z—22=0 
at tho point (1, 2, 3). 
[Ans. 4x”+9y+14z—64=0, 
2. Find the equations of the tangent line to the circle 
x8+ y2+224 5¢—Ty+2z2—8=-0, 3x—2y-+424+3=0 
at the point (—3, 5, 4). 
Ans, (#+3)/32=(y—5)/34—=— (z—A4)/7. 
3. Find the value of a for which a pina a =r ‘ 


xtytz=av3 
2+ y2+ 22 2e—Q2y—22—6=0, 


touches the sphere 


[Ans. 343. 
4, Show that the plane 22—2y+2+12=0 touches the sphere 
get y2+22—27—4y422=3 
and find the point of contact. 
[Ans. (—1, 4, —2). 
[The point of contact of a tangent plane is the point where the line 
through the centre perpendicular to the plane meets the sphere, ] 
§. Find the co-ordinates of the points on the sphere 
ett y24 22 4742y—4 
the tangent planes at which are parallel to the plane 


22—y+2z=1, 
[Ans. (4, —2, 2), (0, 0, —2). 


6. Show that the equation of the sphere which touches the sphere 
4(a2+4-y2422)+ 10x —25y—22=0, 
at (1, 2, —2) and passes through the point (—1, 0, 0) is 
2+ y2+ 224 2¢—6y+1=0. 
7. Obtain the equations of the tangent planes to the sphere 
gt+y2+z224 67—2z2+1=0 
which pass through the line 
3(16—a)=3z=2y+30. 
[Ans, 24+2y—z—2=0, w+ 2y—22+14=0. 
8. Obtain the equations of the sphere which pass through the circle 
: 2+ y2+ 22—Ia+ 2y+42—3=0, 2ew+y+z=—4 
and touch the plane 27+4y= 14, 
[Ans, 22+y2-+4+224 27+4+4y4+6z—11=0, 22+ y2-+22—2¢-+2y—4z—3=0, 
https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
PLANE OF CONTACT 99 


9, Find the equation of the sphere which has its contre at the origin and 
which touches the line 


2(a+1)=2—y=2z+3. 
[Ans. 9(x2+y2+22)=5, 
10. Find the equation of a sphere of radius r which touches the three 
co-ordinate axes. How many spheres can be so drawn. 


[Ans, 2(@%+y2+22)422(taty+z)r+r?=0; eight. 
11. Provethat the equation of tho sphere which lies in the octant OX YZ 
and touches the co-ordinate planes 1s of the form 


e2 4 y2%+22—20(a+y+z)+222=0, 
Show that, in general, two spheres can be drawn through a given point to 


touch the co-ordinate plancs and find for what positions of the point the 
spheres are 


(a) real, (6) coincident. (P.U. 1944) 

[The distances of the centre from the co-ordinate planes are all equal to 

the radius so that we may suppose that 4 is the radius and (A, A, A) is the 
centre ; A being the parameter. | 


12. Show that the sphores 
ee y2+ 2225 
e2+ y2-+-22—244—40y — 1824 225=0 
touch externally and find the point of the contact. 
[Ans. (12/5, 20/5, 9/5). 
13. Find the centres of the two spheres which touch the plane 
dat 3y=47 
at the point (8, 5, 4) and which touch the sphere 
2 y2+ 22—], 
[Ans. (4, 2,4). (64/21, 27/21, 4). 
14, Obtain the equations of spheres that pass through the points (4, I, 0), 
(2, —3, 4), (1, 0, 0) and touch the plane 2x+2y—z=1]1. (P.U, 1934) 


[Ans, x®?@+y2+22—62+2y—42+5=0 ; 16(72+y%+22)—1027+50y —49z4+86=0. 


15. Find the equation of the sphere inscribed in the tetrahedron whose 
faces are 


(t) a=0, y=0, z=0, r4+2y42z=1, 
(at) «=O, y=0, z=0, 2a—6y+3z46=0. 
[Ans, (i) 32(22+y?+22)—8(@+y42)+1=0, (i) 9(22+y? 422) +6(2—y+z)4+2=0. 
16. Tangent plane at any point of the sphere 22+ y2+42%=72 moets the 
co-ordinate axes at 4d, B,C. Show that the locus of the point of intersection 
of planes drawn parallel to the co-ordinate planes through A, B, C is the surface 
CB yy 24 z-2@ a2, 
6°61. Plane of Contact. T'o find the locus of the points of contact 
of the tangent planes which pass through a given point (a, B, Y). 
Let (x’, y’, 2’) be any point on the sphere 
a? + y2+- 2? 4 Que +2vy+2wze+d=0. 
The tangent plane 
a(x’ -+ u)t+y(y’ +) +2(2'+w) -+ (ua’ + vy’ +-we' +d)=0, 
at this point will pass through («, B, Y), 
if 
aa’ +u) +B(y’ +0) +7 (2' + w)+ (ua’ + vy’ +we' +d)=0, 
or 
ae (a + u) +-y'(B-+0) +2'(Y +w) + (ua -+03-+wy +d) =0, 
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which is the condition that the point (2’, y’, 2’) should lie on the 


plane 
a(atu) ty(B+v)+2(¥+w) + (uxt+op + wy +d) =0. 
It is called the plane of contact for the point (a, B, Y). 

Thus the locus of points of contact is the circle in which the 
plane cuts the sphere. 

Ex. 1. Show that the line joining any point P to the centre of a given 
sphere 1s perpendicular to the plane of contact of P and if OP meets it in Q, then 

OP.OQ = (radius)2, 
Ex. 2. Show that the planos of contact of all points on the line 
w/2==(y—a)/3=(2-+4+38a)/4 
with respect to the sphere 22+ 42+22=u? pass through the line 
—(2x+3a)/18=(y—a)/3=2/1. 

662. The polar plane. Jf a variable line is drawn through a 
fixed point A meeting a given sphere in P, Q and point RK 1s taken on 
this line such that the points A, K divide this line internally and 
externally in the same ratio, then the locus of R is a plane called polar 
plane of A w.r. to the sphere. 

It may be easily seen that if the points A, R divide PQ internally 
and externally in the same ratio, then the points P, @ also divide 
AR internally and externally in the same ratio. 

Consider the sphere 

xe? 4 y® 41 2% — g?, ...(1) 
and let A be the point (a, 6, Y). 


Let (x, y, z) be the co-ordinates of the point & on any line 
through A. The co-ordinates of the point dividing 4R in the ratio 


A: 1 are 
lees! ), (EY yt?) ) 
A+] Gena. A+1 
This point will be on the sphere (1) for values of A which are 
roots of the quadratic equation 
Ax + a Ay+6 Az+Y\?__ 
Casal + eo9) +(sa7) mee 
1.€., A? (x? -+ y? +22—a*) + 2N(an-+ By +z —a?) + 
(a2-+ B?-++y?—a?)=0 ...(2) 
Its roots A, and A, are the ratios in which the points P, Q divide 
AR 


Since P, Q divide AR internally and externally in the same ratio, 
we have 


Ai+Ve=0. 
Thus from (2), we have 
ax+PBy+Vz—a"*=0, o++(3) 
which is the relation satisfied by the co-ordinates (x, y, z) of R. 
Hence (3) is the locus of R. Clearly it is a plane. 
Thus we have seen here that the equation of the polar plane of 
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the point (a, 8, Y¥) with respect to the sphere 
x -}y?+22—=a?, 
is 
ax+By + ¥z=a’. 
It may similarly be shown that the polar plane of («, 8, Y) with 
respect to the sphere 


a? t-y? + 23-4 Que + 2Qvy+2wz+d=0, 


(atu)x + (B+v)y +(Y¥+w)z+ (ua+ B+ wy + d)=0. 

On comparing the equation of the polar plane with that of the 
tangent plane (§ 6°6) and the plane of contact (§ 6°61), we see that 
the polar plane of a point lying on the sphere is the tangent plane at 
the point and that of a point, lying outside it, is its plane of contact. 

If = be the polar plane of a point P, then P is called the pole of 
the plane z. 

6°63. Pole of a plane. To find the pole of the plane 


le+my+nz=p - (1) 


is 


with respect to the sphere 
a? + y?+-2%@= q?, 
If («, B, Y) be the required pole, then we see that the equation (7) 


is identical with 
ax+By+Y¥z=a ¥ (10) 
so that, on comparing (7) and (iz), we obtain 


a £8 Y a 


= Se = 3 


lm nn p 
or 
a=a'l/p, B=a’m/p, Y =a’n/p. 
Thus 
(a°l/p , a’m/p, a?n|p) 
is the required pole. 

6°64. Some results concerning poles and polars. In the following 
discussion, we always take the equation of a sphere in the form 

tt y?+ =a, 

1. The line joining the centre O of a sphere to any point P 1s 
perpendicular to the polar plane of P. 

The direction ratios of the line joining the centre O (0, 0, 0) to 
the point P(«, 8, Y) are «, 8, Y and these are also the direction ratios 
of the normal to the polar plane ax+ By +Yz=a? of P(a, B, Y). 

2. If the line joining the centre O of a sphere toany point P meets 
the polar plane of P in Q, then 

OP.0Q =a’, 
where a is the radius of the sphere. 

We have, 


OP= (8+ B2+7%), 
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Also, OQ, which is the length of the perpendicular from the centre 
O(0, 0, 0) to the polar plane «x+6y +Yz=a? of P, is given by 
a2 
0025.5 
P= V8 +B°+ 79) 
Hence the result. 
3. If the polar plane of a point P passes through another point Q, 
then the polar plane of Q passes through P. 
The condition that the polar plane 
a¢+BiytV12= 0%, 
of P(%, B,, ¥1) passes through Q(&, 8,, Y,) is 
1% +8iBe+V1%,=a", 
which is also, by symmetry, or directly, the condition that the polar 
plane of Q passes through P. 
Conjugate points. Z'wo points such that the polar plane of either 
passes through the other are called conjugate points. 
4. If the pole of a plane x, lies on another plane m2, then the pole 
of 7m, also lies on 7. 
The condition that the pole 


(ath atm ato) 
Pi Pr Pi 
of th plane 7 
bX MY + M42= Py 
lies on the plane zz 
- [gt + Mg + N2z—Do 
is 
a*(1,]g-+ MyM + Ng) =P1Y2 
which is also, clearly, the condition that the pole 
(a71,/P2, @°M2/P2, a N9/Dz) 
of x, lies on 7. 
Conjugate planes. Two planes such that the pole of either lies on 
the other are called conjugate planes. 
5. The polar planes of all the points on a line | pass through 
another line l’. 
The polar plane of any point, 
(ir-+a, mr+B, nr+Y), 


on the line, J, 


i8 


(Ir-+a)a+(mr+B)y + (nr-+Y)2=a%, 
(ax+By+Yz —a*) + r(la+my+ nz) =0, 


which clearly passes through the line 
ax-+By+Yz—a*=0, lx+my+nz=0, 
whatever value, r, may have. Hence the result. 
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Let this line bel’. We shall now prove that the polar plane of 
every point on /’ passes through 1. 


Now, as the polar plane of any arbitrary point P on / passes 
through every point of l’, therefore, the polar plane of every point of 
l’ passes through the point of P on / and as, P is arbitrary, it passes 
through every point of / 7.e., it passes through l. 


Thus we see that if l’ isthe line such that the polar planes, of all 
the points on a line J, pass through it, then the polar planes of all the 
points on l’ pass through I. 


Polar Lines. Two lines such that the polar plane of every point on 
either passes through the other are called Polar Lines. 


Exercises 
1. Show that polar line of 
(+1) ]2= (y—2)/3=(2+3), 
with respect to the sphere 


2 y2 + 22 1, 
is the line 
Tx+3 2—Ty  z 
er es 
2. Show that if a line 7 is coplanar with the polar line of a line l’, then, 
l’1s copJanar with the polar line of J. 


3. If PA, QB be drawn perpendicular to the polars of Q and P respec- 
tively, with rospect to a sphere, centre O, then 


PA _OP 
QB OQ 
4. Show that, for a given sphere, there exist an unlimited number of 


tetrahedra such that each vertex is the pole of the opposite face with respect to 
the sphere. 


(Such a tetrahedron is known as a self-conjugate or self-polar tetrahedron ) 
6°7. Angle of Intersection of two spheres. 


Def. The angle of intersection of two spheres at a common point 
is the angle between the tangent planes to them at that potnt and is, 
therefore, also equal to the angle between the radii of the spheres to 
the common point ; the radii being perpendicular to the respective 
tangent planes at the point. 


The angle of intersection at every common point of the spheres 
is the same, for if P, P’ be any two common points and C, C’ the 
centres of the spheres, the triangles CC’P and CC’P’ are congruent 
and accordingly 


LCPC'= ZCP'C’. 
The spheres are said to be orthogonal if the angle of intersection 
of two spheres is a right angle. In this case 
CC?=CP?2+C'P*. 
6°71. Condition for the orthogonality of two spheres. 
To find the condition for the two spheres 
xt y®+ 22 4 Qua +2Qv,y +2u,2 + d,=0, 
at y®t 224 2u.e+ Quy + 2w z+ d,=0, 
to be orthogonal. 
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_ The spheres will be orthogonal if the sguare of the distance between 
their centres is equal to the sum of the squares of their radii and this 
requires 
(uy — Up)® + (0; Vg)? + (wy — We)? 

== (0? +047 +0? — dy) + (ug?+ 02? + Ww? — de) 


2u,U,+ 2v,Vo +21 We — d, + dy. 


Exercises 
1. Find the equation of the sphere that passes through tho circle 
x24 y2t 22~2r4 3y—424+6=0, 3x—4y+52—15=0 
and cuts the sphere 


or 


e2+ y2+221997-+4y—62+ 11=0 


[Ans, 5(x?+y2+422) — 1324+ 19y—25z+4+45=0. 
Z. Find the equation of the sphere that passes through the two points 
(0, 3, 0), (—2, =I, eed) 
and cuts orthogonally the two spheres 
2+ y2+ 2249 —32—2=0, 2(r2+y2+2?) +a43y4+4=0. 
[Ans, v%+y2%+2%242r—2y+42—3=0. 
3. Find the equation of the sphere which touches the plane 
32+2y—24+2-—0 
at the point (1, —2, 1) and cuts orthogonally the sphere 
v2 y2+22—4x716y+4=0. (L.U.) 
fAns, a@+y2?+224+ 7x+ 10y—52+12=0. 
4. Show that every sphere through the circlo  * 
g2+ y2— Iar+r2=0, z=0, 
cuts orthogonally every sphere through the circle 
e2t2%—72, y=0, 
5. Two points P, Q are conjugate with respect to a sphere S ; show that 
the sphere on PQ as diameter cuts S orthogonally. 


6. If two spheres S; and S are orthogonal, the polar plane of any point 
on Sy with respect to S, passes through the other end of the diameter of Sy 
through P, 


orthogonally, 


Example 
Two spheres of radii r, and r, cut orthogonally. Prove that the 
radius of the common circle 1s 
rel V (re +12"). 
Let the common circle be 
a? + y®@==@?, 2=0. 
The general equation of the sphere through this circle being 
ert y?+ 22-+ 2kz—a?=0, 
let the two given spheres through the circle be 
t+ ytt2?+ 2h,z—a’=0, 22 +y?+2?+ 2hoz ~a?=0. 
We have 


r?=k/?+a?, ro =kr+ a’, mr ()) 
Since the spheres cut orthogonally, we have 
2k, k,=a? +a? =2a*, poe (40) 
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From (¢) and (zi), eliminating k,, k,, we have 
(7)? —a*) (7,2a?) =a, 
or 
C=rPre?|(r+7,7). 
Hence the result. 
6°8. Radical plane. 70 show that the locus of points whose 
powers with respect to two spheres are equal is a plane perpendicular to 
the line joining their centres. 
The powers of the point P(x, y, z) with respect to the spheres 
Sy=eP ty +24 2uje+2vy42w,z4+d,=0, 
S,= 0+ y?+2?+ 2ugrt 2vey + 2w,.z +d,=0, 


are 

a + y®?+2?+2u,¢+20,y+2w,2+-d,, 
and 

vty? +24 Que + 2vey+2w22 +dp, 
respectively. 


Equating these, we obtain 
2x(u,— Uy) + 2y(V — V2) + 2Z(W, — We) + (d; —d,)=0, 

which is the required locus, and being of the first degree in (2, y, 2}, it 
represents a plane which is obviously perpendicular to the line joining 
the centres of the two spheres and is called the radical plane of the 
two spheres. 

Thus the radical plane of the two spheres 

S,=0, S,=0, 
in both of which the co-efficients of the sccond degree terms are equal to 
unity, v8 
S,- S,=0. 

In case the two spheres intcrsect, the plane of their common 
circle is their radical plane. (§ 6°32). 

681. Radical line. The three radical planes of three spheres 
taken two by two intersect in a line. 
If 

S,=0, S,=0, S3;=0 
be the three spheres, their radical planes 
S,—S,=0, Sg—S3=0, Ss —S,=0, 
clearly mect in the line 
S,=S,=Ss. 
This line is called the radical line of the three spheres, 


6°82. Radical Centre. The four radical lines of four spheres 
taken three by three intersect at a point. 
The point common to the three planes 
S,=S,=S,=S, 
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is clearly common to the radical lines, taken three by three, of the 
four spheres 


S,=0, Sg=0, S,=0, S,=0. 
This point is called the radical centre of the four spheres. 
6°83. Theorem. Jf S,;=0, S,=0, be two spheres, then the 
equation 
S,+AS,=0, 
A being the parameter, represents a system of spheres such that any two 
members of the system have the same radical plane. 
Let 
S,+A,;S,=0 and S,+A,S,=0, 
be any two members of the system. 


Making the co-efficients of second degree terms unity, we write 
them in the form 


Sr+RSe_ 9 Sit%eSa_o 
1+A, > +A, 

The radical plane of these two spheres is ; 
Si+AS_  S,+A,8, 0 
1+A, 1+A, 


or 
S; — S, = 0. 
Since this equation is independent of A, and A,, we see that 
every two members of the system have the same radical plane. 


Co-axal System. Def. A system of spheres such that any two 
members thereof have the same radical plane 1s called a co-axal system 
of spheres. : 


Thus the system of spheres 
S,+AS,=0 
is co-axal and we say that it is determined by the two spheres 
S,=0, S,=0. 
The common radical plane is 
S,—S,=0 
This co-axal system is also given by the equation 
S,+k(S,;—S2)=0. 
Refer Note 1, § 6°41, P. 92. 
Note. It can similarly be proved that the system of spheres 
S+,r~U =0 
is co-axal ; S=0 being a sphere and U=0 a plano ; the common radical plane 
is U=0. 
‘ Cor. The locus of the centres of spheres of a co-axal system is a 
me. 
For, if (z, y, z) be the centre of the sphere 
S,+AS,=0, 
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we have 
Uy Ag yt Avg tw HA, 
=~ yn? FOYER? BOO TE 
On eliminating A, we find that it lies on the line 
ety YY _ et | 
Uy— Ug V,—Vg Wy—We 
This result is also otherwise clear as the line joining the centres 
of any two spheres is perpendicular to their common radical plane. 

6:9. A simplified form of the equation of the two spheres. 

By taking the line joining the centres of two given spheres as 
X-axis, their equations take the form 

ety? + 22+2u.7+d,=0, w+ y?+274+2u,.74+d,=0. 
Their radical plane is 
2a(uy— Ug) + (dy—d2) =0. 

Further, if we take the radical plane as the YZ plane, 1.e., x=0, 
we have d,=d,=d, (say). 

Thus by taking the line joining the centres as X-axis and the 
radical plane as the YZ plane, the equations of any two spheres can 
be put in the simplified form 

ety? 4 224 2Quja+d=0, x2+y?+2? +4 2u.7+d=0, 
where u,, wu, are different. 

Cor. 1. The equation 

att y?+ 22+ 2ka+d=0 


represents a co-axal system of spheres for different values of k; d 
being constant. The YZ plane is the common radical plane and 
X-axis is the line of centres. 


Cor. 2. Limiting points. The equation 
ot+ytz?t2ket+d=0 
can be written as 
(w+k)?4+ y2+22= k?—d. 
For k= --+/d, we get spheres of the system with radius zero and 
thus the system includes the two point spheres 


(— d, 0, 0), (Vd, 0, 0). 
These two points are called the limiting points and are real only 


when d is positive, t.e., when the spheres do not meet the radical 
plane in a real circle. 


Def. Limiting points of a co-azal system of spheres are the pownt 
spheres of the system. 
Examples 


1. Find the limiting points of the co-axal system defined by the 
spheres 
a? + y?+224+-3¢—3y+6=0, 2*+y?+2?—6y—6z2+6=0. 
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The equation of the plane of the circle through the two given 

spheres is 
3x2 + 3y+6z=0, 1.¢., e+y+2z2= 

Then the equation of the co-axal system determined by given 

spheres is 
at y2t22?+3a—3y $6+A(2+y+22)= 

1.€., xe? t yt 22 + (3+A)a+(A—3)y + 2Az+6=0. ...(1) 

The centre of (1) is 


fe 3+A — 
and radius is 


SCS at 6 |. 


Equating this radius to zero, we obtain 
6A2?—6=0, 
2.€., Ka 1, 
The spheres corresponding to these values of A become point 
spheres coinciding with their centres and are the limiting points of 
the given system of spheres. 


The limiting points, therefore, are 
(—1, 2, 1) and (—2, 1, —1). 
2. Show that spheres which cut two given spheres along great circles 
all pass through two fixed povnts. (P.U. 1944 Suppl.) 


With proper choice of axes, the equations of the given spheres 
take the form 


ety?tz?+2u~2+d—0, .»+(4) 
atyt2ttQuactd=0. .s.(i2) 
The equation of any other sphere is 
ott y? +224 2ur+ 2vy +2wz+c=0 .» (vi2) 
where wu, v, w, c are different for different spheres. 


The plane 
2u(u—u,)+ 2vy+2wz + (c—d)=0, 
of the circle common to (7) and (712) will pass through the centre 
(—%, 0, 0) 
of (2), if 
—2u,(u—u;)+(c—d)=0, oes(20) 
which is thus the condition for the sphere (12) to cut the sphere (i) 
along a great circle. 
Similarly 
—2u.(u—u,) + (c—d)=0, i )) 
is the condition for the sphere (i) to cut the sphere (22) along a 
great circle. 
Solving (tv) and (v) for w and c, we get 
U=U, + Uy; C=2u,U.+d, 
so that wu, c are constants, being dependent on w, U,, d only. 
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The sphere (i) cuts X-axis at points whose x-co-ordinates are 
the roots of the equation 


v?4t-2uz+c=0. 
The roots of this equation are constant, depending as they do 
upon the constants u and ¢ only. 


Thus every sphere (17) meets the X-axis at the same two points 
and hence the result. 


Exercises 


1. Show that the sphere 
2 ty2t 221 Quy +2we—d=0 
passes through the limiting points of the co-axal system 
x2 y2t 224 2%ke+d=0 
and cuts every member of the system orthogonally, whatever be the values of 
Vv, W. 
Hence deduce that every sphere that passes through the limiting points of 
& cO-axal system cuts every sphere of that system orthogonally, 
2. Show that the locus of the point spheres of the system 
224 y2+ 224 Iny + 2we—d=0 
is the common circle of the system 
ett y24 224 9ug+td=0 ; 
u, v, w being the parameters and d a constant. 


3. Show that the sphere which cuts two spheres orthogonally will cut every 
member of the co-axal system determined by them orthogonally. 


4. Fuind the lmuting points of the co-axal system of spheres 

a2+4 y2+.22—20xr4-30y—40z+ 29 +A(2u—3y 4-42) =0, 
[Ans. (2, —3, 4) ; (—2, 3, —4). 
5. Three spheres of radii 7), ro, 73, have their centres A, B, C at the points 
(a, 0, 0), (0, b, 0), (0, 0, c) and r)2+792+7,2=a2+b2%+c2, A fourth sphere passes 
through the origin and A, B, C. Show that the radical centre of the four spheres 
hes on the plane ax+by+cz=0. (D.U.) 


6. Show that the locus of a point from which equal tangents may be 
drawn to the three spheres 


art y%+ 22+ 2x4 2y+2z24+2=0, 
eet yet tt 4¢y+421+4=0, 
2+ y24221¢4 6y—42—-2=0, 
is the straight line 
x/2=(y—1)/5=2(3, 
7. Show that there are, in general, two spheres of a co-axal system which 
touch a given plane, 
Find the equations to the two spheres of the co-axal system 
tt y24 225 4+A(2r+y+32—3)=0, 
which touch the plane 
3x7-+4y= 15. 
(Ans, 22+y2+z224-49-+2y+6z—11=0, 5(r2 4 y2+2?) —8x—4y—12z—13=0, 
8. P isa variable point on a given line and A. B, C are its projections on 
the axes. Show that the sphere OABC passes through a fixed circle, 
9, Show that the radical planes of the sphere of a co-axal system and of 
any given sphere pass through a line. 
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CHAPTER VII 
THE CONE AND CYLINDER 


T1. Def. A cone is a surfuce generated by a straight line which 
passes through a fixed point and satisfies one more condition: for 
instance, it may intersect a given curve or touch a given surface. 


The fixed point is called the verter and the given curve the 
guiding curve of the cone. 


Any individual straight line on the surface of a cone is called 
its generator. 


In this book we shall be concerned only with quadric cones, 1.¢., 
cones with second degree equations. 


7°12. Equation of a cone with a conic as guiding curve. To find 
the equation of the cone whose vertex is at ihe point 


(a, B, Y) 


and whose generators intersect the conic 
ax’? +-2hay +-by?+2gx+2fy+ec=0, z=0. .. (2) 
The equations to any line through («, 8, Y) are 
ec al J oe A : 
l m nm ap M28) 


This line meets the plane z=0 in the point 
ly my 
(« an? ae 0) 
which will lie on the given conic, if 
Ly \? Ly my my\2 
02-2) 428 M)(9M2) 49( 4-02)" 


2g ( ar) 4 of ( p—"") +e=0, ... (tii) 


This is the condition for the line (2) to intersect the conic (t). 
Eliminating 1, m, n between (iz) and (iii), we get 


L—o 7 x—oO y—B 
0 ety) Cay Pay) + 
y-B.,\" _ tno _y—P _ 
b( BY 7) + 20( a-ZS y ) +2F( p-9 7) +e=0 
or a(az—xy)*?+ 2h(az—xY)(Bz—yY) + (Bz — yy)? + 
2g(az—xY)(z—Y) + 2f(Bz—yY)(2z—Y) +e(z—Y)?=0, 


which is the required equation of the cone. 


Note. The degree of the equation of a cone dopends upon the nature of 
the giiding curve. In case the guiding curve is a conic, the equation of the 
cone shall be of the sezond degree, as is seen above, Cones with sccond degree 
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equations are called Quadric cones, In what follows, we shall almost be 
exclusively concerned with quadric cones only, 


Exercises 
1. Find the equation of the cone whose generators pass through the point 
(a, 8, y) and have their direction cosines satisfying the relation 
al2-+- bin? 4+ cn2-=0, (P.U. 1937) 
[Ans. a(x—a)?+b(y—8)2+c¢(z—y)2=0, 
2. Find the equation of the cone whose vertex is the point (1, 1,0) and 
whose guiding curve is 
y=0, x*+4+22=4, 
[Ans, 22—3y24-22—22y48y—4=0, 
3. Obtain the equation of the cone whose vertex is the point (a, 8, y) and 
whose generating lines pass through the conic 
v2 /a%+ y2/b%=1, z=0, 


az—ay\? | /Bz—yy\? _ ‘ 
[ Ans. ( ; ) +( 32) =(z—y)2, 
4. The section of a cone whose vertex is P and guiding curve the ellipse 
x2/a®+ y2/b2—1, z=0 by the plane r=0 is a rectangular hyperbola. Show that 
the locus of P is 
72 yet 23 _] 
at OR 
5. Show that the equation of the cone whose vertex is the origin and 
whose base is the circle through the three pomts 
(a, 0, 0), (0, b, 0), (0, 0, c) 
is Da(b2+c*%)yz=0, (B.U, 1958) 
6. Find the equation of the cone whose vertex is (1, 2, 3) and guiding 
curve is the circle 
xtpyr+2o4, ety p2=l, 
[Ans, 5x%+3y2+ 22 —lry —by2z—427+6x+8y+102=26, 
7. The plane lx+my-+nz=0 moves in such a way that its intersection 
with the planes 
ax+by+cez+d=0, a’a+b’y+c’z+d’ =0 
are perpendicular. Show that the normal to the plane at the origin describes, 
m general, a cone of the second degree, and find its equation. Examine the 
case in which aa’+66’+cc’=0. (M.T’. 1956) 


7°13. Enveloping cone of a sphere. To find the equation of the 
cone whose verlex is at the point (a, B, Y) and whose generators touch 
the sphere 


att y?+ 2293, ... (2) 

The equations to any line through (a, 8, Y) are 
x—-a y—-B_ 2z-Y .. 
Poe OP >, ... (22) 


The points of intersection of the line (17) with the sphere (+) are 
given by 
r2([2-+-m?+ n2) + Ir(la+ mB +ny)+ (a?+ B?+Y?—a?) =0. 

(See § 6°5) 
and the line will touch the sphere, if the two values of r are coin- 
cident, and this requires 

(Ix+ m6 + ny)? = (1? +m? + n?) (a2 + B?-+72—a?). ... (40) 
This is the condition for the line (zi) to touch the sphere (1). 
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Eliminating I, m, n, between, (11) and (i272), we get 
(x(2—a) + B~B)+7G— 7) | 
=[(e—a)?+(y—B)? + (2-7 +B +7?—a*], —...(t2) 
which is the required equation of the cone. 
If we write 
S=etyt+2—ao?, Sy=0?+8'?+y?—a?, T=ax t Bx +¥z—0? 
the equation (iv) can be re-written as 
(7) -S,)’=(S—27-+8,)8, 
or 
Sols: 
1.€., (x° + y?+ 22—a?*)(a?+8?+Y?—- a?) =(ax+By +z - a)? 
Def. Enveloping cone. Zhe cone formed by the tangent lines to a 
surface, drawn from a given point ts called the enveloping cone of the 
surface with given point as its vertex. 


Exercises 
1. Find the enveloping cone of the sphere 
v2ty%t—2rtdz=1] 


with its vertex at (1, 1, 1). 
[Ans, 422+3y2—522—6yz —-82+16:—4--0. 


2. Show that the plane z=0 cuts the enveloping cone of the sphere 
y2+-y24 22=—11 which has its vertex at (2, 4, 1) in a rectangular hyperbola, 

7°14. Quadric cones with vertex at origin. Zo prove that the 
equation of a cone with its vertex at the origin is homogeneous in x, y, % 
and conversely. 

We take up the general equation 

ax” + by? + cz*+2fyz + 2gzx+ 2hary+ 2ux + 2vy4-2wz+d=0 ...(1) 
of the second degree and show that if it represents a cone with its 
vertex at the origin, then 
u=v=w=d=0. 

Let P(x’, y’, 2’) be any point on the cone represented by the 
equation (1). 

Now, rx’, ry’, rz’ are the general co-ordinates of a point on the line 
joining P to the origin O. 

Since OP is a generator of the cone (1), the point 

(ra, ry’, 72’) 

should lie on it for every value of r. Hence 
r?(ax’2+ by'* + cz’2+2fy'z’ +2gz'x' + Qha'y’) + 2r(uz'+ vy’ +w2’')+d=0, 
must be an identity. 


This gives 
ax’* + by'® + c2'*4+2fy'z' + 2g2'x' + 2h2'y’=0, we (4) 
ux’ +ovy’ + we’ =0, wes (10) 
d=0. 1. (iti) 


From (iii), 


d=0. 
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From (1), we see that if u, v, w, be not all zero, then the co- 
ordinates x’, y’, z', of any point on the cone satisfy an equation of the 
first degree so that the surface is a plane and we havea contradiction. 

Hence 

u=v=w=9. 

Thus we see that the equation of a cone with its vertex at the 
origin, is necessarily homogeneous. 

Conversely, every homogeneous equation of the second degree 
represents a cone with its vertex at the origin. 


It is clear from the nature of the equation that if the co-ordinates 
x’, y', 2’, satisfy it, then so do also ra’, ry’, rz’, for all values of r. 


Hence if any point P lies on the surface, then every point on OP 
and, therefore, the entire line OP lies on it. 


Thus the surface is generated by lines through the origin O and 


hence, by definition, it is a cone with its vertex at O. 

Note. A homogencous equation of the second degree will represent a yair 
of planes, if the homogeneous expression can be factorized into linear factors, 
The condition for this has already been obtained in Chapter IT, 


Cor. 1. If 1, m, n be the direction ratios of any generator of the 


cone 
an? + by?+-cz*+- 2 fyz+2gza-+ 2hay=0, ...(1) 
then any point (/r, mr, nr) on the generator lies on it and, therefore, 
al? + bm? +cn? + 2fmn-+ 29gnl+ 2hlm=0. ...(2) 


Conversely, it is obvious that if the result (2) be true then the 
line with direction ratios 1, m,n is a generator of the cone whose 
equation is (1). 

Cor. 2. The general equation of the cone with its vertex at 
(, B, Y) is 

a(x — a)? + b(y—B)?+c(z—Y)?+2f (2z—Y)(y—B) + 
29(a—«)(2—-Y) +2h(x—a)(y — 8) =9, 
as can easily be verified by transferring the origin to the point 
(«, 8, Y). 
Example 

Find the equation of the Guadric cone whose vertex is at the origin 

and which passes through the curve given by the equations 
ax? + by?+cz2?=1, lu+-my+nz=p. 
The required equation is the homogeneous equation of the second 


degree satisfied by points satisfying the two given equations. We 
rewrite 


lx+-my +nz=p 


ne ere AL. 
Thus the required equation is 
‘ la+my +nz\* 
2 Tit ON 
ax®-+-by* + cz ( is ) ;. 
or > (ap?—/?)a2#—— 22 mary =0. 
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Exercises 
1. Find the equation of the cone with vertex at the origin and direction 
cosines of its generators satisfying the relation 
312—4m2+5n2=—0, 
[Ans, 3.2c2—4y2+4-522=0, 


2. Find the equations to the cones with vortex at the origin and which 
pass through the curves given by the equations 


(i) z=2, xPpy2—4, 
(tz) ax8§+by2—22, le+my+nz=p. 
(427) w2ty%+224y7—Qy+3z2=—4 5 e2@ty2+7249r—3y4+42=5, 
[Ans, (¢) v%+y2—24=0, (44) p(ax®-+by?) =22(le-my+nz), 
(722) 2x2%+-742—S5xey—3yz2+4er=0, 
3. Asphere § and a plane « have, respectively, the equations 
etutc=0;v=!1, 
where 9=22-++y2+22, uw and v aro homogeneous linear functions of a, y, z and c is 


a constant, Find the equation of the cone whose generators join the origin O 
to the points of intersection of S and a. 


Show that this cone meets S again in points lying on a plane 8 and find the 
equation of B in terms of w, v and c, 


If the radius of S varies, while its centro, the plane a, and the point O 


remain fixed, prove that 8 passes through a fixed lino, (M,T.) 
[The required cone, C, is given by 
C=otuvter?, 
Now C—S==(p+uv+cv2) —(ep+u+e)==(v—1)(u+eutc) 


so that we see that the cone C mects S again in points lying on the plane 
=utcv+c=0, 


Since the radius of S varies and its centre remains fixed, we see that u is 
constant while c varices, Also v 1s constant, This shows that the plane 
B==u+c(v+1) passes through the line of intersection of the fixed planes 
u=0, v+1=0.] 

7°15. Determination of Cones under given conditions. As the 
general equation of a quadric cone with a given vertex contains five 
arbitrary constants, it follows that five conditions determine such a 
cone provided each condition gives rise to a single relation between 
the constants. For instance, a cone can be determined so as to have 
any given five concurrent lines as generators provided no three of them 
are co-planar. : 


Examples 


1. Show that the general equation to a cone which passes through 
the three axes 1s 


Syz+gext+thay=0. 
The general equation of a cone with its vertex at the origin is 
ax® + by*-+-cz*+- 2 fyz-+29za +2hry=0. w+.(4) 
Since .X-axis is a generator, its direction cosines 1, 0, 0 satisfy (7). 
This givesa=0. Similarly b=c=0. 
2. Show thut a cone can be found so as to contain any two given sets 
of three mutually perpendicular concurrent lines as generators, 
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Take the three lines of one set as co-ordinate axes. 
Let the lines OP, OQ, OR of the second set be 


Se ee ee ee, 
bd 


respectively. 
The general equation of a cone through the three axes is 
Syz+ gzxt+hay=0. 
It will contain the lines OP and OQ as generators, if . 
fmyn, + 9ml, +hlm, = 0, (1) 
[mMgny+ gnole + hlgm,=0. »+(07) 
The lines of the set being mutually perpendicular, we have 
MN; +MN.+M3n,=0, 
1411+ Neale + Nalg=0, -- (A) 
Lm,+l,m.+l3m,=0. J 
Adding (7), (it) and employing the relation (A), we deduce the 
condition 


fmgngt+ gngl,+hlym,=0, 
so that the cone through OP and OQ passes through OR also. 


Exercises 


1. Find the equation to the cone which passes through the three 
co-ordinate axes as well as the lines 


[Ans. 3yz+ 1627+ lday=0, 
2. Find the equation of tho cone which contains the three co-ordinate 
axcs and the lines through the origin with direction cosines (Jj, 724, n),and 


(lo, Mog, No). 
[Ans. Sl,lo(myng—mgn,)yz=0. 


3. Find the equation of the quadric cone which passes through the three 
co-ordinate axes and the three mutually perpendicular lines 


jr=y=—Z%, w= kya 52, le==—Yyy=sz. 
[Ans, 16yz—332xr—25xry=0. 

72. Condition that the general equation of the second degree 
should represent a cone. Co-ordinates of the vertex. 

We have seen that the equation of a cone with its vertex at the 
origin is necessarily homogeneous and conversely. Thus any given 
equation of the second degree will represent a cone if, and only if, 
there is a point such that on transferring the origin to the same the 
equation becomes homogeneous. 

Let 

f(z, Y, 2) =ax*-+ by? + c2*+ 2fyz+ 2gza + 2hay 
+2uae+2vy+2wz+d=0, ...(1) 
represent a cone having its vertex at (x’, y’, 2’). 
Shift the origin to the vertex (z’, y’, 2’) so that we change 
ztoxt+a', y to yty’ and z to z+2’. 
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The transformed equation is 
ax + by? + cz? + 2 fyz+ 2gza+ 2hay +- 
2[a(ax’ + hy’ +92’ +u)+y(ha'+by'+fz'+0) ) + 2(ger +yYy y +c2’+ w)] 
+ f(x" 1y 9% 0. -++(2) 


The equation (2) represents a cone with its vertex at the origin 
and must, therefore, be homogeneous. This gives 


ax’ +hy'’+g9z'+u=0, we (4) 
ha’ +by'+fze'+v=0, w+ (id) 
gu’ + fy’ +cz’+w=0, .. (tii) 

f(z’, y', z)=9, wee (00) 


Also, f(a’, y’, 2')=2' (az'+ hy'+g2' 4+ u)t+y'(ha’ +by' 4+ fe’ +0) + 
2’ (gz’ +fy’ +c2z' + w)+(ua’ + vy’ 4-we'+d). 
Thus with the help of (2), (a) and (vi), we see that (iv) is 
equivalent to 
ux'+vy'+w2'+d=0. -. (v) 
Eliminating 2’, y’, 2’ between (7), (di), (zi), and (v), we obtain 


a, h, g, u 


h, b, f, v 
=), 
g, f, ¢, w 


u, v, wid 


as the required condition for the general equation (1} of the second 
degree to represent a cone. 


Assuming that the condition is satisfied, the co-ordinates (x', y’, 2’) 
of the vertex are obtained by solving simultancously the three linear equa- 
trons (1), (ti) and (tit). 

Cor. If F (x, y, z)=ax?+by?+c27 + 2fyzt Qgzex + 2hay + 

2ux +2Qry + 2uz2+d=0, 
represents a cone, the co-ordinates of its vertex satisfy the equations 
F,=0, Fy=0, F.=0, F:=09, 
where ‘t? is used to make F(x, y, z) homogeneous and is pul equal to 
unity after differentiation. 
Making F(x, y, z) homogeneous, we write 
F(a, y, 2, )=ax?+by? + c2?+ 2fyz+ 2gzx+ 2hary 
+ Quaxt+ 2vyt+2Qwet+ dt. 

Then 

F,=2(ax thyt+ gzt+ut), Fy=2(hatbyt+fze+vt), 

F,=2(ga+fy+cz+ut), Fr=2(uae+vy+wz-+ dt). 

Putting t-=1, we see from (i), (ii), (it), (v) that the vertex 
(21, Y1, 2) Satisfies the equations 

F,=0, Fy=0, F.=0, P:=0. 
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Note. The student should note that the co-efficients of second degree 
terms in the transformed equation (2) are the same as those in the original 
equation (1). 


Note. Tho equation I(r, y, z)=0 represents a cone if, and only if, the 
four linear equations Ff, =0, Fy-=0, F,=0, F,=0 are consistent. In the case of 
consistency the vertex 3s given by any three of these, 


Example 
Prove that the equation 
4x? — y?4-22? 4 Qay— 3yz+12¢4—lly+6z2+4=0, 
represents a@ cone whose vertex 1s (—1, —2, —3). 
Making the equation homogeneous, we obtain 
F(x. y, 2, t)= 4a? — y*+ 227 +4 Qay —3yz+ 1l2at—llyt+ 62t+ 4é. 


Equating to zero the partial derivatives with respect to 2, y, z 
and ¢, we obtain the four linear equations 


8a +2y+-12t=0, we (2) 

24—3y—3z+1lé=0, wee (U0) 

— 3y+4z2+6'=0, wee (102) 

12x—1lly+6z+ 8t=0. we (iv) 

Replacing ¢ by unity and solving the resulting three linear equa- 
tions (2), (it), (cit) for x, y, 2, we obtain : 


v= —l], Y= —2,2= —3. 
The values satisfy (tv) also. 
Thus the equation is a cone with vertex (—1, —2, —3). 


Exercises 


1. Prove that the equation 
re —2y%®4322— day + Sy2z— b62x+ 8x— 19y—2z—-20=0, 
represents a cone with vertex (1, —2, 3). 
2. Prove that the equation 
2yr%—Syz—4zu—8xcy+6c—4y—22+5=0, 
represents a cone whose vertex 1s (—7/6, 1/3, 5/6). 


Example 
Find the equations to the lines in which 
the plane 
2x+y—z=0, 


cuts the cone 


Let 


be the equations of any one of the two lines in which the given plane 
mects the given cone so that we have 


21+ m—n=0, 41? —m?+-3n?—=0, 
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These two equations have now to be solved for 7, m, n. Eliminat- 
ing n, we have 
41?— m*+-3(21-++m)?=0, 


4.€., 8227+ 6lm+m?=0. 
e 1 _ -64+/36—32_ i or —-—— 
°° m 16 4 2° 
Also we have 
l n 
ns Oe eae 
m oe m ° 
] n l 
_ when oo ae we have7-=-> 
1 em _n 
so that “i 4. °9° 
and when a = we have —-=0 
m Z m 
so that elie 


Thus the two required lines are 


Ye & _Y_ 


Exercises 


1. Find the equations of the lines of intersection of the following planes 
and cones : 


(t) r+Sy—22=0, a%49y2—422=0, 
(47) 38u+4y+2=0, 1522-32 y2—722=0, 
(tet) x+Ty—5z==0, 3yo+l420—30cy=0. 


[Ans, (4) e=2z, y=0;3y=22,2=0. (#) “,a%==., 224-4. 


vey TY eB EY 
CO) i 9 3° 3 1 2° 


2. Show that the equation of the quadric cone which contains the three 
co-ordinate axes and the lines in which the plane 


x—5y+32z=0 
cuts the cone 
702+ 5y*?—322=0, 
ig 
yz2+10z~—18xy=0. 
3. Find the angle between the lines of intersection of 
(t) x—3y+2=0 and x2— 5y2+ 22=0, 
(tt) 10ce+-7y—6z=Oand 20x24 7y2—108z2=0. 
(t%2) 4x—y—5z=—0 and 8yz+3za—B5xry=0. 
(tv) xt+y+z=0 and 6xy+3yz—2z4=—0, 
(v) xtyte=Oand 22~yz+ry—322=0, 
[Ans. cos~1(5/6), (72) cos—1(16/21), (¢#7) cos~1(22/3), (tv) 7/3, (v) 7/6. 
https:// t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
MUTUALLY PERPENDICULAR GENERATIONS OF A CONE 119 


4. Prove that the plane 
ax-+-by-+-cz=0 
cuts the cone 
yz+2r0-+2y=0, 
in perpendicular lines if 
Aa tat Lo. 
a b C 
(D.U. Hons. 1955) 
[Refer, also Ex. 1, after the noxt section 7°3] 


73. Mutually perpendicular generators of a cone. 
To find the condition that the cone 


ax*+- by? +- cz? + 2fyz+ 2gza4-2hay=0 ... (4) 
should have three mutually perpendicular generators. 
Let 
ieee ... (di) 
be any generator of the cone so that 
aA? + by? +-cv?+ 2 fuy + 2gvA + 2hAu=0. ... (ttt) 


Equation of the plane through the origin perpendicular to the 
line (¢#) is 
Az tpy+ve=0. ... (wv) 
If l, m, m be the direction cosines of any one of the generators 
in which the plane cuts the given cone, we have 


al? +-bm* + cn? +2fimn-+ 2gnl+2him=0, »+.(¥) 
and 
A+mu-+nv=0. .». (vt) 


Eliminating » between (v) and (v2), we obtain 
1? (av®-+ cA? — 2gdv) + 2lm(cAu-+ hy? —guy +fav) + m?(bv? + cn? — 2 fury) =0 
which, being a quadratic in 2: m, we see that the plane (tv) cuts the 
given cone in two generators. 
Hence if (1,, m,, ™4,), (lg, Mg, M2) be the direction cosines of these 
two generators, we have 
Ll, bv? +en?—2fuv 
mm, av?-+cA2—2Qgrv ’ 
bil ™) Mag 
°" bv-boy?—2fuv avt-+ch*— Qghv’ 
From symmetry, each of these is further 
MN 
sears) Cae) 9 ia (say) 
Llg+mym, + Nyng= kla(p?+-v?) + b(v?+-A*) +.¢(A?+ 2?) 
— 2 fuy—2gvA —2hap] 


=k(a+b+c)(\°-+p?+v?), .». (vit) 


with the help of (217). 
If these two generators be at rt. angles, we have 
Ll, -+mym,+nyng=0, 
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and hence 
atbt+c=—0. 


Also conversely, if a+b+c=0, we see from (viz) that these two 
generators are at right angles. 


Since 2/A=y/u=z/y, is any arbitrary generator anc the condition 
obtained is independent of A, pu, v, we see that af 


a+b+c=0, 
then the plane through the vertex perpendicular to any generator of the 
cone cuts it in two other perpendicular generators. These two gencrators 
will themselves be perpendicular to the first generator so that the 
three generators will be perpendicular in pairs. 
Thus if 


a+b+c=0 


the cone has an infinite number of sets of three mutually perpendicular 
generators. 


In fact if this condition 1s satisfied, then the plane ‘perpendicular 
to any generator OP of the cone cuts the same in two perpendicular 
generators OQ, OR, so that OP, OQ, OF is a set of three mutually 
perpendicular generators. 

Note. Ifthe general equation 


ax® + by?-+ e224 2fyz+ 2gzu + 2hry+2uxr+2vy+2wz+d=0 


represents a cone having sets of three mutually perpendicular generators, then 
also 


a+b+c=0 


for, on shifting the origin to its vertex, the co-efficients of the second degree 
terms remain unaffected. 


Exercises 


1. Show that the two straight lines representod by the equations 
axt by+c2=0 and yz +2x4+ry=0, 
will bo perpendicular if 
I/a+ 1/b4+1/e=0. (P.U. 1939) 
[The sum of the co-eflicients of 2?, 72 and z2 in the equation of the given 
cone being zero, we see that the given plane will cut the given cone in perpend- 
cular generators if the normal to the plane through the vertex which is the 
origin, viz., 
rla=y/b=z]/c 
is a generator of the cone. 
This requires 
be+ca+ab=D, z.c., l/a+1/b+1/c=0.] 
2. Prove that the plane lxr+my+nz=0 cuts the cone 
(b —c)x2+ (c—a)y2+ (a—b)22 4 2fyz+ 2g2u + 2hxy =0 
in perpendicular lines if 
(b—c)l?+ (c—a)m? + (a—b)n2+2finn +2ynl+2hlin=0. 
3. If 
L=hy=2 
represents one of a set of three mutually perpendicular generators of the cone 


llyz+6zx—l4ry=0, 
find the equations of the other two. 


x y 2 . @ 
[ Ans. 9 =13= 7’ aT 
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4. If . 
a ae 
“jy ~9 "3 


represent one of a set of thrce mutually perpendicular generators of the cone 
5y2z— 8zx—32y= 0, 


find the equations of the other two. (D.U. Hons. 1960) 
es ee, 
ee ee 


5. Show that the cone whose vertex is the origin and which passes through 
the curve of intersection of the surface 22?—y?+22%=3d? and any plane at a 


distance d, from the origin has three mutually perpendicular generators, 


6. Find the locus of a point from which three mutually perpendicular 
lines can be drawn to intersect the central conic 


ax®+by2=1, 2=0. 
[dns, a(x2+22)+ b(y2422)—1, 
7. Show that three mutually perpendicular tangent lines can be diawn to 
the sphere 
eet yr 22 = pe 
from any point on the sphere 
2 (a2 4+ y2+22)=3r2, 
8. Throe points P, Q, Rare taken on the ellipsoid 
ve fat+y?/b2+422)/c2~. 1 


so that the lines joining P, Q, F to the omgim are mutually perpendicular, Prove 
that the plane POR touches a fixed sphere, 


(P.U, 1949) 
7°4. Intersection of a line with a cone. 
T'o find the points of intersection of the line 
Y—-a y—-B 2z—Y 
lL em wn (2) 


with the cone 
f(x, y, 2)Sax* + by? + cz*+ 2fyz + 2gza+2hey=0. (it) 


The point (Ir+a, mr+ 8, nr+¥Y) which lies on the line (7) for all 
values of r will lic on the cone (a) for values of r given by the 


equation 
a(Ir-+-a)?+-b(mr + B)?+c(nr+Y)?+2f(mr+B)(nmr+7) 
+ 2g(lr+-a)(mrt+Y) +2h(Ir-+ a) (mr +B) =0, 
or r?(al?+-bm?+ cn? +2fmn-+ 2gnl + 2hlm) 

+ 2r[U(aa + ita § mia t OBES) + ne +18-+ 071] 
which being a quadratic in r, we see that there are two points of 
intersection. 

Hence every line meets a quadric cone in two points. 
Cor. A plane section of a quadric cone is a conic, as every line 
in the plane meets the curve of intersection in two points, 


Note. The equation (A) gives the distances of the points of intersection 
P and Q from the point («, B, y), if l,m, n are direction cosines, 
Exercises 
1. Show that the locus of mid-points of chords of the cone 
ax®+ by?+c22+ 2fyz+ 2gzx+2hay=0 
drawn parallel to the line 
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x[l=y{/m=z]n 


z(al+hm-+gn)+y(hl+bm+fn)+2(gl-+fm+en)=0. 
[Hint. If (a, 8, y) be the middle point of any such chord 
x—a_y—B_2—-y 
tom on” 


the two roots of the equation (A) are equal and opposite and as such their sum 
is zero. | 

2. Find the locus of the chords of a cone which are bisocted at a fixed 
point, 


7°41. The tangent lines and tangent plane at a point. 


is the plane 


1a B—%_Y-B_ 2-7 i) 
l m n 
be any line through a point («, 8, Y) of the cone 
ax*-+ by*+ cz? -+ 2 fyz+ 29zx+ 2hay=0 ... (22) 
so that 


ax? +-bB2+- cy?+ 2fBY +29q¥a+ 2haB=0. 

Thus one of the values of r given by the equation (A) of Art. 7°4 
is zero and so one of the two points of intersection coincides with 
(x, 8B, ¥). The second point of intersection will also coincide with 
(x, B, Y) if the second root of the same equation is also zero. This 
requires 

Uaa+hb+gY)+m(hat+oB+fy) +n(ga+tfa+ey)=0 — ...(vit) 

The line (7) corresponding to the set of values of J, m,n, satisfying 
the relation (iii) is a tangent line at (a, B, Y) to the cone (tt). 

Kliminating J, m, n, between (2) and (277), we obtain the locus of 
all the tangent lines through (a, 8, Y), vzz., 

(%—a) (ax +hB +97) + (y—B)(hat+oB+fY) + (z-Y)(ga+fB + cy) =0 
or a(aa+h3+ g¥)+-y(hx+bh+fYy) + 2(ga+f8+cY) 
=ax?+ bB?-+ c¥? -+2fBY-+ 2gVa + 2haB=0, 
which is a plane known as the tangent plane. 

Clearly the tangent plane at any point passes through the vertex. 

Cor. The tangent plane at any point (ka, kB, kY) on the 
generator through the point (a, 6, Y) is the same as the tangent plane 
at (a, B, Y). 

Thus we see that the tangent plane at any point on a cone touches 
tt at all points of the generator through that point and we say that the 
plane touches the cone along the generator. 


Examples 
1. Show that 
x[l=y/m=z/n 
ts the line of intersection of the tangent planes to the cone 
ax*-+ by? + oz?-+-2 fyz+ 2gzx+2hay=0, 
along the lines in which tt 18 cut by the plane 
x(al+hm+gn)-+ y(hl+ bm + fn) +2(gl + fm-+ cn) =0. 
The tangent plane at any point (a, B, Y) of the given cone is 
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a(aa+hB-+gY) +y(ha+bB+fY) +2(gx+fb+cY)=0. 
It will contain the line 
x/l=y/m=2/n, 


l(an-+-hB-+g7) +m(ha+bB-+fY) +n(gx+f8-+cY) =0, 
ie., a al--hm-tgn) +8 (hl-+bm+fn) +¥(gltfm-+on)=0. 
Thus the point («, 8, Y) lies on the plane 
xz(al+hm+gn) + y(hl + bm + fn) +2(gl-+fm-+en)=0. 
Hence the result. 
2. Show that the locus of the line of intersection of tangent planes 
to the cone 


if 


ax* + by"+ cz*=0 
which touch along perpendicular generators is the cone 
a*(b-+-c)a?-+b?(c+a)y?+c?(a+6)z?=0. 
Let the tangent planes along two perpendicular generators of the 
cone meet in the line 
“ey 2 
oie ae, oe (t) 
_ Therefore, the equation of the plane containing the two generators 
is 
alx +bmy+cnz=0. .-. (22) 
Let A, u,v, be the direction ratios of any one of the two genera- 
tors so that we have 
alA+ bmu+cnv=0, ... (002) 
ah* + bu®+ cv?=0. ... (iv) 
Eliminating v from (7iz7) and (tv), we have 
a(cn® + al*)A? + 2ablmAp-t b(cn?+ bm?) yu? =0. 
If Ay, 1, ¥y 3 Ag, Me, Yo, be the direction cosines of the two genera- 


tors, we have 
Ardy _ b(cn? + bm) 
it, a(cn*?-+al‘) 
or REEL: i; [See eee 
(cn?+-bm?)/a — (en®-+ al*)/b 
Hence, by symmetry, we get 
_ Aig ae 
(cn®+-bm?)/a (cn?-+al?)/b (al? + bm?) |c 
The generators being at right angle, we have 
; Mra t baat vive 0, : 
be a 
or a*(b+-c)l?+-b2(c+a)m?+c?(a+b)n?=0. ...(v) 
Eliminating 1: m:n from (1) and (v), we obtain 
a®(b-+c)2?+b?(c+a)y?-+c7(a+b)2z?#=0, 
as the required locus. 
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7°42. Condition for tangency. 7'o find the condition that the plane 
lx+-my + nz=0, : -»-(1) 
should touch the cone 
ax*+-by?+cz* + 2fyz + 2gzex+ 2hry=0. ...(2) 
If («, B, Y) be the point of contact, the tangent plane 
a(aa+hB + 97) + y(hatOB+fy) +2(ga+fF+cY) =0 
thereat should be the same as the plane (1). 
aa hb + g¥ _hayoB+fy _ga+fp+ ey, 


ne i at rs =k, (say). 
Hence ; 
ax+ h3+qyY—lk=0, wee (2) 
ha+b6+fY—mk=0, wee (it) 
ga-+-f{B+cY—nk=0. wee (ULt) 
Also, since (a, 8, Y) lies on the plane (1), we have 
lat+mb+ny=0. ... (tv) 
Eliminating «, 8, Y, k between (2), (iz), (ti7), (iv), we obtain 
a, h, g; i 
h, b, f, m 
==(); ... (A) 
7; f, C, n 


as the required condition. 
The determinant (A), on expansion, gives 
Al? 4+- Bm? + Cn? +-2F mn + 2Gnl + 2Him= 0, 
where A, B, C, F, G, H arc, as usual, the co-factors of a, b,c, f, g, h 
respectively in the determinant 


| @, h, g 
fh, b, f 
9, fy C 
ie, A=be-f?, B=ca—g?, C=ab—I? ; 


F=gh—af, G=hf—bg, H=fg—ch. 


7°53. Reciprocal cones. 7'o find the locus of lines through the 
vertex of the cone 


ax? + by?+ cz? + 2 fyz +2g9za +2hay=0 ...(L) 
perpendicular to its tangent planes. 
Let 
lx+-my + nz=0, ...(2) 
be any tangent plane to the cone (1) so that we have 
Al? + Bm? +-Cn?+2Fmn+2Gnl4+ 2Him=0. o.(3) 
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The line through the vertex perpendicular to the tangent plane 
(2) is 


rr a ..(4) 
Eliminating J, m, n between (3), (4), we get 
Ax*+ By? + C2?2+2F yz+ 2Gzx +2Hxy=0 ...(5) 
as the required locus which is again a quadric cone with its vertex at 
the origin. 


If we now find the locus of lines through the origin perpendicular 
to the tangent planes to the cone (5, we have to substitute for 
A, B,C, F,G, H in its equation the corresponding co-factors in the 
determinant 


A, H, G 


G, F, Ci. 
Since, we have, by actual multiplication, 
BC~- F*=aD, CA-—G’*=bD, AB—H?=cD ; 
GH—AF=fD, UF-—BG=gD, FG—CH=hD ; 
where 
D=abc +-2foh —af*— bg? —ch’, 
it follows that the required locus for the cone (5) is 
ax? + by? +02? 4-2 fyz 4-29gza+2hay=0, 
which is the same as (1). 
The two cones (1) and (5) are, therefore, such that each is the 


locus of the normals drawn through the origin to the tangent planes 
to the other and they are, on this account, called reciprocal cones. 


Cor. The condition for the cone 


ax? +- by? + cz? +2 fyz + 2gzx+ 2hay=0, -.-(2) 
to possess three mutually perpendicular tangent planes is 
A+B+4+C=0. 


The cone (2) will clearly possess three mutually perpendicular 
tangent planes, if its reciprocal cone 


Ax? + By? + C2?+ 2Fyz24+2Gze4+ 2Hary =), 
has three mutually perpendicular generators and this will be so if 
A+B4+0C= 0, ie., if be+ca+ab=f?+ 97+ h?, 
Examples 


1. Show that the general equation of a cone which touches the three 
co-ordinate planes is 


J/fetV oy &VAhz =0. 

The reciprocal of a cone touching the three co-ordinate planes 

is a cone with three co-ordinate axes as three of its generators. Now, 
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the general equation of a cone through the three axes is 
Sfyz+gzx+hry=0. 
Its reciprocal cone is 
— f tx — gy? — h2z* + 2ghyz + 2hfext-2fgry=0, 


or (futgy—hz)'=4fgry, 

or fatgy—he=+2V foxy, 
or fetgyt2 Vv fory=hez, 

or (V fe & V gy)?=hz, 

or V fet Voy= +z V he, 
or VfetvV gy tv hz=0. 


2. Show that the locus of the line of intersection of perpendicular 
tangent planes to the cone 
ax? +t by? +cz7=0, 
ws the cone 
a(b-+-c)z?+ b(c+a)y?+c(a-+ b)z?=0. 

Generators of the reciprocal cone corresponding to the perpendi- 
cular tangent planes of the original cone are themselves perpendicular. 
Also, the line of intersection of the perpendicular tangent planes 18 
perpendicular to the corresponding generators of the reciprocal cone. 
Combining these two facts, we sec that the given question is equiva- 
lent to determining the locus of normals through the origin to the 
planes which cut the reciprocal cone along perpendicular generators. 


Equation of the reciprocal cone is 


at pte” 
or 
bcx*® + cay’?+ abz?=0. ...(t) 
Let the piane 
lx+my+nz=0 wo (02) 


cut the cone (2) along perpendicular generators. The condition for 
this, as may be easily obtained, is 


a(b+c)l?+b(c+a)m?+ cla+b)n?=0. ».. (008) 
The equations of the normal to the plane (i) are 
a2 = Fe . , 
i maar »-. (tv) 


Eliminating J, m, n from (277) and (iv), we obtain 
a(b+c¢)z*+b(c+a)y*+c(a+b)z’?=0, 
as the required locus. 
Exercises 
1. Find the plane which touches the cone 
2+ 2y2— 322-4. 2yz—5zx-+32ry =0, 
along the generator whose direction ratios are 1, 1, 1, 
[Ang y=z, 
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2. Prove that perpendiculars drawn from the origin to the tangent planes 


to the cone 
ax? + by?-+¢z?—0, 


x#/a+y3/b+22/e=0, 
3. Prove that tangent planes to the cone 
x2 — y+ 222—3y2+42r—Sry=0, 
are perpendicular to the generators of the cone 
1724+ 8y2+4 2922 +98yz—462r—146.27=0. 
4. Prove that the cones 


ayz+bzx+cry=0, (av)? 4. (by)? + (cz)? = 0 


lie on the cone 


are reciprocal, 


5. Prove that the cones 
axt + by? +¢22=0 


x2/a+y2/b+22/¢=0 
are reciprocal. (D.U. Hons. 1957) 
6. Show that a quadric cone can be found to touch any five planes which 
meet at a pomt provided no three of them intersect in a line, 
Find the equation of the cone which touches the three co-ordinate planes 
and the planes 


and 


e+2y+3-c=0, 274+3y+4+42=0. 
$ 
[Ans. (x)®-+ (—6y)?+(62)?=0, 
7. Show that a quadric cone can be found to touch any two sets of three 
mutually perpendicular planes which meet in a point. 


8. Find the equation of the quadric cone which touches the three co- 
ordinate planes und the three mutually perpendicular planes 


x—y+2=0, 274+3y+2--0, 4v—y—5z=0. 
[Ans. 6422497242522 30y2— 80224 48ry =0. 
7°5. Intersection of two cones with a common vertex. Sections 
of two cones, having a common vertex, by any plane are two coplanar 
conics which, in general, intersect in four points. 

The four lines joining the common vertex to the four points of 
intersection of these two coplanar conics are the four common 
generators of the two cones. 

Therefore two cones with a common vertex intersect, in general, in 
four common generators. 

In case two cones with the same vertex have five common 
generators, they coincide. 


If 
S=0, S’=0, 
be the equations of two cones with origin as the common vertex, then 
S+kS’=0 


is clearly the general equation of a cone whose vertex is at the origin 
and which passes through the four common generators of the cones 
S=0, S’=0 

If k be so chosen that S+kS’=0 becomes the product of two 
linear factors, then the corresponding equations obtained by putting 
the linear factors equal to zero represent a pair of planes through the 
common generators, 
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Such values of & are the roots of the k-cubic equation 
a+ka’, h+kh’, g+kg’ 


ht+kh’, b+kb’, f+kf’ | =0. 


gtkgy’, = f+kf’, ctke' 


The three values of k give the three pairs of planes through the 
four common generators. 


Exercises 


1. Find the equation of the cone which passes through the common 
generators of the cones 


—2x2+4+4y24 22=0 and l0xcy—2yz+527=0 
and the line with direction cosines proportional to 1, 2, 3, 
[Ans. 222--4y?~—224+10xry—2y2+524=0. 
2. Show that the equation of the cone through the intersection of the 
cones 


gt — 2y241322—4yz+52r—64y=0 and 2x?—3y2+4-2—5y2+622—10ry=0 
and the line with direction cosines proportional to |, 1, 1 is 
y2— 2224 8y2—42r+2xy=0. 
3. Show that the plane 3c-+-2y—4z=0 passes through a pair of common 
generators of the cones 
2722 +-2072—32:2=0 and 2yz+er—4ay=0, 
Also show that the plane containing the other two generators is 
92+ 10y-+ 8z=0. 
4, Show that the plane 3c—2y—z=0 cuts the cones 
3yz—2zu-+2xy=0 and 21v2—4y2—52z2=0 
in the same pair of perpendicular lines. 


Also show that the plane 7x-+2y+52=:0 contains tho remaining two 
common generators. 

5. Two cones are described with guiding curves 

az=a%, y=0; yz=b?, x—0, 
and with any vertex, Show that if their four common generators meet the plane 
z-=0 in four concyclic points, the vertex lines on the surface 
(x2 y?) =a2rt bey, 

6. Find the conditions that the lines of section of the plane lxz-+-my+nz= 

and the cones fyz+gza+hry=0, ax*+ by?+cz2=0 should be coincident. 
[ Ane. bn2+em® _cl?+an2_am?+bl? 


finn gn ohm 
7°6. The right circular Cone. 


761. Def. A right circular cone is a surface generated by a line 
which passes through a fixed point, and makes @ constant angle with a 
fixed line through the fixed point. 

The fixed point is called the vertex, the fixed line the axis and the 
fixed angle the semi-vertical angle of the cone. 


The justification for the name right circular cone is contained in 
the result obtain<d below. 


The section of aright circular cone by any plane perpendicular to 
its axis is a circle. 
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Let a plane perpendicular to the axis ON of the right circular 
cone with semi-vertical angle, «, meet it at N. 

Let P be any point of the section. Since ON is perpendicular 
to the plane which contains the line NP, we have 


ON | NP O 
PN 
ay on tan Z NOP=tan a, 
or PN=ON tan «, 


which is constant for every position of the point P 
of the section. 


Hence the section is a circle with WN as its 
centre. Fig, 24 


7°62. Equation of right circular cone. To find the equation of 
the right circular cone with its vertex at (a, B, Y), its axis the line 
x—-a~  y—B ae 4 
lL e™ wn 
and its sgmi-vertical angle @. 
8) Let O be the vertex, and, OA, the axis of the 
0,8, Y cone. 
Any point P(x, y, z) on the cone is such that 
the line joining it to the vertex O makes an angle @ 
P(X,Y,2) with th axis 0.4. 
Direction cosines of OP are, therefore, propor- 


3 


tional to a—-a, y--B, 2-Y. 
A a oe eae el 
Fig. 25 “ VJ (+m? +n?) vV/ [(% —a)?-+ (y—B)?+ (z—-7)*] 


The required equation of the cone, therefore, is 
[U(x —- a) +-m(y—B) +n(z—Y)]° 
= (12+ m* +-n*)[(% —«)?+ (y—B)? + (2—Y)*] cos*9. 
Cor. 1. If the vertex be at the origin, the equation of the cone 
becomes 
(la + my +nz)?= (? + m?+ n?) (a? + y?+2*) cos? 8. 
Cor. 2. If the vertex be at the origin and axis be the z-axis, 
then taking 
[=0, m=0, n=1 
in the preceding Cor., we see that the equation of the cone becomes 
z= (z?+ y?+ 2?) cos? 8, t.e., wt+ty?=2" tand, .(1) 
Cor. 3. The semi-vertical angle of a right circular cone having sets 
of three mutually perpendicular generators is 
tan-!4/2, 
for, the sum of the co-efficients of z*, y?, 2? in the equation of such a 
cone must be zero and this means that 
1+1—tan’9=0 [Refer (1), Cor, 2.] 
4.€., @=tan)/ 2, 
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Cor. 4. The semi-vertical angle of a right circular cone having sets 
of three mutually perpendicular tangent planes is 


tan“; 


for by Cor. to § 7°43, this will be so if [Refer (1), Cor. 2] 
1—tan? §—tan? 0=0 
1.€., tan @=+/3. 
or 6=tan 4/4. 
Exercises 


1. Find the equation of the right circular cone with its vertex at the 


origin, axis along Z-axis and semi-vertical angle a, 
[dns. a®+y2=22 tan2 «,. 


2. Show that the equation of the right circular cone with vertox (2, 3, 1), 
axis parallel to the line —z=-y/2=+7 and one of its genorators having direction 
cosines proportional to (1, —1, 1) is 

2% — By? +224 l2ry—12yz+ 62x— 4604 36y + 222—19=0. 

3. Find the equation of the circular cone which passes through the point 

(1, 1, 2) and has its vertex at the origin and axis the line 
2f2=—y/4=2/3. 
[Ans, 402+ 40y2+ 1922—482ry— 72724362 c=-0. 

4, Find the equations of the circular cones which contain the three 


co-ordinate axes as generators, 
[las, yzberbry=0. 


5. Lines are drawn through the origin with direction cosines proportional 
to (1, 2, 2), (2, 3, 6), (3, 4, 12). Show that the axis of the right circular cone 
through them has direction cosines 

(—V 5 V4; V3); 
and that the semi-vertical angle of the cone is cos—1(1/4/3). 


Obtain the equation of the cone also, 
[sins. ry—yz+e2v=0. 


6. Find the equation of the right circular cone generated by straight 
lines drawn from the origin to cut the circle through the threo pomts 
(1, 2, 2), (2, 1, —2) and (2, —2, 1). 
[Ans, 8x%—4y2—422+ 5ry + yz+52rv=0. 
7. Ifa is the semi-vertical angle of the right circular cone which passes 
through the lines Oy, Oz, z=y=z, show that 
COS @ == (9—44/3)7* 
The Cylinder 


77. A cylinder 1s a surface generated by a straight line which 1s 
always parallel to a fixed line and is subject to one more condition ; for 
unstance, it may intersect a given curve or toucha given surface. 

The given curve is called the guiding curve. 


771. Equation of a cylinder. To find the equation io the 
cylinder whose generators intersect the conic 


ax* + 2hay-+by?+-292+2fy+c=0, z==0 »..(2) 

and are parallel to the line 
uy 2 - 
> we. (22) 


https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
EQUATION OF A CYLINDER 131 


Let («, B, Y) be any point on the cylinder so that the equations 
of the generator through it are 


cam ae IO cae 
Ll ~~ m n- 
As in § 7°12, the - ip will intersect the conic (2), if 


eB) 29( «2 )522) 41( 5-22) 
+29( a-=”\404( p—™\ 16-0, 


But this is the condition that the point («#, 8, Y) should lie on 
the surface 


a( o2\ +2n( rN y~"*)40( 2 yey + 
lz Mz 
”) ae eon ” mee be — 
71 n )+28( 2 5 te 0, 
or a(nx—lIz)?+ 2h(nx—le)(ny—mz)+b(ny—mz)*+ 
2qn(nx—lz) +2fn(ny—mz)+cn?=0 
which is, therefore, the required equation of the cylinder. 


Cor. If the gencrators be parallel to Z-axis so that 
[=0=-=m and n=], 


.. (010) 


the equation of the cylinder becomes 
ax* + 2hay +by*+2gx+2fy+c=0, 
as is already known to the reader. 


Exercises 


1. Find the equation of the cylinder whoso generators are parallel to 
T= — FY = Fe 
and whose guiding curve is the ellipse 
ve+2y2=1, 2=3. 
[Ans. 3(x®+2y2+4 22) +2 (4yz—zx)4+6(x—4y—3z)+24=0. 
2. Find the equation of the quadric cylinder whose generators intersect 
the curve axz?2+by2=2z2, lx-}+-my+nz=p and are parallel to Z-axis. 
[Eliminate z from the two cquations, ] 
[Ans. n(ax?+ by?) +2lx+2my—2p=0. 
3. Find the equation of the quadric cylinder with generators parallel to 
X-axis and passing through the curve 
ax®+by2-+cz2=1, le+inytnz=p. 
[Ans. (bl2?+am?)y2+2mnayz-+ (cl2?+an?)z2—2apmy—2apnz+ (ap?—1?)=0. 
4. Show that the equation of the tangent plano at any point (a, 8, y) of 
the cylinder 


ax? + Qhay+ by?+2ga+2fytc=0 
is 
a(az+-hB+g) + y(ha+b8+f)+ (ga+fB+¢)=0, 
«und that it touches the cylinder at all points of the generator through the point, 
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7°72. Enveloping Cylinder. To find the equation to the cylinder 
whose generators touch the sphere 


a? 4-y?- zt qi, ...(4) 
and are parallel to the line 

x z _ 

Fata K. ... (42) 


Let (a, 8, Y) be any point on the cylinder so that the equations 
of the generator through it are 


r—-a y—B 2—-Y 
tom TN 
The line (iz) will touch the sphere (z) if 
(la+ mB +ny)? = (1? +m* + n?) (a? + 8?+-72—a"). 


But this is the condition that the point («, 8, Y) should lic on 
the surface 


(iit) 


(la + my + nz)? = (?-+ m?+ n*) (29+ y? + 2—a?), 

which is, therefore, the required equation of the cylinder and isknown 
as an enveloping cylinder of the sphere (1). 

Ex. Find the enveloping cylinder of the sphere 

eet y2tz2—I%rtdy=l, 
having its generators parallel to the line 
La= Y= 2, 
[Ans. x®+y2422-xy—y2—2z4—4245y—z—2=0. 
7:8. The Right Circular Cylinder. 


781. A right circular cylinder is a surface generated by a line 
which intersects a fixed circle, called the guiding circle, and is perpendi- 
cular to its plane. 


The normal to the plane of the guiding circle through its centre 
is called the axis of the cylinder. 


Section of a right circular cylinder by any plane perpendicular 
to its axis is called a normal section. 


Clearly all the normal sections are circles having the same radius 
which is also called the radius of the cylinder. The length of the 
perpendicular from any point on a right circular cylinder to its axis 1s 
equal to its radius. 


7°82. Equation of a Right Circular Cylinder. To find the 
equation of the right circular cylinder whose axis is the line 


r—-a y—-B 2z—-Y 
l m nn’ 
and whose radius is r. 


Let (xz, y, z) be any point on the cylinder. Equating the perpen- 
dicular distance of the point from the axis to the radius 7, we get 


ame __R)2 _y)\3__ [F(e—a) 4+ m(y—B)+n(z—Y)}* _ 2 

(x a) + ty 6) +(z Y) [2 + m+n? =P ’ 
which is the required equation of the cylinder. 
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Example 


Find the equation of a right circular cylinder of radius 2 whose axis 
passes through (1, 2,3) and has direction cosines proportional to 
(2, —3, 6). (P. U. 1940) 

The axis of the right circular cylinder is 

x—l_y—2 2-3 x—-l_y-2 _z-—3 
g 3 6 8 7 3/7 BT 

Let (f, 9, h) be any point of the cylinder. The square of the 

distance of the point (f, g, 2) from the axis is 
(f—1)?+(g—2)?+ (h—-3)?—-[3(f—L) —F(g—2) +39 (A —- 3). 

Equating it to the square of the radius 2, we see that the point 

(f, 9, h) satisfies the equation 

45f2+ 4092+ 13h? +-36gh — 24hf+-12 fg —42f—280g—126h+4 294=0 
so that the required equation is 

45a? + 40y? + 132?4-36y2z—24za+ l2xy— 42x —280y— 12624 294=—0. 


Exercises 


1. Find the equation of the right circular cylinder of radius 2 whose axis 
is the line 


(x—1)/2=(y—2)=(2—3)/2. 
[Ans. 5x248y24522—4dry —4y2—8z4 + 221— 16y— 14z—10=0. 
2. The axis of a right circular cylinder of radius 2 is 
x—-l  y 2-3, 
“2 3 a @ 
show that its equation is 
1022 4- 5y24-1322 — l2xy—6yz—422 — 82+ 30y— 742459 = 0. 
3. Find the equation of the circular cylinder whose guiding circle is 
e2ty2+ 22 9—=0, r—y+z2=3. 
[Ans. x*+y24224ry+yz—27=9, 
[Hint. Show that the radius of the circle is 4/6 and the axis of the cylinder 
1S Y= —y=z.] 


4. Obtain the equation of the right circular cylinder described on the 
circle through the three points (1, 0, 0), (0, 1, 0), (0, 0, 1) as guiding circle. 


[Ans. 22+y2+z22?—xy—yz—zx= 1, 
Examples 
1. Find the angle between the lines in which the plane 
ux+vy+wz=0, 
cuts the cone 
ax* + by?+ c2z*=0. 


Let 1, m, n be the direction cosines of any one of the two lines go 
that we have 


ult+toum+wn=0, .--(2) 
al*+bm?-+ cn?=0. ...(42) 
Eliminating J from (+) and (11), we obtain 
(av? + bu?) m? + 2avwmn-+ (aw? +cu?)n?2= 0, 


or (av?-+-bu?) (™) + 2avw (=) + (aw? + cut) =0. ...(d8¢) 
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Let 11, m1, 2, ; [,, Me, 22, be the direction cosines of the two lines 
separately. From (22), we get 
M, Ms, _ aw*-+cu® 
My Ny arr+bu2’ 


M1, Me 2avw 
and —}+—#=— o.. 
Mm Mn; av® + bu 
Thus 
MM, _— NNg == Ms Ng Myn, 
au*-+ecu> av bu? — 2avw 


V ((m Ng + mn)? —4mym_n No] 
oy v/ [4atv2w? — 4(aw*-+ cu?) (av?+ bu?) | 
_ M Ny — MyNy 
= oe Puy [— (wbe + v?ca + wad) 
From symmetry, cach of these expressions is equal to 


bly — ml, — nz, 
bw* + cu* 2u/[—-(wbe + v’ca4-wab)] 
L nbe — lyn, 
al == + rae k, (say) 


2wr/[— (utbe+ vea+wiab)| 
If @ be the angle between the two lines, we have 
— V[2Qny ng ~ myn4)"] 
ont Vile 


= V[—+(u? +0? 4- w?) (u*be+ v*ca +w? ab)), 
a(v®- + w®) + b(w*-bu2) + ou? + 0%) 

2. P,Q are the points of intersection of the line 
r-e yb z— 
lm on 


3 


with the cone 
aa? + by? +c27==0. 


Show that the sphere described on PQ as diameter will pass through 
the vertex of the cone, if 


a(u?+ v")-+b(v?-+ A?) + c(A?+ u?) = 0, 


A=6n ~ YI, w==Yl-an, v=am—Bl. 
Any point (lr +a, mr4-B, nr+Y) on the line will lie on the cone 


where 


if 
(al? + bm? 4-cn?)r* + 2(ala + bmB + cny)r-+ (aa®+bB?+cy2)=0. . (t) 
Let 7,, 7, be the roots of this 7-quadratic. Therefore, the points 
P, Q are 
(Iryta, mryt+B, arp bY), (rete, mre+ 8, mrgt7). 
Thus 
— 2(ala +bmB +- cny) _ 2S ala 


T= ales bmiten® Salt” ; 
ax* + bB° patie _ Lae? -+-(12) 
re alt bm? en? ~ Sal?’ 
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The sphere on PQ as diameter is 
X(a-—~Ir, +a) (cx—Ir, +0) =0, 
or (x ~a)’+(y—B)?+ (2—-Y)P?— 
(U(a— a) + m(y—8)+n(2—Y)] (1 +12) + (PF +m? + n?)r74=0, 
which, with the help of (7), becomes 
2(x% —a)*Zal? +221 (a—a)Zala+ Ll*Lac?=0. 
It will pass through (0, 0, 0), if 
(?-+ B+?) (al¢-+bm*-+ ont) —2(la-+mB + ny)(ala+ bmB + ony) + 
(1? +m? +n?) (aa? + bB? + cy?) = 
or 2al (ly —an)* + (am —B1)?]=0, 
#.€., Da(u?+v?)=0, 
3. <A sphere passes through the circle 
=0, ?+y?=a?. 
Prove that the locus of the extremities of tts diameter parallel to X-axis 
ts the rectangular hyperbola 


0, 


y=0, 2—2=a’, (B.U.) 
The equation of the general sphere through the given circle is 
a? 4. y2+ 22+-Az=a? ; 1.(4) 


d being the parameter. 
Its centre is (0,0, —4A). Therefore, the equations of its 
diameter parallel to X-axis are 
j20 22th (Gi) 
Kliminating A between (2) and (iz), we get 
y=0, 2-2 =a? 


as the required locus which is clearly a rectangular hyperbola. 


Revision Exercises II 


1. Show that the plane «+2y—z=4 cuts the sphere 
ert y2+ 22—a+2=2 
in a circle of radius unity and find the equation of the sphere which has this 
circle as one of its great circles, 
[Ans, v®+y?2+4+22—2r—2y+224+2=-0. 
2. Find the equation of the sphere which passes through the point 
(2, 3, 6) and the feet of the perpendiculars from this point on the co-ordinate 
planes. 
Also find the equations of tangent planes to the sphere which aro parallel 
to the plane 27+2y+2=0 ; and the co-ordinates of their points of contact, 
[Ans, e?+y2+22—22—3y—6z2=0 ; 4a4+4y4+22+5=0 ; 4a4+4y42z—37=0, 
eae — 3 42) . (4,2 23 £5) 
8> 6> 6 »>\ 38> 6s 6/* 
3. Show that all the spheres that can be drawn through the origin and 
each set of points where planes parallel to the plane 
aja+y/b+z/c=0 
cut the co-ordinate axes form a system of spheres which are cut orthogonally 
by the spheres 
24 y2+ 22+ 9fet 2qy+t 2hz=0 if af+bg+ch=0. (M,T7.) 
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4. Find the equations of the lines passing through the point (1, 1, 1), 
tangent to the sphere x2-+-y?-+z2=2 and parallel to the plane 


4x+3y—z=0- 
[Ans. 3—2x=y=z ; 2(2—1)=3(1—y)=z—-1. 
5, Obtain the equations of the planes passing through the point (3,0, 3), 
tangent to the sphere x?+-y?+z2=9 and parallel to the line 
x= 2y=—z, 
[Ans, w+2y42z=9; 2a—2y+z2=9. 
6. Find the equations of the spheres which touch the planes «=0, y=0, 


z=0, lie on the positive sides of these planes and are cut orthogonally by the 
sphere 


g2+ y2-+ 22—4e—6y+224+6=0., 
[Ans. a24y24+22—2(e+y4+2) +2=0, 22+ y2+22?—6(a+y+z)4+18=0. 


7. Find the equations of the spheres that pass through the points 
(—3, 4, 1), (—1, 0, —3), (0, 3, —3) and touch the line z=y, z=0. 


[Ans. a2%+y%+2%#+42—4y+422—0, 
6(v24 y2+22)4+40227—150y+327z+1323=0. 
8. Show that the line (x—«a)/l—(y—b)/m=(z—c)/n is touched by two 
spheres, each of which passes through the points (0, 0, 0), (2a, 0,0), (0, 28, 0). 
Show further that the distance between the centres of the spheres 1s 
Bo®—n2(u2-+b2-4c2) }B/n2, 
9. Find the equations of the tangent to the circlo through the three points 
(—3, 0, 1), (5, 1, —2), (0, 4, 2) at the point (—3, 0, 1). 


7 135 76 
10. Find the equation of the sphere inscribed in the tetrahedron formed 
by the planes whose equations are 


y+z2=0, 2+r=—0, e+y=0, e+y4+2=1. 
[Ans. a%4+y2422—2a(a+y+z)+a2=0, where (344/6)a=1. 
Ii. If A, A’ are points where the hnes y=mz, z=c ; y= —ma, z=—c, meet 
the shortest distance between them and P, P’ are the points, one on each of 


these lines, such that the sphere on PP’ as diameter cuts orthogonally the 
sphere on AA’ as diameter, show that PJ’ hes on the surface 


(1 —mm2)(y2— m212) = 22(z2—¢2), (B.U.) 


12. POP’ ig a variable diameter of the hyperbola x2/a2—y2/b2=1, z=0, 
and a circle is described in tho plane PP’ZZ’ on PP’ as diameter, Prove that 
as PP’O varies, the circle generates the surface 

(2+y2+22 a hn 24 42 
7] ) az b2 =x ¥ : 


13. A variable plane is parallel to a given plane z/a+y/b+z/c=0 and 
meets the axes in A, B, C. Prove that the circle A, B, C lies on the cone 


b c c a a b 


(D.U. Hons., 1959 ; B.U.) 
14, A straight line whose equations in one position are 


is rotated about the axis of Z ; prove that the surface generated is 
n? (e242) = (Iz+na—Ic)2+-(mz+nb—me)2. 
15. Find the equation of the system of spheres which touch Z-axis at the 


origin and pass through a fixed point (a, 6, c) ; show that all these spheres pass 
through a fixed circle. 
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16. Find the equations of the two spheres whose centres lie in the positive 
octant and which touch the planes 


x=0, y=0, z=0, x+2y42z=8a, 
[Ans. (i) 22+ y2422—2a(a2+y+2)4+2a2=0. (1%) 22 +y2422—8a(a+y+z)+32a2=0. 


17. Find the equation of the sphere which cuts orthogonally each of the 
four spheres 


24 y2+22—g2+452-+ 2, 24 y24224 2ar=a?2, 
e2+ yF+ 221 2hy—b2, ett y2+ 224 Icz—c2. (M.T.) 
2 3 2 2 2 2 
[Ans. mrp yrparp ote % $oe y +E + (a2 402-402) =0. 


18. Show that the locus of the centre of a variable sphere which cuts a 


fixed sphere S=0 orthogonally and is cut by another sphere S’=0 alonga great 
circle 1s the sphere S+S’=0. 


19. Prove that the locus of the centre of a variable sphere which cuts 


each of two given spheres in great circles is a plane perpendicular to their line of 
centres, 


20. Find the locus of the centres of spheres which touch the two lines 
Y=EmMIr, z= KC. 
[Ans. maxy+cz(1+m)?2=0. 


21. A sphere of radius R passes through the origin; show that the 
extremities of the diameter parallel to the X-axis lie one on each of the spheres 


e2py2t2242Rxr=0, (L.U. 1907) 
22. Show that the cone yz+z22+2y=0 cuts the sphere x?2+-42+4 22=a2 in 
two equal circles, and find their area. [Ans.  §na?, 


23. (¢) Find the angles between the lines in which the plane 
uxtoy+wz=0, 
cuts the cone 
ayz+bzr+cxry=0. 


[Ans. gan-WSv2a®— 2¥ bem] Suet 
Yavw 
(22) Show that the plane 
ax+by+cz=0, 
cuts the cone 
yz+2e+xry=0 
in two lines inclined at an angle 


aa ee 
~ Bbe-tea-+ab — 
(D.U. Hons. 1958) 
24. Show that the angle between the lines given by 
e+y+z2=0, ayz+ bex+cxy=0, 
is 
$n if a+b+c=0 and 4x if a~14 0-14+c-1=0. 
(D.U. Hons., 1959) 


25. Find the equation of the cone generated by straight lines drawn from 
the origin to cut the circle through the three points (1, 0, 0), (0, 2, 0), (2, 1, 1) 
and prove that acute angle between the two lines in which the plane x=2y cuts 
the cone is cos—1 4/(5/14). (M.T.) 


[Ans. 82z2?—zr—Bary+4yz=0. 
https:/ / t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
138 ANALYTICAL SOLID GEOMETRY 


26. A cone has for its guiding curve the circle 
v2 4 24 2ax+2by=0, z=0 
and passes through a fixed point (0, 0,c). Ifthe section of the cone by the 
plane z=0 is a rectangular hyperbola, prove that tho vertex lies on the fixed 
circle 
ee y2+ 224 2ar+2by=0, Zar +2by+cz=0. 
27. Planes through X-axis and Y-axis include an angle a ; show that locus 
of their lines of intersection is the cone 
22(e2+ 2-22) = 12? tan? «. 
28. Prove that the straight lines which cut two given skew lines such 
that the length intercepted is constant, are parallel to the generators of a 
circular cone whose axis lies along the line of shortest distance between the given 
lines. 
29. Show that the plane z=a meets any enveloping cone of the sphere 
22+ y2-+22=—q2 in a conic which has a focus at the point (0,0, a). (P. U. 1938) 
30. A point O is at a constant distance 2a from the origin and points 
P, Q, R are taken on the axes in such a way that OP, OQ, OR are mutually 
perpendicular. Prove that the plane PQR always touches a fixed sphere of 
radius a. (M.1T'.) 
31. Show that, in general, two spheres may be drawn to contain a given 
circle and to touch a given plane, If the circle hes in the plane z=0, and has a 
given radius a, and if the plane 1s v cos 0+< sin 0-0, show that if the distance 
between the centres of the two spheres 1s constant and equal to 2c, the locus of 
the centre of the circle is the pair of lines 
e==t/(u2+c2 cos? 0), z==0. (P. U. 1949) 
32. Find the equation of the right circular cone with the vertex 
(1, —2, —1), semi-vertical argle 60° and the line 
ae ee 
3 —4 5 
as its axis. Prove that the plane 3r—4y-}-5z=56 cuts it in a circle, Find its 
centre and radius, Find the equation of the right circular cylinder with the 
above circle as its base, (P.U. 1948) 
[Ans, 7.02~-7y?—25224+-48.cy + 80y2—E€0z~ + 224+4y+17024+78=0 
centre (+, —6, 4) ; radius 54/6, 
4142434y24 25224 Q4zy+40yz—3020 — 640 + 152y +4 1602—7236=0, 
33. At what angle does the sphere 
y2+y2% +22 Ir—4y—62+10=0 
intersect the sphere which has the points (1, 2, —3) and (5,0, 1) as extremities 
of a diameter, Find the equation to the sphere through the point (0, 0, 0) 
coaxal with the above two spheres, (P.U, 1948) 
[Ans. cos-1(—§%) ; 2(02+y2+422)— 1l4z—3y+4+ 82=0. 
34. A line with direction ratios 1: m:n is drawn through the fixed point 
(0, 0, a) to touch the sphere 
ert y2422—2ar=0. 
Prove that 
m2+2nl=0. 
Find the co-ordinates of the point P in which this line meets the plane 
z=0 and prove that as the line varies, P traces out the parabola 
y®=2ax, 2=0, 
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APPENDIX 


HOMOGENEOUS CARTESIAN CO-ORDINATES 
ELEMENTS AT INFINITY 


A.1. Let X, Y, Z be the cartesian co-ordinates of any point P 
and let 2, y, z, w be any four numbers such that 


x= a r=. Z= — (w0). 


Ww w Ww 


Then we say that x, y, z, w are the homogeneous cartesian 
co-ordinates (or simply homogeneous co-ordinates for the purposes 
of this book), of the point P. Also, if x y, z, w are the homogeneous 
co-ordinates of a point P, then the four numbers ka, ky, kz, kw, 
(£40) which are proportional to a, y, z, w are also the homogencous 
co-ordinates of the same point, for, 


k 
sees =X, etc. 
kwoOow 


In particular, (2, y,2,1), are the homogeneous co-ordinates of the 
point whose ordinary co-ordinates are (x, y, 2). 
Conversely, if the homogeneous co-ordinates of a point are 
(x, y, 2, w), then its ordinary co-ordinates are 
(a/w, y/w, z/w). 
A. 11. Equation of a plane in Homogeneous co-ordinates. In 
the ordinary cartesian equation, 
AX+BY+CZ+D=0, 
of a plane, if we change X, Y, Z to a/w, y/w, z/w, respectively, we 
obtain 
Ax+ By+Cz+Dw =90, 
which is the general equation of a plane in homogenous cartesian 
co-ordinates ; 7, y, 2, w, being the current co-ordinates. 


A. 12. Equation of a line in Homogeneous co-Ordinates. As 
above we can easily see that, in homogeneous cartesian co-ordinates, 
. ° ‘. , , . . F 
the equations of the straight Jine through (2, y’, 2’, w) with direction 
ratios 1, m, are 
aw —wa! yw’ —wy’ _ zw’ —we' 
l m ” 
Also, we may easily see that the equations of the line through 
(x, Y1> *1) Ww); and (2a, Yo, 2; Ws) are 
LWW YDy— YW _ Ay — 24D. 
HyWe—ToWy YW YaWy Wy 2 yy 
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Ex. Show that any point on the line joining 
7 (X1, Yr» 21, Wy) and (xg, Yq, 2g, Ug) 

1 
(ay berg, Yittyg, 21 +l2g, Wit lewg) 5 
t being the parameter. 

A. 2. Elements at infinity. Let (x, y, z, w) be the homogeneous 
co-ordinates of any point. If x, y, z are not all zero and w— 0 then, 
one at least of the three ordinary co-ordinates 2/w, y/w, z/w, tends to 
infinity. We find it convenient to express this idea by saying that 
(x, y, 2, Ww), when w=0 and 2, y, z are not all 0, 18 a point at infinity. 
The aggregate of the points (x, y, z, 0) where x, y, z take up different 
sets of values, not all zero, is the aggregate of the points at infinity. 
The equation of the locus of points at infinity is 


w=0, 
which being of the first degree, we say that the locus of the points at 
infinity in space is a plane and call it the plane at infinity. 


A. 21. Two parallel lines meet at a point at infinity. Consider 
the two parallel lines 


— 7) —_— mT! n 9 (4) 


Se i a a ale (ii) 
l mM Nn e @eas 


Putting w=0, we obtain 
Loom on’ 
for both (7), (22) so that we see that both the lines meet at the point 
at infinity (/, m, , 0). 
It is useful to remember that (1, m, n, 0) ts the point at infinity 
on every line with direction ratios l, m, n. 


A. 22. Line at infinity on a plane. The aggregate of points 
(x, y, z, w) which satisfy the equation 


w=0 ... (444) 
of the plane at infinity, and the equation 
Azx+ By+Cz+Dw=0 ...(2v) 


of any arbitrary plane, is said to be the line at infinity, on the 
plane (iv). 
Thus, for the line at infinity on the plane (iv), we have the 
equations 
Azx+By+Cz=0, w=0. 
A. 23. Two parallel planes have a common line at infinity. 
Putting w=0 in the equations of the two parallel planes 
Az+By+C2z+Dw=0, 
Az+ By+Cz+D'w=0, 
we see that they both contain the same line at infinity, viz., 
Ax+ By+Cz=0, w=0. 
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Note. The importance of the notions of ‘points at infinity’ and ‘lines at 
infinity’ lies in the fact that in certain cases we can replace directions of lines 
and orientations of planes by points and lines lying on the plane at infinity. 


A. 3. Illustrations. 
1. Find the equation of the plane through the points 
(1, 0, —1), (3, 2, 2) 
and parallel to the line 


ee ee ne enna SETS 


] —2 3 

In the notation of homogeneous co-ordinates, we are required to 

find the plane through the three points 
(1, 0, ==1, 1), (3, 2, 2; 1), (I, ee 3, 0); 

the last one being the point at infinity on the given line. 

The required equation is 

Az+ By+Cz+Dw=0, ...(1) 
where 4, B, C, D are to be determined from the three simultaneous 
linear equations 
A—C+D=0, 34+2B420+D=0, A—2B43C=0. 

Solving these for 4: B: C: D and substituting the values in (1), 

we see that the required equation is 


a—l y-—l_ 2-2 


4x—y—2z—6w=0 
1.€., 4x —y—2z—6=0, 
in the notation of ordinary co-ordinates. 

2. Find the condition for the lines 
C—%y_ YY _ 2% UH _ iY Yg_ 2% 2% 
my ty gg 

to be coplanar. 


In the notation of homogeneous co-ordinates, we see that the 
first line is the join of the points 


(%1, Y1, 2%, 1) and (4, my, m, 0) 
and the second is the join of 

(2, Ya, 22, 1) and (lg, mo, Mo, 0). 
The necessary and sufficient condition for the two lines to be coplanar 
is that these four points be co-planar for which we have the condition 


U1, Yi, %1,5 ] 


Le, Yo, 2, 1 


=0, 
l,, M15 1}; 0 


12, Mg, Ng, O 
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4.€., 1 — Xq, Yy— Ya, 2% — 2a, O 
v9, Yas 229 1 
= 0, 
bs M1, nm, O 
lo, My, Ng, O 
or Ly — X35 Y1— Yo, %1 — 2 
L,, m1; nm, |=0 
lo, Me, Ne 


which is the same as obtained in § 3°4, pp. 44-45. 

3. Regarding a cylinder as a cone whose vertex is a point at 
infinity, we can deduce the equation of the cylinder whose guiding 
curve is 

ax*+2hay +by?+ 29x+2fy+c=0, z=0 ..(1) 
and the direction ratios of whose generators are /, m, n, from the 
equation of the cone whose guiding curve is (1) and whose vertex is 
(x, B, Y). 

A. 4. Sphere in Homogeneous co-ordinates. Changing 2, y, z to 
z/w, y/w, z/w respectively in the general equation of a sphere, we sce 
that 

a? y?+t 22+ 2 few + Qgyw +2hew+dw?=0, ...(1) 
is the general equation of a sphere in Homogeneous cartesian co- 
ordinates. 

A. 41. Section of a sphere by the plane at infinity. Putting 
w=(Q in (1), we see that the section of (1) by the plane at infinity is 
the curve 

ety 4+22=0, w=0. ...(2) 

From the fact that the equations (2) do not involve the arbitrary 
constants f, g, h, d, we deduce that every sphere meets the plane at 
infinity in the same curve. The plane curve (2) which lics on every 
sphere is known as “The absolute circle,’”’ or the “Circle at infinity.” 


We shall now show that 

Every surface of the second degree which contains the circle at 
infinity 1s a sphere. 

To prove this, we consider the general second degree equation 
ax? + by? + cz?+2fyz+2gzx + Qhay+2prw + 2qyw +2rzw+dw?=0. ...(3) 

Putting w=0, we obtain 

ax*-+ by? + c2z*+- 2 fyz+ 2gzu-+ 2hay=0 
which will be identical with «?+ y?+2?=0, if, and only if, 
a=b=c and f=0, g=0, h=0, 


2.0 if (2) in a enhere. 
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A. 5. Relationship of perpendicularity in terms of conjugacy. 

Let 1, m, n, and I’, m’, n’, be the direction ratios of two lines. 
The points at infinity 

(I, m, m, 0), (2, m’, n’, 0) 
on these two lines will be conjugate with regard to the circle at 
infinity, if 
l’+-mm'+nn'=0 

4.¢., if the two lines are perpendicular. 


Thus, we see that two lines are perpendicular if the points at 
infinity on them are conjugate with regard to the circle at infinity. 


The lines at infinity 
ax+bytcze=0=w 3; a'x+b'y+c'2=0=w, 
on the two planes 
ax+ by+cz + dw=0, a’x-+-b'y+c'z+d'w=0, 
will be conjugate for the circle at infinity, if 
aa’ -+bb’'+ cc’ =0, 
1.e., if the two planes are perpendicular. 


Thus we see that two planes are perpendicular if the lines al infinit» 
on them are conjugate with respect to the circle at infinity, 

It may also be easily shown in a similar manner that a line is 
perpendicular to a plane if the pornt at infinity on the line is the pole 
of the line at infinily on the plane with regard to the circle at infinity. 
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CHAPTER VIII 
THE CONICOID 


The general equation of the second degree 


8:1. The locus of the general equation 
ax*+ by?+c2z*-+ 2 fyz + 2gex + 2hay+ 2ux+ 2vy+ 2wzt+d=0, 
of the second degree in 2, y, z is called a conicoid or a quadric. 


It is easy to show that every straight line meets a surface whose 
equation is of the second degree in two points and consequently 
every plane section of such a surface is a conic. This property 
justifies the name ‘‘Conicoid”’ as applied to such a surface. 


The general equation of second degree contains nine effective 
constants and, therefore, a conicoid can be determined to satisfy nine 
conditions each of which gives rise to one relation between the 
constants, e.g., a conicoid can be determined so as to pass through 
nine given points no four of which are coplanar. 


The general equation of the second degree can, by transfor- 
mation of co-ordinate axes, be reduced to any one of the following 
forms ; the actual reduction being given in Chapter XI. (The name of 
the particular surface which is the locus of the equation is written 
along with it.) 

1. 2?/a*+ y?/b?-+2?/c? =1, Ellipsoid. 

2. 2?/a?+ y2/b?+ 22/c?= —1, Imaginary ellipsoid. 

3. 22/a2 + y?/b?—z?/c2=1, Hyperboloid of one sheet. 

4. 2x?/a?—y?/b?—z2?/c?=1, Hyperboloid of two sheets. 

5. 2?/a?+y?/b?+27/c?=0, Imaginary cone. 

6. 27/a?+ y?/b?’—2z?/c? =0, Cone. 

7. w/a?+-y?/b®=22/c, Elliptic paraboloid. 

8. 2?/a*— y*/b® =2z/c, Hyperbolic paraboloid. 

9. 2/a?+y’/b?=1, Elliptic cylinder. 

10. 2/a*—y?/l*=1, Hyperbolic cylinder. 

11. x?/a?+ y?/b?=—1, Imaginary cylinder. 

12. 2x?/a?—y?/b?=0, Pair of intersecting planes. 
13. x?/a?+ y?/b?=0, Pair of Imaginary planes. 
14. y?=4az, Parabolic cylinder. 

15. y?=a’*, Two real parallel planes. 

16. y?=—a*, Two imaginary planes. 

17. y’=0, Two coincident planes. 

The equations representing cones and cylinders have already 
been considered and the reader is familiar with the nature of the 
surfaces represented by them. 
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In this chapter we propose to discuss the nature and some of the 
important geometrical properties of the surfaces represented by the 
equations 1, 2, 3, 4, 7, 8. 

8:2. Shapes of some surfaces. 

8°21. The Ellipsoid 

x? yy? 2? 
at tp tie sh 


ic2 
Uc 


7. 


Fig. 26 


The following favts enable us to trace the locus of this equation. 


(¢) If the co-ordinates x, y, 2 of any point satisfy the equation, 
then so do also the co-ordinates —v,—y,—z. But these points are on 
a straight line through the origin and are equidistant from the origin. 
Hence the origin bisects every chord which passes through it and is, 
on this account, called the centre of the surface. 


(2) If the point with co-ordinates a, y,z lies on the surface, 
then so does also the point x,y, —2z. But the line joining these 
points is bisected at right angles by the XOY plane. Hence the XOY 
plane bisects every chord perpendicular to it and the surface is 
symmetrical with respect to this plane. 

Similarly, the surface is symmetrical with respect to the YOZ 
and the ZOX planes. 

These three planes are called Principal Planes in as much as they 
bisect all chords perpendicular to them. Tho three lines of inter- 
section of the three principal planes taken in pairs are called 
Principal axes. Co-ordinate axes are the principal axes in the 
present case. 


(«i2) 2 cannot take a value which is numerically greater than a, 
for otherwise y? or 2? would be negative. Similarly y and z cannot 
be numerically greater than b and c respectively. 


Hence the surface lies between the planes 
T=A, L=—O , y=, y=—b ,2z=c, 2=—C 
and so is a closed surface. 
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(wv) The X-axis meets the surface in the two points (a, 0, 0) 
and (—a, 0,0). Thus the surface intercepts a length 2a on X-axis. 
Similarly the lengths intercepted on Y and Z-axes are 2b and 2c 
respectively. Lengths 2a, 2b, 2c intercepted on the principal axes 
are called the lengths of the axes of the ellipsoid. 

(v) The sections of the surface by the planes z=k which are 
parallel to the XOY plane are similar ellipses having equations 

xy? [2 . 

me) oe re k ; etl) 
k lying between —c and c. These ellipses have their centres on Z-axis 
and diminish in size as k varies from 0 toc. The ellipsoid may, 
therefore, be gencrated by the variable ellipse (1) as k varies from 
—c toc. 

It may similarly be shown that the sections by planes parallel 
to the other co-ordinate plancs are also ellipses and the ellipsoid may 
be supposed to be generatcd by them. 

Note. The surface represented by the equation 

wefee + y2/b2+4 -2/e2— — 1. 
which is not satisfied hy any real values of x, y, = is unaginary. 


8°22. The hyperboloid of one sheet 


abe ot 
Z 
/ 
\W/ x 
Fig. 27 


(1) The origin bisects all chords through it and is, therefore, the 
centre of the surface. 

(7) The co-ordinate planes bisect all chords perpendicular to 
them and are, therefore. the planes of symmetry or the Principal 
Planes of the surface. The co-ordinate axes are its Principal axes. 
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(iit) Tho X-axis mects the surface in points (a, 0, 0), (—a, 0, 0) 
and thus the surface intercepts length 2a on X-axis. Similarly the 
length intercepted on Y-axis is 2b, whereas Z-axis does not meet the 
surface in real points. 


(iv) The sections by planes z=k which are parallel to the XOY 
plane are the similar ellipses 


ad ay i? 


whose centres lie on Z-axis and which increase in size as & increases. 

There is no limit to the increase of k. The surface may, therefore, be 

gencrated by the variable cllipse (1) where k varies from -- 00 to +o. 
Again, sections by the planes x=k and y=k are hyperbolas 


2 2 2 9 2 } 
” 2 k x Zz k 
fal, =k; 7-2 =1-Gy=h 
b? c? as a2 ¢? 6? 

respectively, 

Ex. Traco tho surfaces 

. pe y2 22 ; ye y2 72 
(2) wet 2 =I, (72) ar: + pet gral 
8:23. The hyperboloid of two sheets 
x? 2 22 
y ea = 1. 


a2 b & 
(1) Origin is the centre; co-ordinate planes are the principal 
planes ; and co-ordinate axes the principal axes of the surface. 


(i) X-axis meets the surface in the points (a, 0,0) and (—a, 0, 0) 
whereas the Y and Z-axes meet the surface in imaginary points. 


(211) The sections by the planes z=k and y=k are the hyperbolas 


at? k? xt 2 k? 
oe po a se a ee 
respectively. 
Zz 
\ + x 
y 
Fig. 28 


The plane x=k cuts the surface in the ellipse 
2 2 2 
y a _ 
wet ge ge a 
which is imaginary for -a<k<a. Thus thero is no portion of the 
surface included between the planes x=—a,2=a. When k*>a* the 
section is a real ellipse which increases in size as k* increases. 
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The surface, therefore, consists of two detached portions, 
Ex. Trace tho surfaces 


() -<stye-aalk i) apes 
8:24. Central Conicoids. The four equations considered above 
are all included in the form 
ax? + by?+ce2*=1. .. (1) 
The surface is an ellipsoid if a, b, c are all positive, virtual 
ellipsoid, if all are negative, hyperboloid of one sheet, if two are 
positive and one negative ; and finally hyperboloid of two shects if 
two are negative and one positive. 


All these surfaces have a centre and three principal planes and are, 
therefore, known as central conicoids. 

On the basis of the preceding discussion, the reader would do 
well to give precise definitions of (¢) Centre, (it) Principal plane and 
(it) Prinetpal axis of a conicoid. 

In what follows, we shall consider the equation (1) and the 
geometrical results deducible trom it will, therefore, hold in the case 
of all the central conicoids. 

Ex. Show that the surface represented by the equation 

ae dby®@ter+2fyst2ger+2hry=d 
is a central conicoid ; origin being the centre. 

Note. Cone is also a central conicoid, vertex being the centre ; this fact is 
clear from tho general equation of a cone with ifs vertex at the origin. 


8°3. Intersection of a line with a conicoid. Jo find the points 
of intersection of the line 
cee kage ome ras (i) 
l mM n ~ 
with the central conicoid 
ax? +- by*+ cz?7=1. ».. (12) 
Any point 
(Ir+a, mr+8, nr+yYV) 
on the line (7) shall also lie on the surface (it), if 
a(lr-+ a) +b(mr+B)?-+c(nr-+Y)2=1, 
or 9(al?+ bm? + cn*) + 2r(ala+ bmB +enY) + (ax2-+ 82+ cy? -—1)=0. 
.. (A) 
Let 7;, 72: be the two roots of (A). Then 
(dry ta, mryt+B, ny+Y), Urz+a, mrztB, nr,+Y7) 


are the two points of intersection. 
Hence every line meets a central conicoid in two points. 


We also see that any plane section of central conicoid is a conic 


for every line in the plane meets the curve of intersection in two 
points only. 


The two values 7, and r, of r obtained from equation (A) are the 
measures of the distances of the points of intersection P and Q from 


nae (a, B, Y) provided J, m, n are the actual direction cosines of 
e line. 
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Note. The equation (A) of this article will frequently be used in what 
follows. 


Ex, 1. Find the points of intersection of the line 
—4(a+5) =(y—4) = 7(2—11) 


1242—17y247:2—7. 


with the conicoid 


[ Avs. Os ne —3), (—2, 3, 4). 
2. Prove that the sum of tho squares of the reciprocals of any three 
mutually perpendicular semi-diamecters of a central conicoid is constant. 


3. Any three mutually orthogonal lines drawn thiough a fixed point C 
meet the quadric 


ar2+by2+cs%= | 
in Py, Ps 3 Q1, Qe 3 Ry, Rg, respectively ; prove that 
PP? QiQe2 Ry Re? 
CPC 2 CQ12.CQ_2 CRA. Rot 
I 1 1 


and CPyCP,* ¢ Q1.C Qe CRACK, 


wie constants, 


8°31. Tangent lines and tangent plane at a point. 


Let 
v—a_y-B 2-7 6 
l mh n 
be any line through the point (a, 8, Y) of the surface 
ax’ + by?+ cz?-=1, coat?) 
so that 
az?-| bb? + cy7=1. ... (002) 


One root of the equation (A) § 8°3 is, therefore, zero. 
The line (2) will touch the conicoid (i) at («, 8, Y) if both the 
values of r given by the equation (4) § 8°3 are zero. 
The second value will also be zero, if 
ala+bmB +-cny = 0, ...(2U) 
which is thus the condition for the lne (¢) to be a tangent line to the 
surface (22) at («, 6, 7). 
The locus of the tangent lines to the surface, at (x, 8, Y), 
obtained by eliminating J, m, 2 between (+) and (72), is 
aale—a) + bby - B) + eY(2—7) =0, 
or 
aax +bBy+cY¥z=aa*-+ bB?-+cy?=1, 
which is a plane. 
Hence the tangent lines at («, 8, Y) lie in the plane 
aax 4-bBy4cyz=1, 
which is, therefore, the tangent plane at («, 8, Y) to the conicoid 
ax*+-by*+cz?=1, 


Note. A tangent line at any pointis a line which mec ts the surface in two 


coincident points and the tangent plane at a point is the lecus of tangent lines 
at the point. 
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8°32. Condition of Tangency. 7’o find the condition that the plane 


lxe-+-my-+nz=p, wo(2) 
should touch the contcoid 
ax? + by*+cz*=1. ..- (04) 
If (a, B, Y) be the point of contact, the tangent plane 
aaxr+ bBy+cyz=1, ... (00) 


thereat should be the same as the plane (7). 
Comparing the two equations (2) and (i), we get 


and since 


ax*+bB?+cy?=1, 
we obtain the required condition 


Also the point of contact, then, is 


l m mn 
Ge bp ’ a 
Thus we deduce that the planes 
Ix+my-+nz=-+ 4/(P/a+m?/b+ n*/c) 
touch the conicoid (72) for all values of J, m, 7. 


8°33. Director Sphere. Zo find the locus of the point of inter- 
section of three mutually perpendicular tangent planes. 


Let 
1.2 2 : . 
tetmgenema/ (ieee) 7 
2 2 2 
(c+ moy + nema f (2-4 aoa , (ii) 
2 2 2 
betmytnem a / (SHE HE 1. (ii 


be three mutually perpendicular tangent planes so that 
Lym, = LM yn, == LN, =O, 
2 San ... (iv) 
The co-ordinates of the point of intersection satisfy the three 


equations and its locus is, therefore, obtained by the elimination of 
l,, ™,, 71 ; ly, Ma, Ne; ls, m3, Ng. 


This is easily done by squaring and adding the three equations 
and using the relations (tv), so that we obtain 


x?+y2+7?=1/a+1/b+1/ce, 


as the required locus which is a concentric sphere called the Dzrector 
sphere of the given quadric. 
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Examples 


1. Find the equations to the tangent planes to 
Txe%— 3y?—27-+-21=0, 
which pass through the line, 
Tz —6y+9=3, z=3. 
Any plane 
Tx—6y+9-+ k(z—3)=0, 
1.€., Ta—6y -ho=ed3k—9, 
through the given line will touch the given surface 
Tat by? — 27+ 21=0 


nes 3a t a=, 
2 _ «)2 2 
if — +! _ + : == (3h—-- 9)? 
ae ? 91 
1.€., if 2h? 4-9h+4 4-0. 


This gives 
hka=—4, —~1. 

Therefore the required planes are 

Te— Oy—-dz+21=0, 

Tx— Oy—42e+73=0. 
2. Obtain the tangent planes to the ellipsoid 

x Ja* + y"/b° + 27/0°=1, 
which are parallel to the plane 
le { my + ne=0., 


151 


If 2ris the distance between two parallel tangent planes to the 
ellipsoid, prove that the line through the origin and perpenticular to the 


planes lies on the cone 
a*(a®— 77) + y?(b" — 4?) + 2? (ce? — 9?) = 0 
The tangent planes parallel to the plane 
Ses 0, 
are 


Tle=+6/Tel?. 


r?)=0. 
(D.U. Hons., 1947, 1959) 


...(1) 


The distance between these parallel planes which is twice the 


distance of either from the origin is 


Thus we have 
QD . /S 4972 
2of2a'l = Dy 
a/ 21? ~? 


or 
Y(a—r*)P=0. 
.. the locus of the line 
a/t=y/m=z/n, 
which is perpendicular to the plane (1), is 
LX(a?~ r*)a2?= 0, 
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3. The tangent planes to an ellipsoid at the points P,, P,, P3, P: 
form a tetrahedron A,A,A3A,4 where A, is the vertex which is not on 
the tangent plane at P,. Prove that the planes 


A,A,P3, AyAgP3, AyAaPy 
have a line in common. 
The tangent planes at points 
P4(2y, Yt; 1), Pol®e, Yo, 22), Pa (te, Yas %3), Pala, Yas 2) 
to the ellipsoid 


are 
(i) Se a1, at) SE = 


a. Dig 2 ze 


(iii) PtP +B=1, (iv) rp 
respectively. via: or A, is the intersection of the planes 
(12), (a2), (cv) 
and A, is the intersection of the planes 
(1), (a2), (tv). 
Thus the line A,.4, is the line of intersection of the planes (22) 
and (iv). Also P, 1s (x, Ye, 22) 
We may now easily show that the equation of the plane 4,4,P, 


4 TL Udy af BOL Loug 
(24-1) )-(2 1) EH) 


a the two Ayl3P3 and A,44P, are 


(5-1 )( 2) (25-121) 
(28a 91) - (28-1) 2%), 


From these it follows that these three planes all pass through 
the line 


(21 (F-29148) 
(8-1 (2%) 


Exercises 
1. Show that the tangent planes at the oxtremities of any diameter 
of a central conicoid are parallel. 


2. Show that the plane 3x04 12y—6:—17=+0 touches the conicoid 
322— 6y2+9z22+417=0, and find the pomt of contact. 


al 


18 


Hence the result. 


[Ans. (—I, 2, 2/3). 
3. Find the equations to the tangent planes to the surface 
422—5y24 7224 130, 
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parallel to the plane 
4x4 20y—21z2=0, 
Find their points of contact also, 
[Ans. 42+20y—21z4+13=0; (+41, 4, 53). 
4. Find the equations to the two planes which contain the lne given by 
Te+1l0y—380=0, 5y—3z=0 
and touch the ellipsoid 
72:24 5y2-+322= 60, (A.U. 1930) 
[d4nes. 7x-+5y+3z—30=0, 142+57+49z—60=0. 
5. P, Q are any two points on a central conicoid. Show that the plane 
through the centre and the line of intersection of the tangent planes at P, Q will 
bisect PQ. Also show that if the planes through the centre parallel to the 
tangent planes at P, Q cut the chord PQ in P’, Q’, then 
PP’=QQ’. 
6. Prove that the locus of the foot of the central perpendicular on varying 
tangent planes of the ellipsoid 
is the surface 
(x? + y24. 22)2 — g2y2-4 O2y2+ ¢222, (B. U. 1915) 
7. Find the locus of the perpendiculars from the origin to the tangent 
planes to the surface 


vw /a2+ y2/b2+4 22/c2= 1 
which cut off from its axes intercepts the sum of whose reciprocals is equal to a 
constant I/k. 


[Ans. a%v2+ b2y24-c%2== k2(r4 yt z)2, 
8. Show that the lines through («, 8, y) drawn perpendicular to the 
tangent planes to 
22 /a2+ y2/b24 22/2 = | 
which pass through it generate the cone 
|a(u—a) +B(y—B) + (2—y) ]? =a? (aa)? 4-62 (y—B) 24 02(2—y)2, 
9. If P is the point on the ellipsoid 2?42y?4122=1 such that the 


perpendicular from the origin on the tangent plane at P is of unit length, show 
that P hes on ono or other of the planes 3y = 2. 


8°34. Normal. 


Def. The normal at any point of a guadric is the line through the 
point perpendicular to the tangent plane thereat. 


The equation of the tangent plane at («, 8, Y) to the surface 
ax®+by*+c2z*=1, ...(2) 
iS 
anx+t bly -+cY¥z=1. »». (40) 


The equations to the normal at («, 8, Y), therefore, are 


= ron =" PO) 
so that aa, 68, cY are the direction ratios of the normal. 


If. p, is the length of the perpendicular from the origin to the 
tangent plane (27), we have 


4+ 
a'a +b2p? +c? P > 
or (axp)?+ (bBp)?+ (cYp)?=1, 


which shows that aap, b8p, cYp are the actual direction cosines of 
the normal at (a, B, Y). 
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8°35. Number of normals from a given point. 
If the normal (iii) at a point («, 6, Y) passes through a given 


point (f, g, h), then, 
f-«_g-B_h-Y _ 


ae 63 cy ny 
. _ Ff .. g _ A ’ 
°° 1+ ar’ ae ae au) 
Since («, 8, Y) lies on the conicoid (¢), we have the relation 
af? by" an 
(iar)? (1+-bry2 (Fer) ae 


which, being an equation of the sixth degree, gives six values of 7, 
to each of which there corresponds a point (a, 6, Y), as obtained 
from (vv). 

Therefore there are six points on a central quadric the normals 
at which pass through a given point, t.e., through a given point, six 
normals, in gencral, can be drawn to a central quadric. 

8°36. Cubic curve through the feet of normals. The feet of the 
six normals from a given point to a central quadric are the intersections 
of the quadric with a ceriain cubic curve. 

Consider the curve whose parametric equations are 

i g h 
C= y= 2= = (Vi 
L+ar? 7 14+ br’ l+cr (o) 
where r is the parameter. 

The points (x, y, z) on this curve, arising from those values of r 
which are the roots of the equation (v) are the six feet of the normals 
from the point (f, g, h). 

Again, the points of intersection of this curve with any plane 

Ax+ By+Cz+D=0, 
are given by 
ee ee 
ltar 1+4+6r l-+er ; 
which determines three values ofr. Hence the curve (vi) cuts any 
plane in three points and is, as such, a cubic curve. 

Therefore, the six feet of the normals from (f, 9, h) are the 

intersections of the conicoid and the cubic curve (v2). 


8°37. Quadric cone through six concurrent normals. The six 
normals drawn from any point to a central quadric are the generators 
of a quadric cone. 


We first prove that the lines drawn from (f, g, h) to intersect 
the cubic curve (#7) generate a quadric cone. 


If any line 


x—f y-—g_z—h 
=I 8 ... (vie) 


l m nN 
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through (/, g, 4) intersects the cubic curve, we have 


2 9 
hag e _1+or J _i+ter h 
l ~~ om ~ n 
- afjt _ bglm__ch/n 


l+ar 1+br l+ter’ 
whence eliminating 7, we get 
ch 


af bg 
7 (b—0) += (c—a) + ~-(a—b) =0, 


which is the condition for the line (viz) to intersect the cubic 
curve (v2). 


Eliminating 1, m, n between the equations of the line and _ this 
condition, we get 
af(b—c) , bg(c—a) , ch(a—-b 
nf(b—c)_, bg(e—a) _, ch(a—b) 
a—f y-g z—h 
which represents a cone of the second degree generated by lines 
drawn from (f, g, 2) to intersect the cubic curve. 
As the six feet of the normals drawn from (f, 9, h) to the quadric 


lie on the cubic curve, the normals are, in particular, the generators of 
this cone of the second degree. 


==), 


Note. ‘Cheimportance of this result lies in the fact that while five given 
concurrent lines determine a unique quadric cone, the six normals through a 
point he on a quadri¢c cone, t.e, the quadric cone through any of the five normals 
throuyh a point also contains the six normals through the point. 


8°38. The general equation of the conicoid through the six feet 
of the normals. 


The co-ordinates (a, 8, Y) of the foot of any of the six normals 
from (f, g, h) satisfy the relations 


a—f P-9_%—* 
an bB cy 
Hence we see that the feet of the normals lie on the three 
cylinders 
ax(y—g)=by(x—f) or (a—b)xy—agx+bfy=0, 
. h)=cz(y—g) or (b—c)yz—bhy+cgz=0, 
a—f)=ax(z—h) or (c—a)zx—cfz+ahr=0. 
The six “i of the normals are the common points of the three 
cylinders and the conicoid 


ax* + by? + cz*=1. 
Tbe equation 
ax? + by*?-+cz?—1 +h, [zy(a—b) —agz-+ bfy]+ 
ko[yz(b—c) — bhy +-cgz] + ks[za(c— a) —cfz+aha]= 


is satisfied by the six feet of the normals and contains three lee 
constants k,, k,, ks. Therefore it represents the general equation of 
the conicoid through them. 
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Examples 


1. The normal at any point P of a central conicoid meets the three 
principal planes at Gy, G., G3; show that PG, PG.,, PGs, are in a 
constant ratio. 


The equations of the normal at («, 8, Y) are 
E—-a% _ Y-B_z—-Y 
axp DbBp cYp- 
Now since aap, bBp, cYp, are the actual direction cosines each 
of these fractions represents the distance between the points 


(a, B, Y¥) and (a, y, z). 
Thus the distance PC), of the point P(«, 8B, ¥) from the point G, 
where the normal mects the co-ordinate plane x=0 is 
—lfap. 
Similarly PG,=— 1/bp, ae ee 
Ee PG,: PG, : PG, 6-2: 67), 
2. Show is the lines pao ithe the origin parallel to the 
normals to 
ax* + by?+cz*=1, 
at its points of intersection with the planes 
lx+my+nz=p, 
generate the cone 


(e+ 42 ae “(2+ $y 4M). 


b 
Let f, g, h be any point on the curve of inieection of 
ax® + by?+c27=1, le+my+nz=p. ...(1) 
The normal to the quadric at (f, g, A) is 
u—f yay _z-h 


af bg ch 
The line through the origin paralel to this normal is 
cu Y¥Y 2 


af by ch 
Also (f, g, h) satisfies the two equations (1) so that we have 
af?+bg?+ch?=1, lf-+mg+nh=p. ...(3) 


The required locus is obtained by eliminating f,g, h between 
(2) and (3). 
The equations (3) give 
2 
af ?+-bg?+ chan (Uma tn ...(4) 
p 
which is a second degree homogencous expression in f, g, 4. From 
(2) and (4), we can eauily obtain the required locus. 
3. Prove that two normals to the ellipsoid 
Ln 
be 
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lie in the plane 
le+my+nz=0, 
and the line joining their feet has direction cosines proportional to 
a? (b’—c?)mn, b?(c? — a?) nl, c?(a® — b*)lm. 


Also obtain the co-ordinates of these points. (M.T.) 
Let (f,9,h) be any point on the ellipsoid. The normal at the 
point is 
e—f_y-g_z—h 


_ ——— 


oe a — Alee” 
This hes in the given plane. if 
lf+mg+nh=0, 
Lfja?+ mg/b* + nh/c?=0. 


These give 


fla _ gible EPP 
amn(b?—c?) — bnl(c2—a2) —clan(a®-~ 6°) 4/ 2a?m?n?(b® — c?)* 
_, 


/ 2a*m?n? (b? —c*)? 


Therefore the required two points are 
a?’mn(b? — c?) b’nl(c? — a”) c’lm(a>— ay) 
E — d 9 = do ’ = d 
where d==4/Za?m?n?(b? —c?). 
The direction cosines of the line joining these points are propor- 
tional to 
a’mn(b?—c"), ete. 
4, Prove that for all values of A, normals to the conicoid 
x y" 
ap at int apa oh 
which pass through a given point (x, B, Y) meet the plane z=0 in points 
on the conic 
(b? —c?)8a + (c?—a*)ay+ (a?—b*)ay=0, z=0. 


It can be shown that the equation of the quadric cone containing 
the normals to 


a y 
ath? BL ta 2h 1, 
drawn from the point («, B, Y) is 


ee ¢ 9:97 
“arta ° b?-+7 Fotn er =” ($ 8°37) 
1.€., ae ua ==(); 
xL—a 


Thus it mects the plane z=0, where 


a.(c? — b*) + B(a?—c’) 


a (b?—a?) =0, 
%— 0 y—B 
or a(y—B)(c? —b?) + B(x —a)(a® — c?) —(x—«)(y—B)(b’ a”) =9, 
or (b? —c*) Ba + (c?— a*)ay + (a? —b*)ry=0. 
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Exercises 
1. If a point G be taken on the normal at any point P of the ellipsoid 
a2 fa? + y2/b2+ 22/c%=51 such that 
3PG =PG,+PG,4+ PGs 
show that the locus of @ 1s 
atx b242 0222 _ i] 
(2a2— 2 —c2)2 © (2b2—c2—a2)2  (2ce2@—a2—)2)2 9 
2. Ifalength PQ be taken on the normal at any point P of the ellipsoid 
a2/a2+ y2/b24-22/c%= 1 
such that PQ=k?/p where k is a constant and p is the length of the perpendicu- 
lar from the origin to the tangent plane at P, the locus of Q 1s 
a222 6212 e222 
(a2 A2)2 (2 KAA (CER 
3. Show that, in general, two normals to the ellipsoid 
a? a+ y2/b2+ 22/c2= 1] 
he im a given plane. Determine the co-ordinates of the two points on the ellip- 
soid the normals at which lie in the plane 
by —cz=}(b%—c?). 


gl. 


[Ans. (4e/}a, 3b, dc). 

4. Show that the locus of points on a central quadric, the normals at 

which intersect a given diameter is the curve of intersection with a cone having 
the principal axes of the quadric as generators, 


5, Show that tho normals at the points (71, y;, 21), and (v9, Ye, 29) to 
x2 fa2+ 2/624 22/c2— 1] 
intersect, if 
(b2—c).ry , (c2—a®)y, | (a?@—b?) 2 _ 
Ss Games Yi-Ye 24 —“2 
and that if (f, g, h) be their point of intersection, 


1 ] 1 1 1 1 
1a) m) 
ty Yt Ya “1 m9 


Deduce that ‘the points on the surface, normals at which intersect tho 
normal at. a given point, lio on a quadric cone having its vertex at tho given 
point. 

6. Prove that six normals drawn from any point toa central conicoid 
meet a principal plane m six points which he on a rectangular hyperbola. 

7. The normals at six points on 22/q2+ y2/b?+ -2/c2=1 meet in the point 
(f, 9g, h) ; show that the mean position of the six points is 

—f (b?+c2—2a*)a® = —9(c?+a2—2b?)b? = —h(a?+6?—2c?)c2 
3(a2—b2)(a2—c2) * 3(b2—c2)(b2—a2) * 3(c2@—a2)(c®@—b2) 


84. Plane of contact. The tangent plane 


, 


axx' + byy’ + cz2z'=1, 


at (xv’, y’, z’) to the quadric ax*+by?-+cz?=1, passes through («,8,Y), 
i 


0, 


aux’ + bBy’+cY¥2’=1. 
This shows that the points on the quadric the tangent planes at 
which pass through the point (x, B, Y) lie on the plane 
aax+ bBy+cYz=1, 
which is called the plane of contact for the point («, 6, ¥). 
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8°5. The polar plane of a point. Jf any secant APQ through a 
given point A meets a conicoid in P and Q and a point R be taken on 
this line such that points A and R divide the line PQ internally and 
externally in the same ratio, then the locus of R is a plane called the 
polar plane of A. 

It may be easily seen that if the points A and R divide PQ 
internally and externally in the same ratio, then the points P, Q@ divide 
AR also internally and externally in the same ratio. 

F a A, be a point (a, 8, Y) and let (x, y, z) be the co-ordinates 
of &. 

The co-ordinates of the point which divides AR in the ratio 
A: lare 

Atta Aydt-B Az+y 
A+1” A+1? A+1/ 
This will Jie on the conicoid 
ax®+ by?+cz?=1, 
for values of A which are the roots of the aye 
Ax +o Ay + 8 Az+Y 
Ra) tC) teCag) 
e., A*(ax?-+ by? + cz?—1) + 2A(axx + bby + c¥z—1) 
+ (ax?+ bB?+cy?—1)=0. ...(1) 

The two rootsA,, A, of this equation are the ratios in which the 
points P, Q divide the line 4R. Since P, Q divide AR internally and 
externally in the same ratio, we have 

A,+ A,=0, 


so that, from (1), 
axx-+bey+cy¥z—1=0. saa (2) 
Now (2) is the relation between the co-ordinates (x, y, z) of the 
point R. Being of the first degree, the equation (2) represents a 
plane. 
Thus the polar plane of the point (a, 8, Y) with respect to the 
conicoid 


ax®-+tby'+cz?=1, 


aux + bby+cyz= 
Any point is called the pole of its polar plane. 


Note. The reader acquainted with cross ratios and, in particular, harmo- 
nic cross ratios, would know that the fact that the points P, Q divide AR 
internally and eaternally in the saine ratio 1s also expressed by the statement 


(AR, PQ)=—l. 
This is further equivalent to the relation, 
2 1 

AR™ AP* AQ’ 


is 


Cor. The polar plane of a point on a conicoid coincides with 
the tangent plane thereat and that of a point outside it coincides with 
the plane of contact for that point. 
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Ex. 1. Show that the point of intersection of the tangent planes at three 
points on a quadric is the plano of the plane formed by their points of contact. 


Ex. 2. Find the pole of the plane /x+my+nz=p with respect to the 
quadric az? + by2+e22=1. [Ans. l/ap, m/bp, nfep). 


8°51. Conjugate points and conjugate planes. 


It is easy to show, that if the polar plane of a point P passes 
through another point Q, then the polar plane of Q passes through P. 
Two such points are called Conjugate points. 


Also, it can be shown that if the poleof a plane « lies on another 
plane 8, then the pole of B lies on «. 


Two such planes are called Conjugate planes. 
8°52. Polar lines. Consider any line 
se po a A 


l m nN 
The polar plane of any point (lr+a, mr+8, ar+Y) on this lir 
1s a(Ir+a)x+d(mr+8)y+e(nr+Yy)z=1, 


or 
aux + bBy + c¥z---1+-r(alx+ bmy + cnz)=0, 
which clearly passes through the line of intersection of the planes 
aux + bBy+c¥z—1=0, 
and 
alx+bmy + cnz=0 
for all values of r. 


Thus the polar planes of all the points on a line J jpass through 
another line l’. 


Now, as the polar planes of any arbitrary point P on I passes 
through every point of 1’, therefore the polar planes of any point on 1’ 
will pass through the point P on/and, as P is arbitrary, it passes 
through every point on J, 2.e., passes through J. 


Hence if the polar plane of any point on a line ? passes through 
the line 7’, then the polar plane of any point on J’ passes through J. 


Two such lines are said to be polar lines with respect to the 
conicoid. 


To find the polar line of any given line, we have only to find the 
line of intersection of the polar planes of any two points on it. 
- $°53. Conjugate lines. 
., Het 7, m,‘ be any two lines and 1’, m’, their polar lines. Let m’ 
intersect I-at a point P. 
We shall now show that the line J’ also intersects the line m. 


As P lies on m’ and also on J, its polar plane contains the polar 
lines m and lI’ of m’ and I respectively 7.e., the lines m and 1’ are 
coplanar and hence they intersect. 


Hence if a line J intersects the polar of a line m, then the line m 
intersects the polar of the line /. 


Two such lines / and m are Conjugate lines. 
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Example 
Find the locus of straiyht lines drawn through a fixed point (a, 8, Y) 
at right angles to their polars with respect to 
ax? + by®+cz2=1. (P.U. 1937) 
Let 


i a a sa(l) 
be any line perpendicular to its polar line. Now the polar line of (1) 
is the intersection of the planes 
aax+bBy+cYz=1, 
alz+bmy-+cenz=0. 
If A, uw, v be the direction ratios of this line, we have 
avA+bBu+tcYv=0, 
alA-+-bmp.+ cnv = 0. 
These give 
an _ bu _ ow 
my yaa mae 


Because of perpendicularity, we have 


Ih my+nv=0. 
csc Ld A a Lc) 
: 7 b Co 


or amn (+ ~—)+ Bnd (— a - )+ Yin — —~-)=0, 


asl 1 Bl 1 Y sl 1 
al race ae a } ora ee -7)=0. eke) 
Eliminating I, m, x between (1) and (2), we sce that the required 
locus is 


sile-z tye a t+) — 
Exercises 


1. Prove that the locus of the poles of the tangent plancs of 
ax?-+ by2-+-cz?= 1, 
with respect to 
ax2+By2+yz2=1, 
is the conicoid 
pclae 9 ae Se 
a b c 


2. Show that the locus of the poles of the plane 
le+my+nz=p, 
with respect to the system of conicoids 
a” + yg 
atpn b8p dX. tA 
where d is the parameter, is a straight line perpendicular to the given plane. 


1, 
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3. Show that the polar line of 
(*x—1)/2=(y—2)/3=(z—3)/4 
with respect to the quadric 
g2— Qy2%+-322—4=(), 
is 
(x46) /3=(y—2)/3=(2—2)/1. 

4. Find the locus of straight lines drawn through a fixed point (f, g, h) 

whose polar lines with respect to the quadrics 
ax?+ by?+cz2=1 and ax2+By?+yz2=1 

are coplanar. 


[Ans. pea =0, 
5. Show that any normal to the conicoid 
ce ae exif 
patq pot+q pet+q — 
is perpendicular to its polar line with respect to the conicoid 
a2 yt | 22 
6. Find the conditions that the lines 
T—a Y-B_z—y¥ a 0! y—B’_ 2z—y’ 


— 
ee SO ———o re = 


l m nu l’ nm’ n’ 
should be (2) polar, (¢) conjugate with respect to the coincoid 
ax2+-by2+cz? = 1. 


[Ans, (2) Dawa’=1, Daa’l=0, Daal’ =0, Dall’ =0 
(22) (Daal’) (Yaa’l) =(Dall’)(Saaa’—1). 
8°61. The enveloping cone. Def. The locus of tangent lines to 
a quadric through any point is called the enveloping cone. 
To find the enveloping cone of the conicoid 
ax? +t by? + c2’*=1, 
with its vertex at (a, B, Y). 
Any line 
aan al scat dl 6) 


l m n 
through («, 8, Y) will meet the surface in two coincident points if the 
equation (A) of §8°3 has equal roots, 1.e., if 
(ala + bmB+cny)?= (al? +bm? + cn?)(ax?+b8?+cy?—1) — ...(a) 
Eliminating /, m, n between (i) and (22), we obtain 
{aa(x — «)+b8(y—B)+eY(z—Y))? 
= [a(x—a)*-+b(y—8B)? + c(z—Y¥)?] (aa?+ bB?-+ cy*—1), 
which is the required equation of the enveloping cone. 
If we write 
S=azx?+ by?+cz*—1, 8S; =aa?+b8?+cy?—1, Ty=aex+bBy+cyz—1, 
we see that the equation of the enveloping cone can briefly be written 
as 


(T; —§,)?= (S—27; +8)8), 


or 


SS,=T?, 
i.€., (aa?+ by®+cz*— 1° «02+ 08*-+ cy?—1) = (aax+-bpy+cyz—1)%. 
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Note. Obviously the enveloping cone passes through the points common 
to the conicoid and the polar plane aax+bpy+czy=1 of the vertex (a, B, ). 


Thus the enveloping cone may be regarded as a cone whose vertex is the 
given point and guiding curve is the section of the conicoid by its polar plane, 


Exercises 


A point P moves so that the section of the enveloping cone of 
2/a?-Ly2/b2d 22/2] with P as vertex by the plane z=0 is a circle ; show thas 
P lies on one of the conics 


2 x2 
3 t- + z=, o=0 ; 
2. Ifthe section of ie enveloping cone of the ellipsoid 
whose vertex is P by the plane z=0 1s a rectangular hyperbola, show that the 
locus of P is 


ge 
apt wal y=0. 


2 2 2 
iit: =. (Agra, 19 38) 


3. Find the locus of points fans which three mutually perpendicular 
tangent lines can be drawn to the conicoid ax*+ by2+cz2?=1. 
[Ans. a(b+ c)x2+b(c+a)y2+c(a+b)z2=a+b+e. 
4. A pair of perpendicular tangent planes to the ellipsoid 
x? |a2+ y2/b2+ 22 /c2= 1, 
spasses through the fixed point (0, 0, &). Show that their line of intersection lies 
on the cone 
v2(b2 4 c2—k2) + 32(c2+-a2—k?) + (z—k)?2(a2 +52) =0, 
(D. U. Hons. 1949) 


[The required locus is the locus of the line of intersection of perpendicular 
tangent planes to the enveloping cone of the given ellipsoid with vertex at 


(0, 0, k).] 
8°62. Enveloping Cylinder. Def. The locus of tangent lines toa 
quadric parallel to any given line is called enveloping cylinder. 
To find the enveloping cylinder of the conicoid 
ax® + by*®-+c2z4*=1 
with its generators parallel to the line 


——— FD re cme 
e 


Let («, 8, Y) be any point on the enveloping cylinder, so that the 
equations of the generator through it are 
x—-a y-B 2-VY 
Ll ~~ mm n- 
As in § 8’61, the line (7) will touch the conicoid, if, 
(ala -+bmB +cnyY)?= (al? + bm?+ cn?) (ax?+-bB?+-cy?—1). 
Therefore the locus of («, 8, Y) is the surface 
(ax* + by?-+cz*—1)(al?+bm?+ cn?) = (alx+bmy+cnz)’, 
which is the required equation of the enveloping cylinder. 


Note. Equation of Enveloping cylinder deduced from that of Enveloping 
«one. Use of elements at infinity. Since all the lines parallel to the line 
xe[l=y/m=z|n 
pass through the point (/, m, n, 0) which is, in fact, the point at infinity on each 
member of this system of parallel lines, we see that the enveloping cylinder is 
the enveloping cone with vertex (1, m, n, 0). 


https://t.me/ pdf4exams 


(i) 


Downloaded from https:/ / t.me/ civilsbuzz 
164 ANALYTICAL SOLID GEOMETRY 


The homogeneous equation of the surface being 
ax®+ by2+ cz2—12—0, 

the equation of the enveloping cylinder is 

(ax®+ by? cz2— t2) (al? brn 2+ en?—0) = (ale-+bmy+enz—t.0)?2 

(SiSy= 2?) 
so that in terms of ordinary cartesian co-ordinates, this equation is 
(aav2+ by2+ cz?—1) (al?-++bm*?+ en?) =(ale-+bmy+enz)2. 

Note, Clearly the generaters of the enveloping cylinder touch the quadrie 
at points whero it is met Ly the plane ala+bmy+enz=0 which is known as the 
plane of contact, 


Exercises 


1. Show that the enveloping cyhnders of the ellipsoid 
av + by®+cz2= 1, 
with generators perpendicular to Z-axis meet the plane <=0 in parabolas. 

2. Enveloping cylinders of the quadric av?+by2+c:2—1 meet the plane 
z=0 im rectangular byperbola ; show that the central perpendiculars to their 
planes of contact generate the cone 

b2ex2 4 a2ey2?+ablatb)c2=0. 
3. Prove that the enveloping cylinders of the ellipsoid 


. 3) 
ae y" a, 
aetee - ~~ =], 
a b2 " ¢e 


whose generators are parallel to the lines, 


meet the } lane <=0 in circles. (P. U. 1937p 
8°71. Locus of chords bisected at a given point. Section with a 
given centre. 
Let the given point be («, B, Y). 
If any chord 


—- (Gite 25 Bema 


slat esl ce A .(L) 


of the quadric az®-+ by?+ cz*=1 is bisected at (a, 8B, Y), the two roots 
r, and r, of the equation (A) of § 8°3 are equal and opposite so that, 
7, +7.=0, and therefore 
ala+ bmB-+-cny =0, (2) 

Therefore the required locus, obtained by eliminating J, m, n,, 

between (1) and (2), is 
aa(x—a) + b8(y—B)-+cY(z—Y)=9, 
which is a plane and can briefly be written as 
(i =}. 

The section of the quadric by this plane is a conic whose centre 
is (a, 8, Y) ; for this point bisects all chords of the conic through it. 

Cor. The plane which cuts ax*+by*+cz*=1, in a conic whose 
centre is (a, B, Y) 2. 

Saar= Daa?, 
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Example 
Triads of tangent planes at right angles are drawn to the ellipsoid 
x*/a2+ y?/b%?+27/c2=1. Show that the locus of the centre of section of the 
surface by the plane through their es 2 contact is 


ay? + 2—(H4+4 ae 2) (at +4 c*). 


Suppose that («, 8, Y) is the sie of section of the surface by 
@ plane through the points of contact of a triad of mutually perpen- 
dicular tangent planes. The pole of this section must thus be a point 
of the director sphere 
n+ y2+ 2%@=— 2+ Ob? +c, 


The equation of the section is 7,=S, 1.e., 


2 2 
Ue - (i) 
f (f, g, h) be its a the equation a sant be the same as 
fe ,gy , he - 
at pet gel: ... (a2) 
Comparing (i) and (i), we have 
~ * B |, Y 
J=xee/a2y I~ x(at]a%)? "x02 ja) 
Since 
fP+PtV=E++e, 
we have 


2+ B2+-y2—=[(Da2/a?)}2(a?-+L? + 02). 
Replacing «, 8, Y by x, y, z respectively, we have the required 
result. 


Exercises 


1, Find the equation to the plane which cuts the surface 
92%@—2y24322=4 
in a conic whose centre is at the point (5, 7, 6). 
fAnes. 5xr—I4y4+182=35. 
2. Find the centres of the conics 
(4) 4r+9y+4e=—15, 2r2—3y%4422= 1; 
(it) 2ax—~-Qy—5z+5=—0, 3x2 4+2y2—1522#=4, 
[Ans, (#) (2, —38, 1) (¢) (—2, 3, —1). 
3. Prove that the plane through tho three extremities of the different axes 


of a central conicoid cuts 1t in a conic whose centre coincides with the centroid 
of the triangle formed by those extremities. 


4. Show that the centre of the conic 
le+-my+n2z=p, ax2+by2+ez?@=1 


( ip mp “? 
apy? bpg?’ epg?)’ 
where 12+ 2-+4+-n2=1 and po=1/S/*/a. 
5. A variable plane makes intercepts on the axes of a central conicoid 


whose sum is zero. Show that the locus of the centre of the section determined 
by it is a cone which has the axes of the conicoid as its generators, 
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6. Find the locus of the centres of sections which pass through a givem 
point. 

7. Show that the centres of sections of ax2+by?+-cz?=1 by planes which 
are at a constant distance, py, from the origin lie on the surface 

(ax2-+-by?+-¢2z2) =p? (atx? b2y2-+ ¢2z2), 

8. Find the locus of centres of sections of az?-+-by?+cz2=1, which touch 

a2. By2-+yz2= 1), 
[Ans, a%a—la24 b26-ly*+ c2y—122 = (ax2-++ by?+-¢2z2)2, 

8°72. Locus of midpoints of a system of parallel chords, Let 
l, m, n be proportional to the direction cosines of a given system of 
parallel chords and let («, B, Y) be the midpoint of any one of them. 


As the chord 


of the quadric is bisected at (a, 8, ¥), we have, as in § 8°71, 
ala -+bmB+cny=0. 


Now 1, m, n, being fixed, the locus of the midpoints («, 8, Y) of 
the parallel chords is the plane 


alx+bmy+cnz=0, 
which clearly passes through the centre of the quadric and is knowm 
as the diametral plane conjugate to the direction 1, m, n. 


Conversely any plane Ax+ By+Cz=0 through the centre is the 
diametral plane conjugate to the direction J, m, n given by 


al bm cn 


Se ne 


Thus every central plane isa diametral plane conjugaie io some 
direction. 


Note. If P be any point on the conicoid, thon the plane bisecting chords 
parallel to OP is called the diametral plane of OP. 


Note. Another method. Use of elements at infinity. We know that the 
mid-point of any line AB 1s the harmonic conjugate of the point at infinity on 
the line w.r. to A and B. Thus the locus of the mid-points of a system of paralle 
chords is the polar plane of the point at infinity common to the chords of the system. 

We know that (i, m,n, 0) is the point at infinity lying on a line whose 
direction ratios are 1, m,n. Its polar plane w.r. to the conicoid, 

ax2 + by2+ cz*—w2=0, 

expressed in cartesian homogeneous co-ordinates, is 
alx+bmy+cnz—w.0=0, 

#.€., ala+-bmy+enz= 0. 


Exercises 


1. P(l, 3, 2) is a point on the conicoid, 
x*—Qy2+322+5=0. 
Find the locus of the mid-points of chords drawn parallel to OP. 
[Ans. x—6y+6z=0, 
2. Find the equation of the chord of the quadric 4%2— 5y2+ 6z2=7 through 
(2, 3, 4) which is bisected by the plane 2x—5y+3z=0, 
[Ans. (x—2)=4(y—3)=(z—4), 
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8°8. Conjugate diameters and diametral planes. 
In what follows, we shall confine our attention to the ellipsoid only. 


Let P(x1, 41, 21) be er point on the ellipsoid 
y 


Z 
atptanl 
The equation of the diametral a bisecting chords parallel to 
OP is 
om 4 Ya 2a 


2 ger ge 


Let Q(22, Ye, 2) be any point on the section of the ellipsoid by 
this plane so that we have 


UyXq  YiYo , %1%, —(0 
— 3 


we TR ee 


which is the condition that the diametral plane. of OP should pass 
through Q and, by symmetry, it is also the condition that the dia- 
metral plane of OQ should pass through P. 


Thus of the diametral plane of OP passes through Q, then the dia- 
metral plane of OQ also passes through P. 


Let R(x, ¥3, 23) be one of the two points where the line of 
intersection of the diametral planes of OP and OQ meets the conicoid. 


Since F# is on the iaiagaie planes OP and OQ, the diametral plane 
Ys , 2 
ee wr3. — =0, 
of OR passes through P ad Q. 
Thus we oe the following two sets of relations :— 


zy" Lor Zoe 
ay it =I, 2 ep 4+ - 0, 
Vat 
“0 va “ =I, (A), ae oe aah “371 > =0, (B) 
x 2 < z 2 Oy R12 
S. i 3 1. — ! a és =(), 


The three semi-diameters OP, OQ, OR, which are such that the 
plane containing any two is the diametral plane of the third are called 
conjugate semi-diameters. 

The co-ordinates of the extremities of the conjugate semi- 
diameters are connected by the relations A and B above. 

The three diametral planes POQ, QOR, ROP which are such that 
each is the diametral plane of the line of intersection of the other two are 
called Conjugate planes. 

We shall now obtain two more sets of relations C, D, equivalent 
to the relations A, B. 

By virtue of the relations (A), we see that 


1 Yo my hy Yn | My Yt 


ee | —— — nn See —_ 


> 


+ 9 
a 6 cia?’ b’cita ob’ c¢ 
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can be considered as the direction cosines of some three straight 
lines and the relations (B) show that these three straight lines are 
also mutually perpendicular. 


Hence as in § 5:2, 


Ty 2%. Yt Ye Ya. 2 te 
a’ a’ a’ b’* b’ b’ ¢€’ ¢’ ¢ 

are also the direction cosines of three mutually perpendicular 

straight lines. Therefore, we have 


Uy? + X23" = a?, Yi21t+ Yr2at Ysra=9, 
y+ Ya + Yysr=", » (C), 21%, + 2_%y+2y73=0, (D) 
2" +29" +257= C7, UY, +XL2Yo+ aY3= 9. 


Properties of Conjugate Semi-diameters 


8°81. The sum of the squares of three conjugate semi-diameters is 
constant. 


Adding the relations (C), we get 
OP? + 0Q?+ OR? =a? +67 +¢?, 
which is constant. 
8°82. The volume of the parallelopiped formed by three conjugate 


semi-diameters as coterminous edges is constant. 
The results (B) give 


X4 /a —_ YY [b _ 4} [c 
Yr2a— Yara Zeta %3%q UeYg— Xs Yo 
be ca ab 
V/ (Zar,?/ a’) Par 


ae 1 
n/ 2 ( His Weiss _ 
be 
Yeks— Yate ) 
for r/ p> ( be 


is the sine of the angle between two perpendicular lines whose 
direction cosines are 


Ve Yo a ng 3 Ya *3 
9 


—— 


3 
a’ b’ ¢ a” Ob : 
x | Yot3— Yt: ZoNg—2_%q 2 LoYg— U4) 
6 eh es 
a be b ca C ab 


Now the volume of the parallelopiped whose coterminous edges 
are OP, OQ, OR 


= 6x volume of the tetrahedron OPQR 
0, 0, 0, 1 | 

1, Yy. 2%, 1 

Bs, Yay 2; 1 


%3, Ys, 2%, 1 
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4, Y1> zy 
= Xo, Yo: “2 


X3, Y3, 23 


= 2 (Yo%3— Ygz2) + Yy(Zo%3—23%q) + 21(XoY3— 23 Yo) 


4 box,’ | cay," , abz,” 
= a = b = Cc 


2 
= +abcs, 7 =-+abc, which is a constant. 


The same result can also be proved in the following manner : 


2 

U1; Y15 ra X15 Y15 m1 2X 9 22141) 20421 
2 

Xo, Yor 2 ye} 22 Yes mo | Lay, Ly, yes 

. 2 

X35 Y3, &3 X35 Y3, 3 24,21, LY 121, 224 


(By the rule of multiplication of determinants) 
=@°b%c?, from (C) and (D). 
8°83. The sum of the squares of the areas of the faces of the paral- 


lelopiped formed with any three conjugate semi-diameti7s as coterminous 
edges 1s constant. 


Let A;, As, As, be the areas of the triangles OQR, ORP, OPQ, 


and let li, mi, mn, (t=1, 2,3) be the direction cosines of the normals 
to the planes respectively. 


Now the projection of the triangle OQR on the YZ plane is a 


triangle with vertices (0, 0, 0), (0, y2, 22), (0, y3, 23) whose area is 
+ (Ye%3—Ys22). Also this is A,J,. 


bex 
° A= $(Y223— Y3%2) = oe 
Similarly 
Cc b 
A\m= See Ayn= dma. ° 


Squaring, we have 


Af= b°c?x,* | cay,” 4. a°bPe," 


4a?" 46? 4c? 
Similarly projecting the areas ORP and OPQ on the co-ordinate 


planes, we get 


b?c*a* | c®ayo” | ab?z,” 
4q? 4b? 4c? ” 
b?c*a," | c?a®y,* | a7b?25" 
Gan Te: 13 3 
Ay 4a? a 4b? 4c? 
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Adding we get 
Ay? A,?+ As?=4(5'c?+ c2a* +07), 

which is a constant. 

8°84. The sum of the squares of the projections of three semi- 
conjugate diameters on any line or plane is constant. 

Let 1, m, n, be the direction cosines of any given line so that 
a sum of the squares of the projections of OP, OQ, OF on this 

e is 

= (lay + my, +2)? + (lag+ myg+ n2zq)? + (lay my 3+ zg)" 

= Pda +m Zy 74+ n2d2,2+ may, +2mnXLy 21+ 2nlLz,21 

= @"7l?-+ b?m?+ ¢2n?, 
which is a constant. 


Again, let J, m, n be the direction cosines of the normal to any 
given plane so that the sum of the squares of the projection of OP, 
OQ, OR on this plane is 


= OP? -— (la, +my; + nz)?-+ OQ? — (larg + my, +t nz)" 
+ OR? — (Ix3-+-mys+nzq)* 
=a?-+-b?+-c?—a*l?— 62m? —c?n? 
= a" (m? +n?) + b(n? +1?) +-07(?+-m?), 
which is a constant. 
Examples 


1. Show that the equation of the plane through the extremities 
(Tks Yus 2%), K=1, 2, 3, 
of the conjugate semi-diameters of the ellipsoid 
oa?+y2/02+ 24/01, 
$8 


wey tary tts) 4 unt yet ys) 4 eres) 4 
a? b? C ; 
If any plane 
la+-my+nz=p 
passes through the three extremities, then 
lx,+my,+nz,=p, 
lira + myq-+ne=p, 
lxg+my3+N2,—= Pp. 
Multiplying by 2, 7, 73, respectively, we obtain 
la?=pXx. 
Similarly 
mb?*=pry;, 
and 
nC?= p22). 
Hence the required equation. 
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2. Find the locus of the equal conjugate diameters of the ellipsoid 


Let OP, OQ, OR be three equal conjugate semi-diameters. We 
have 
OP? +0Q?+OR?=a?+b*+c? ; OP?=0Q?=OR?. 


oa OP*=43(a?+ 6%+-c?), 
Let P be the point (1, y;, z:). We require the locus of the line 
“x Yy 2 
SS — os? eee ] 
4 YW % (1) 
where . 
tP+ yy? +2y?=35(a?+b?-+c’), »--(2) 
a? oy?) a 
From (2) and (3), we obtain the homogeneous relation 
a2 y\" 2," 3(xy?+ y,2+ 2,7) 
at a Pub we (4) 


Eliminating 2, y1, 2, from (1) and (4), we obtain the required 
locus, viz. 


x y® , 2% 3 (a?-+-y2+2%) 
eR ee 40402 * 
3. Show that if the cone 
Aax*+ By? +C2?+2Fyz+2Gza+ 2Hxy=0, 
has three of its generators along conjugate diameters of the ellipsoid 


2 2 
eae es cae 9 


then 
Aa®+ Bb?+Cc?=0. 

Let OP, OQ, OR, where P, Q, FR are the extremities of conjugate 
semi-diameters, be generators of the given cone. 

Let 

(24, Y1) 2), (22, Yo) Z2), (2g, Y3; 23) 
be the co-ordinates of these points. Since these points lie on the 
given cone, we have 
Ax,’ + By? +C2z?+2Fy, 2% +242, + 2Ha,y,=0, 
and two similar results. 

Adding these three results and making use of the relations C and 
D of § 8°8, we obtain the given relation. 

4. With any point on the surface of any ellipsoid as centre, a 
sphere 1s described such that the tangent planes can be drawn to it from 
the centre of the ellipsoid which are conjugate diametral planes of the 
ellipsoid. Show that its radius is the same for all positions of its centre. 
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Consider any point (f, I, h) on the enon 
G+¥ + +2 =1, 
Let the three conjugate fence planes 


et 4 WY 4 Ho, Be 4 We 4 7a 9 , Hs Mes Hao 


‘be tangent planes to a sphere with centre (jf, g, 4) and radius r. The 
distance of (f, g, ) from each of the three planes being equal to r, 


‘we have . 
2 2 2 
= eta) oF eae oP 
N 2 
= Jeeta AB) 
-_ X( fr3/a? ! ; ty fas 
= V(Smet[aty OF = - mY. 


Adding and making use of the relations C and D of § 8°8, we 


have 
1 f? 
al a aa 


or 7? = (La-2)-1 
Hence the result. 


Exercises 
1. Show that the lines 
ce Yy_ 2% vy 2 He yy _ 2 
TIP y PITTI wre wa 
afe three mutually conjugate diameters of the ellipsoid 
ve 2 
aaa a aa 


2. Find the equations of the diameter in the plane x+y+2=0, conjugate 
to c= —fy=42 with respect to the conicoid 3x22+4+y2—2z2=1. What are the 
equations of the third conjugate diameter ? 


[ ans. $=% 5’ 34 42 3 


3. Show that for the ellipsoid 2?+4y2+5z2=1, the two diameters 
dyx=—thy=42 and «=0, 2y=5z are conjugate. Obtain the equation of the third 
conjugate diameter. Ans. x/16=y=x=—2/2. 


4. If 7, Po, P33 M1, TM, 73, be the projections of three conjugate diameters 
on any two given lines, then p,7%1-+pg%}_+p373 18 constant. 


5, If three conjugate diameters vary so that OP, OQ lie respectively in 
the fixed planes 


aye By Ye Aor v2 
ae +18 = 0, aoe Aa tae =f: 


show that the locus of OR is the cone 


Da?(Bjz— 14) (Bez—yoy) =9. 
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[The required locus of OR is obtained from the fact that the lines of inter- 
section of the diametral plane of OR with the given planes are conjugate lines. ] 


6. From a fixed point H perpendiculars 4-1, HB, HC are drawn to the 
conjugate diameters OP, OQ, OR respectively ; show that 


; OP?.H A24+- 0Q?.H B2+ OR2,HC2 
is constant. 
7. OP, OQ, OR are conjugate diameters of an ellipsoid 
x? /a2+-42/b2+-22/c2= 1, 
At Q and RF tangent lines are drawn parallel to OP and py, po are their 


distances from O, The perpendicular from O to the tangent plane at right 
angles to OP is p. 


Prove that 
p+ py? +p_2=a? + b2 +c, 
(D.U. Hons, 1945) 


8. Show that the plane Jx+my+nz=p will pass through the extremities 
of conjugate semi-diameters if 


a2]? 4+. b2m24-c2n2—3p?, 
9. Show that the locus of the centre of the section of the ellipsoid 
v2 /a2+-y2/b24 22/o2=I, 
by the plane PQR is the ellipsoid 
x*/a2+-y2/b24-22/c2= 1/3, 
0 Prove that this locus coincides with the locus of the controid of the triangle 
POR. 
10. Prove that the plane PQR touches the ellipsoid 
22 /a2-+y2/b2-+22/c2— 1/3, 
at the centroid of the triangle PQR. (D.U, Hons. 1948) 


11. Find the locus of the foot of the perpendicular from the centre of the 
ellipsoid to the plane PQR. 
[Ans. a2x2+-b2y2+ 0222 = 3 (x24 y2-4-22)2, 


12. If one of the three extremities P(x,;, y1, 21) of conjugate diameters be 
kept fixed, show that the locus of the line joinmg the centre to the centroid of 
the tnangle PQR is the cone 


2 
13. If (x1, 1, 21)» (Xa. Yoo 22)» (X3, Yg, 2g) be the extremities of three conju- 
gate diameters of the ellipso1 
x? /a2+ y2/b2+22/c2=1, 
show that the equation of the plane through the three points 


(xy, XQ, X3)> (Y1> Yas ¥3)» (21) 2a. 2g) 


vy Y1 zy tt. , Ya, %2 tz , ¥3 , *3\ 
(3 +52 a )er(S+3 +b y+ (Goth +t 
and that it touches the sphere 
(22+ y2-+22) (a-2-+- 6-2-4073) = 1, 
14. The enveloping cone from a point P to the ellipsoid Y1?2/q2=1 has. 


three generating lines parallel to conjugate diameters of the ellipsoid ; show that 
the locus of P is the ellipsoid 


2 y2 22 8 
at pt ag (B.U. 1958) 
15. Show that any two sets of conjugate diamcters of the ellipsoid lie on a 
quadric cone, (Deduce from,Example 3, page 171). 


https://t.me/ pdf4exams 


is 


Downloaded from https:/ / t.me/ civilsbuzz 
174 ANALYTICAL SOLID GEOMETRY 


Paraboloids 


8°9. Having discussed the nature and geometrical properties of 
central conicoids, we now proceed to the consideration of paraboloids. 

8°91. The Elliptic Paraboloids 2?/a?-+-y?/b?=22/c. 

We have the following particulars about this surface : 


Fig. 29 

(1) The co-ordinate planes x=0 and y=0 bisect chords perpendi- 
cular to them and are, therefore, its two planes of symmetry or 
Principal planes. 

(i) 2 cannot be negative, and hence there is no part of the 
surface on the negative side of the plane z=0. We have taken 
-C positive. 

(it) The sections by the planes z=k, (k>0), parallel to the XY 
plane, are similar ellipses 


—- +5 ae z=k woe(2) 


whose centres lie on Z-axis and which increase in size as k increases; 
there being no limit to the increase of k. The surface may thus be 
supposed to be generated by the variable ellipse (2). 
Hence the surface is entirely on the positive side of the plane 
z=0, and extends to infinity. 
(tv) The section of the surface by planes parallel to the YZ and 
ZX planes are clearly parabolas. 
The Fig. 29 shows the nature of the surface. 
Ex. Trace the surface x72/a2+y2/b2—=—2z2/c. (ce>0) 
8:92. The Hyperbolic Paraboloid x?/a?— y?/b?=22/c. 
(i) The co-ordinate planes x=0, y=0 are the two Principal 
splanes. 
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(it) The sections by the planes z=k are the similar hyperbolas 
ee oy? =k 
ae? 


with their centres on Z-axis. o 


z=k, 


Fig, 30. 


If k be positive, the real axis of the hyperbola is parallel to 
X-axis, and if k be negative, the real axis is parallel to Y-axis. 


The section by the plane z=0 is the pair of lines 


Eee z=0 and — =—4 z=. 


ab’ b? 
(iit) The section by the planes parallel to YZ and ZX planes are 
parabolas. 
The Fig. 30 shows the nature of the surface. 


Note. The two equations considered in the last two articles are clearly 
both included in the form 


ax? + by? =2cz. 
This equation represents an elliptic paraboloid if a and b are both positive 


or, both negative, and a hyperbolic paraboloid if one 1s positive and the other 
negative. 


Hence for an elliptic paraboloid ab is positive but, for hyperbolic parabo- 
loid, ab is negative, 


The geometrical results deducible from the equation az?+by2=2cz will 
hold for both the types of paraboloids. 


Note. The reader would do well to give precise definitions of (4) vertex, 
(77) principal planes, (dz) axis of a paraboloid. 
8°93. Intersection of a line with a paraboloid. 
The points of intersection of the line 
e—-% y-B 2z—-Y __ 
a a 
with the paraboloid 
ax®+ by? =2cz, 
are 
(ir--+a, mr+8, nr+yV) 
for the two values of r which are the roots of the quadric equation 
7? (al?-+- bm?) + 2r(ala +bm8—cn) + (aa?+ 6B? —2cY) =0 .--(A) 
We thus see that every line meets a paraboloid in two points. 


It follows from this that the plane sections of paraboloids are 
CONICS. 
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Also, if /==m=0, one value of r is infinite and hence any line 
parallel to Z-axis meets the paraboloid in one point at an infinite 
distance from (a, 6, Y) and so meets it in one finite point only. Such 
lines are called diameters of the paraboloid. 

In particular, Z-axis meets the surface at the origin only. 

8°94. From the equation (A) § 8°93 above, we deduce certain 
results similar to those obtained for central conicoids. The proofs of 
some of them are left as an exercise to the student. 

1, The tangent plane to ax?-+-by? =2cz at any point (a, 8, Y) on 
the surface is 

axx+bBy=c(z+Y¥). 

In - particular, z=0 is the tangent plane at the origin and Z-axis. 
is the normal thereat. 

The origin 0 is called the vertex of the paraboloid and Z-axis, 
the axis of the paraboloid. 

2. Condition of Tangency. The condition that the plane 

le-+my +nz=p, 
may touch the paraboloid 
ax* +t by? =2¢cz, saat hy 
ws 


and the pont of contact, then, 1s 
(=" me —P \ 
an’ bn? anTf 
Thus the plane 
2n(la+-my+nz)+c(l*/a+m?/b)=0, 
touches the surface (1) for all values of l, m, n. 
3. Locus of the point of intersection of the three mutually 
perpendicular tangent planes. 
If 


Lm,” 
2n,(hatmy tne) be(++"" )=0, (r=, 2, 3) 
be three mutually perpendicular tangent planes, the locus of their 
point of intersection is obtained by eliminating 1,, m,, m,, which is 
done by adding the three equations and is, therefore, 
1,1 
22-+¢(— += )=0, 
and is a plane at right angles to the Z-axis; the axis of the 


paraboloid. 
4, Equations of the normal at («, 8, 7) are 


5, The polar plane of the point («, B, Y) is 
axx + bBy=c(Y +2). 
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6. The equation of the enveloping cone with the point («, B, Y) 
as its vertex is S.S,=7',", i.e., 
(ax* + by —2cz) (aa? -+-b84— 2cY) = (aax+b8y—cz—cY)?. 
Its plane of contact with the paraboloid is the polar plane 
aax+bBy—cz—cY =0 
of the vertex («, 6, Y). 


7. The equation of the enveloping cylinder having its generators 
parallel to the line 


is 
(ax? + by? — 2cz) (al? + bm?) = (ala+ bmy —cn)?. 
Its plane of contact is the plane 
alx-+bmy—cn=0. 

8. The locus of chords bisected at a point («, 8, Y) is the plane 

T.=8,, 1.€., 
ax(z—a) +b8(y—B) —clz—7) =0. 
This plane will meet the paraboloid in a conic whose centre is 


at (x, 8, ). 


9. The locus of mid-point of a system of parallel chords with 
direction ratios |, m, n, is the plane 


alx+bmy --cn=0 


which is parallel to Z-axis, the axis of the paraboloid. The plane is 
called a diameiral plane conjugate to the given direction. 

Any plane Ax+ By +D=0 parallel to the axis of the paraboloid 
is easily seen, by comparison, to be the diametral plane for the 
system of parallel chords with direction ratios 


Ala, B/b, —Djc. 


Any plane parallel to the axis of a paraboloid is, thus, a dia- 
metral planc. 


Exercises 
1. Show that 
(t) the plane 2x—4y—z-+4-3=0 touches the paraboloid 
e2—Qy2%==3z ; 
(71) the plane 8x—6y—z=5 touches the paraboloid 
22 /2—y?/3=z ; 
and find the co-ordinates of the points of contact. (D.U, Hons, 1958) 
[Ans. (2) (3, 3, —3), C3) (8, 9, &). 
2. Show that the equation to the two tangent planes to the surface 
ax2-- by2=2z, 
which passes through the line 


usalz-+-my+nz—p=0, u’sl’c-m'y+-n’y—p'=0, 
is 


73 2 3 12 
ui — $7 — — 2n'p!) — Bun! (itn! —np'—n’p)-+u'? (— 47 — np ) a0. 
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3. Tangent planes at two points P and Q of a paraboloid meet in the line 
RS ; show that the plane through RS and the middle point of PQ is parallel to 
the axis of the paraboloid, 


4. Find the equation of the plane which cuts the paraboloid 
x2 —py2az 
in @ conic be its centre at the point (2, 3, 4). 
[Ans. 42—3y—z2+5=0. 
5. Show that the locus of the centres of a system of parallel plane sections 
of a paraboloid is a diameter. 


6. Show that the centre of the conic 
ax®+by2=22, lxr+-my+nz=p, 


(ae) 
~ an’? bn’ nz)’ 


where k2=—=—_4—_+np 
a 


7. Find the chord through the poimt (2, 3, 4) which is bisected by the 
diametral plane 10x—24y=21 of the paraboloid 5”2—6y2=7z. 


[Ans. (x—2)=3(y—3)=}(z2—4). 
8°95. Number of normals from a given point. 


If the normal at («, 8B, Y) passes through a given point (f, 9, h), 
then 


is the point 


hse (lea om 
ax 06 —c” (say) 

f , 
so that O= iver B= ae ,Y=hter. mr ()) 
Since («, 6, Y) lies on the oan we have the relation 

f? a 
rea Tee =2c(h+cr), oo. (22) 


which, being an equation of the fifth degree in r, gives five values of 
y, to each of which there corresponds a point (a, 8, Y), from (2). 

Therefore there are five points on a paraboloid the normals at 
which pass through a given point, i.e., through a given point five 
normals, in general, can be drawn to a paraboloid. 

Cor. 1. As in §8°36, page, 195, it can be shown that the feet of 
the five normals from the point, (f, g, h) to the surface are the points 
of intersection of the surface with the vue curve 

a _ - 
~~ T-+ar’ y= or" z=h-+cr, ooo (202) 
where r is the parameter. 

Cor. 2. Lines drawn from (jf, g, 2) to intersect the cubic curve 
(iit) generate the quadric cone 


f g 4 c(b—a) c(b—a) 


z—f y—g' abe—h) 
and, in particular, this cone contains the five normals from ( /, g, h) 
as its generators. 
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8°96. Conjugate diametral planes. 
Consider any two diametral planes 
lx+-my + p=0, 


Ve+m'y+p'=0. 
The plane (z) bisects chords parallel to the line 
a y 2 
Ua” m/b~ —ple’ 
which will be parallel to the plane (12), if 
Wl’ | mm’ 
at} 


and 


179 


(i) 
(ii) 


... (itt) 


.-. (0) 


The symmetry of the result shows that the plane (7) is also 


parallel to the chords bisected by the plane (22). 


Thus if cand 8 be two diametral planes, such that the plane « ts 
parallel to the chords bisected by the plane B, then 8 18 parallel to the 


chords bisected by «. 
Two such planes are called Conjugate diametral planes. 


Equation (iv) is the condition for the diametral planes (7) and 


(12) to be conjugate. 
Ex. Show that the diametral planes 


x+3y4+3, 2x—y=]1 
are conjugate for the paraboloid : 
2.024-3y2= 42, 
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CHAPTER IX 
PLANE SECTIONS OF CONICOIDS 


9°1. We have seen that all plane sections of a conicoid are 
conics. We now proceed to determine the nature, the lengths, and 
the direction ratios of the axes of any plane section of a given 
conicoid. 

We shall first consider the sections of central conicoids, and then 
of paraboloids. 

While determining the nature of plane sections of conicoids, we 
shall assume that the orthogonal projection of a parabola is another 
parabola, of a hyperbola another hyperbola and of an ellipse is 
another ellipse or in some cases a circle. 

9:2. Nature of the plane section of a central conicoid. J'o deter- 
mine the nature of the section of the ceniral conicord. 

az? +-by?+ cz*=1, .oe(1): 
by the plane 
lx-+-my+nz=p. as5{ 2); 

The equation to the cylinder passing through the section and 
having its generators parallel to Z-axis, obtained by eliminating z 
from (1) and (2), is 

x?(an? + cl”) -+ 2clmay + y?(bn? + cm?) — 2cpla— 2cpmy + (cp?—n?) =0. 
The plane z=0 which is perpendicular to the generating lines of 
the cylinder cuts it in the conic whose equations are 
2=(), 
x?(an? + cl?) + 2elmay-+ y? (bn? -+ cm?) — 2epla— 2comy-+ (cp?— n?)=0,, 
and which is the projection of the given section on the plane 
z=, 

The projection and, therefore, also the given section is a parabola, 

hyperbola or ellipse according as 


cl?m? 1 > (an? + cl*) (bn? + cm?) 
<= 


or bel? cam?+abn* { <0. 
L 


> 
Thus we find that the section is 

a parabola 7} = 
a hyperbola >according as bcel?+cam?+abn?< <0 
an ellipse lL >. 


J 
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921. Axes of central plane section. To determine the lengths 
and direction cosines of the section of the central conicoid 


ax’+by?+cz2?=1, (1) 
by the central plane 
lxn+-my+nz=0. .-(2) 
Take a concentric sphere 
ey? 2? = 7, ...(3) 


The extremities of all the semi-diameters of length r of the 
conicoid lie on the curve of intersection of the conicoid and the sphere. 


The lines joining the origin to the points on this curve form a 
cone whose equation, obtained by making (1) and (3) homogeneous, 
18 

(ar? — 1).x?-+ (br? —1)y?+ (er? —1)2?=0. .(4) 


The plane (2) cuts this cone in two generators which determine 
the directions of two equal diameters of length 2r of the section and 
which are, therefore, equally inclined to the axes of the section. 


In case 27 becomes the length of either axis of the section, the 
generators coincide and, therefore, the plane touches the cone, the 
generator of contact being one of the axes. 


Now, the condition for the plane (2) to touch the cone (4) is 


/2 m* n 
ar? —] Tye l' ert—l 0. 
or (bel? cam? +abn’)r4—[(b +e)l?-+ (c+-a) m+ (a +b)n?}° 
-+(P +m? +n’) =0, (5) 


which is a quadric in r* and has two roots 7,?, r.? which are the 
squares of the semi-axes of the section. 
If A, u, v be the direction ratios of the axis of length 27, the 

plane (2) touches the cone (4) along the line 

ge eas 2 6 

a ... (6) 
and is, therefore, identical with 

(ar? -—1)Ax+ (br? —1)yy + (er? —1)vz=0, 
which is the equation of the tangent plane at any point of the line 
(6) so that we have 
A(ar®?—1)_p(br?-1)__v(er?—1) 
l m n 


which determine the direction ratios of the axis of length 2r ; r being 
given by the equation (5). 
9°22. Areas of plane sections. 
If the plane section be an ellipse, 
__V(P+m* +n") 
1 (bel? -+ cam*--abn?) ~ 
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If, p, be the length of the perpendicular from the origin to the 
tangent plane to the conicoid, 


ae 
la+-my+ nz= / (= — ail +=), 


which is parallel o the oar plane se eens 0, we have 


Vo ) / (bel? + cam? + abn?) 1 


Serra /(2+m?+n?)  * abe 
so that 
thearea= -" — 
~ ~pr/(abe) ° 


9:23. Condition for the section to be a rectangular hyperbola. 

For a rectangular hyperbola, we have 
ry-+r?=0, 
and hence 
(b-+-c)P?+ (c+ a)m?-+ (a+ b)n?=0. 
Ex. Obtain the condition that the section of the conicoid 
av? + by2+cz2=1 
by the plane lx+my+nz=p should be a parabola, an ellipse, a hyperbola or @ 
circle from the equation 5 of § 9:21 
(For a circle 7,2=r9") 
{Ans. The conditions for a circle are 
1=0, m?(c—a)=n®(a—b) ; or m=0, n*2(a—b)=1*#(b—c) ; 
or n=0, 12(b—c)=m*(c—a). 
9°24, To find the condition for two lines 
en OR EE A: SC (1) 
Lh om, my 1, my Me _ 

to be the axes of the section by the plane through the same. 

The quadric is 

ax® + by?-+-cz?=1 
As each of the two lines in (1) will bisect chords of the section 


parallel to the other, we see that each of them must belong to the 
diametral plane conjugate to the other. 


Now the diametral plane conjugate to 
GY 2 


is 
ale +bmy+enz=0, 
and the condition for the same to contain the second line is 
al,!,+ bm,m,-+-cn,n,=0. ...(2) 
The condition (2) is the one sought. 
In addition to (2), we also have 
Ll, +My Mq-+ Ny N= 0, 
for the axes are necessarily perpendicular. 
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Examples 
1. Planes are drawn through the origin so as to cut the quadric 
ax*+by?+cz*=1, 
in rectangular hyperbolas. Prove that the normals to the planes through 
the origin lie on a quadric cone. 
Consider any plane 
la+my+nz=0 ..(1) 
through the origin. The condition for this plane to cut the given 
quadric in a rectangular hyperbola is 
(b+c)l?+ (c+a)m?-+ (a+b)n?=0. wacl2) 
The normal to the plane (1) through the origin is 


CY ...(3) 


Eliminating I, m, n between (2) and (3), we see that the normals, in 
question, lie on the surface 
(b-+-c)z?+(c+a)y?+(a+b)z*=0, 
which is a quadric cone. 
2. Lines are drawn from the centre of the quadric 
aa"? + by? +cz?7=1, 
proportional to the area of the perpendicular central section ; show that 
the locus of their ears 18 a quadric 


y 2 
a ro —-= constant. 


Consider any ie Sens sein 
la+-my +nz=0. ..(1) 
The area of the conic in which this plane cuts the given 
quadric is 
=n/pV abeo=A 
where, p, the length of the perpendicular from the origin to the 
tangent plane parallel to the plane (1) is given by 


MAGry 
[2 
> sit _ d, / ( a) 
where we have acon that 1, m, n are actual direction cosines. 
We require the locus of the point (x, y, z) where 
2=lAk, y=mAk, z=nAk ; 
k being the constant of proportionality. 


-_ (xe vam) (se) etc., 
a a, 
where k’=nrk+/abe. 
* yee 
Hence the result. 
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3. Show that the axes of the sections of the surface 
ax*+ by*+cz4=1, 
which pass through the line 


lie on the cone 


(2—e)(ma—ny) , (o~a)(na—-lz) . (a—b)(ly— mz) _ 9 
x y z 
Let 


Tm my ae 
ne ae 
l, My, No (78) 
be the principal axes of any section through the given line 
“ =2 =~. iti) 
The axes being perpendicular to each other, we have 
Ll, +mymy+nyn2.=0. ... (tv) 
Also as in § 9°24, page 182, we have 
all, +bmym,+cnyn,=0. .+.(v) 
Also the lines (7), (27) and (izi) are coplanar. Therefore 
| li, My, Ny 
“Ty, Mg, My =0, ... (vi) 
| 
| l, m, n 
or 
1,(myn—mmng) + m,(Nel — ne) +72 (12m —lm,) = 0. 
Eliminating J,, m,, 2, from (iv), (v) and (vz), we have 
| los Mo, Ne 
| 
ale, bm, CNg =(, .. (wrt) 


M.N—MNg, Ngl— nly, 1m —lmg 
Now, eliminating J, m,, n, from (iz) and (vit), we obtain the 
locus as required. 
4. One azis of a central section of the conicord 
ax’*+ by’-+cz47=1, 
lies in the plane 
uxtovytwz=0. 
Show that the other lies on the cone 
b—c)uyz+(c—a)vzex+(a—b)wxy=0 
a a (C.U. 1914) 
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L My my” l, Mg Ne” 
ve the two axes of a central section such that the second lies in the 
given plane for which we have the condition 


ul, +vum,+wn,=0. oot) 
Also, as in § 9°24, 
Lle+ mym,+71N22.=0 «eo (22) 
al,l,+bmym,+enn,=90. ... (20) 
Eliminating J,, m, mg from (i), (ti) and (iz), we have 


| 
i 
! 
| 
| 
} 


aly, bm, cn, | 


or 
umn,(b—c) + vn,1,(c—a) +wl,m,(a—b)=0. 
With the help of this condition, we see that the locus of the axis 
r[ly=y/m, = 2/n, 
73 the cone 


(b—c)uyz+(c—a)vex + (a—b)wxy=0. 


Exercises 


1, Show that the section of the ellipsoid 
9x2 +6y2+1422=3, 
by the plane 
BEY E= 
is an ellipse with semi-axes 1/2 and 4/(9/22). ‘Also obtain their equations. 
fins. drys —4z2; 2/4—=—y/5=z, 
2. Show that the curve 
v2+Ty%—10z224+9=0, xr+2y+32=0 
is 2 hyperbola whose transverse axis 1s 6 and the direction cosines of whose axes 
are proportional to (6, 3, —4) and (17, —22, 9). 
3. Ay, 4g, Ag are the areas of three mutually perpendicular central 
sections of an ellipsoid ; show that 4,—-?+4,-2+ Ag? is constant, 
4, Show that all plane sections of 
ax?+ by2+¢ez2=1 
which are rectangular hyperbolas and which pass through the point (a, B, y) 


touch the cone 
(w—a)? (y—B)?  (z—y)? 


b+c tT Gta + aib 


5. Any plane whose normal lies on the cone 
bex? +-cay? +abz2=0, 
cuts the surface 
az2+by2?+cz2=1, 
in a parabola, 
6. The director circle of a plane central section of the ellipsoid 
x2 /a2+- y2/b2 4-22 /c2= 1 
has a radius of constant length r. Show that the plane section touches the cone 
x2 y? z2 
BRL Tar) t BR Aaa) aap ber)? 
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7. Ifa length PQ be taken on the normal at any point P of the ellipsoid 
v/a? +-y?/b?+22/c2?=1, 
equal in length to /24/xabe where 7 is a constant and A is the area of the sectiom 
of the ellipsoid by the diametral plane of OP, show that the locus of Q is 
a2x2 22 e222 
(ent wepayet (epee 
8. Prove that if 1, m1, 1; lg, mg, Ng are the direction ratios of the 
principal axes of any plane section of the quadric 
ax?+by2+c2z2=1, 


then 
tle mymeg nyNg 
b—c c—a a—b° 
9. Find the equation of the central plane section of the quadric 
ax2-+ by?+ez2=1 
which has one of its axes along the line 
xfl==y]m=zin, 
[Ans. D[m2(a—b)4+n2(a—c)]lx=0. 
10. Show that central plane sections of an ellipsoid of constant area touch 
@ quadric cone. 


9:3. Axes of non-central plane sections. T'o determine the lengths 
and direction ratios of the section of the central conicord 
ax?-+by?+ cz*@=1, ».(1) 
by the plane 
let+-my +nz=p. oo. (2) 
Centre of the plane section, now, is not the origin. If («, 8, Y) 
is the centre of the section, the plane (2) is also represented by the 
equation 
anx+ bBy+ c¥z=aa?+bb?+ cY?, 
so that we get 


fA =, (say) 
lk mk nk 
oe Se os B=—-, ~? 
Hence 
ke aa* + bB?+- cy? _ ae m ve 
: pop  ptatobte?’ 
or 
pS 
2/a+m?/b+n?/c 
If we write 
2 m2 7n? 
aa ate a as ) 
we get 


(7, i A 
apy” bp? cpg" 
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as the co-ordinates of the centre of the section. The equation of the 
conicoid referred to this point as origin is 


o( a+aPs) +0(y + pa) te(e+ am) =I 
or 
2 21 no8 1 2? p , 
ax* + by*-+cz gee en ele A a wes(3): 
0 0 
Also, the equation of the plane (2) becomes 
le+my+nz=0. (4) 
Now the come 
aat+by?teet4 F “(le+my+nz)=1 -*, le+my+nz=0, ...(5): 
is the same as a conic 


2 
ax? by? oct 1— 7a, le+my+nz=0, ...(6) 
0 


for, points whose co-ordinates satisfy the equations (5) also satisfy 
the equations (6). 


Putting 
1— oa =d’, 
Po 
and replacing the a, b, c by a/d?, b/d?, c/d® respectively in the equa- 
tions (5) and (6) of the previous article, we get 


[2 m? n? 
at tia ta (0) 
qa d? d* . 


Men, 1) of Man) (F- 1) ...(8): 


which give the — 11,72 a the heatiee ratios l,m, n respectively 
at the corresponding semi-axes of the section. 


9°31. Area of the plane section. If the section be an ellipse,. 
we have its area 


— T7379 


[2 + m? + n2 
ies 2 
ee n/ salto * a + abut) 


i— — (sn [?4-m?+ 2 rime). 
=n ( ape Tal n/ bcl? + cam?+ abn? 


9°32. Parallel plane sections. Comparing the equations (7): 
and (8) with the equations (5) and (6) of the previous article, we see 
that if «,8 be the lengths of the semi-axes of the section by the- 
central plane 


le+my+nz=0, ..(9): 
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then the semi-axes of the section by the parallel plane 
le+my+nz=p ...(10) 


an / ( 1-25) and an /( 1-*,) 


and the corresponding axes are parallel. 


Thus we see that parallel plane sections of a central conicoid are 
similar and similarly situated conics. 


Again, if Ay and A are the areas of the sections by the planes 
(9) and (10), we have 


are da and dB, 
or 


Ay=7a8, 
—ndx8— A 1-2. 
and A=nd*aB= Ag( ] at) 


Thus j ; 
4-= (lx) 


Note. p/pg can easily be seen to be the ratio of the lengths of the per- 
pendiculars from the centre to the given plane and to tho parallel tangent plane. 


Examples 


1. Show that the area of the section of an ellipsoid by a plane 
which passes through the extremities of three conjugate semi-diameters is 
wm a constant ratio to the area of the parallel central section. 


Consider the ellipsoid 


at Ee 

Let P(x1, ¥;, 21), O(%2, Y2, 22), R(aw3, 3, 23) be the co-ordinates of 

the extremities of three conjugate semi-diameters of the ellipsoid. 
The equation of the plane PQR is 


a a a oy ate, 1, (1) 
The central plane parallel to’ (1) is 
ee eer Pity 4 ETA, 0, ...(2) 


Re-writing these equations as 
le+my+nz=1, la+my +nz=0, 
we see that the ratio of the areas of the two sections 


] 
= (39m) § 9°32) 
Again 
Latl?= er wg)" 3 


making use of relations C, D of § 8°8. 


Hence the result. 
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2. Find the angle between the asymptotes of the conic 
ax*+ by*?+cz4*@=1, lx+my+nz=p. 
Let 6 be the required angle. 


If 7,", 722 be the squares of the semi-axes of the conic, we have 


tans = vie = ra 


or tan’?g= —, +2, 


re +n?) (bel? + cam? + abn?) 
- [(b-+-¢)l?+- (c-+-a)m?+ (a+b)n*}? : 


Exercises 
1. Find the s lengths and directions of the axes of the section of the ellipsoid 
9v°+ 6y2-+ 1422=3 by the plane z+y+z=1. 
[Ans. 48;, +/(22)44, (4, —5, 1), (2, 1, —3). 
2. Show that the plane x+y+z=1 cuts the quadric 
Lla2— 1372—422=5, 
in a hyperbola and find the direction ratios of its axes. 
[Ans. —3, 1,231, —5, 4, 
3. Show that the plane r+2y+3z=4 cuts the conicoid 
Qe2+4 y2—I22==} 
in a parabola, the direction cosines of whose axis are proportional to 1, 4, —3. 
4. The ellipsoid 22+ 2y24+3z2=1 1s cut by parallel planes 
2u+3yt4z=2, 2e+3y+42=3 ; 
show that the areas of the sections made by the planes are in the ratio 59 ; 29. 
5. Find the locus of the centres of the sections of the ellipsoid 
w2/a2+ y2/b2422/c2=1, 
which are of constant _- wk, 


262¢2 [ —_ a ne en | a KA —. +--+. J, 
[ 4%. a2b2c (3 ta cy t- A =) a2 a ee k an the + a 


9-4. Circular adie T'o determine the circular sections of the 


ellipsoid 
a +e +5 ..-(1)} 
aie the equation : the nits in the = 
“5 (at tyttet—al)ty" (+ - =) +2(4-—)= 0, 
we see ous the two Planes 
y*( = ar) +2 aaa )=0, (2) 


meet the ellipsoid where = meet the dea 

ety? +22=a?, 
but as a plane necessarily cuts a sphere in a circle, we find that the 
planes (2) cut the ellipsoid (1) in circles. 


https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
190 ANALYTICAL SOLID GEOMETRY 


Similarly, if we re-write the equation (1) in the forms 
1 


Lat a2 92 p2) 4 92 55) 2 4-4)= 

pa +y'+2°—b*) + % (= b? +2 ( cb =0, — ++-(3) 

i 2 2 220. n2 2 Iwi 2 oh rae (4 

C2 (x +y +2 c")+% e a )+y (= = )=9, : ( ) 
we find that the planes 


and 


cut the ellipsoid in circles. 


Thus there are three pairs of central planes which cut an ellipsoid 
in circles. 


If a? >b?>c?, the second of these equations only gives real planes 
so that in this case the real pair of central planes of circular sections 
is 


= (a ~b*) + — = 4/(b—c) =0. -.(5) 


Since parallel sections are atti the two systems of planes 
— VJ (ab) + = He) =A, 
and 
— (a —b')——y/(b b?—c?)=u, 


which are parallel to those given by the equations (5) cul the ellipsoid in 
circles for all values of \ and wp. 


9°41. Any two circular sections of an ellipsoid of opposite systems 
lie on a sphere. 


Let = of (ab) += V/(b8—c8) =D 


and = (ab) —= ¥(—8) =p, 


be the equations of the planes of any two circular sections of opposite 
Systems. 


The conicoid 
| ee x . z ° 
tet eal th( = Vv (a? —b") + — v(bt—c')-A ) x 


= (a0) — = y(b\—c2)—p )=0, (1) 
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‘which passes through the two circular sections for all values of k, will 
represent a sphere, if k can be chosen so that 


1  k(a@’?—b*?) 1 1 k(b?—c?) 
a eo oF & Ga ~ 
Now, k=1/6?, 
clearly satisfies these two equations, 


Substituting this value of & in (1), we get 
2. 7,2 a 2 pd 
ett 222 es OD 54 ATW VO), + ru b= 0, 


which represents the sphere through the two circular sections. 
Hence the proposition is proved. 


Exercises 
1. Show that the real central circular sections of the hyperboloids 
v2 yr — 22 ve yt ze 
[ss =1 and —; a as =] 


are given by the planes 
Y 
a) 


Also show that any two circular sections of opposite systems in the case of 
either hyperboloid lic on a sphere. 


(a2@— 22) = / (a2+e2)=0 and —— ¥(a2+02)-& — (Wc?) =0. 


2. Find the real circular sections of the following conicoids : 


(7) 2x2+-lly2+z22=1. [Ans, 3ytz=r, Sy—z=—p. 
(t2) 1022—2y2+224+2=0, [dns, f3e+y=), /3r—y=p. 
(2i2) 15%2—y2—1022+4=0. [dns. 4e+32z=—), 42—3z=p, 


3. Find the equation of the sphere which contains the two circular sections 
.of the ellipsoid 2?—3y24222=4 through the point (1, 2, 3). 


[Ans, xw2+y2+-22—16y+62-+7=0, 
4. Find the radius of the circle in which the plane 


= (ab?) + (B20?) =) 


-cuts the ellipsoid 


[Ans. by/[1—A3/(a2—c2)}. 


[Hint. Obtain the equation of the sphere which passes through the given 
-circle and any circle of the opposite system and determine the radius of the 
circle in which the given plane cuts it.] 
5. Show that the circular-sections of the ellipsoid 
42 y2 22 


ae tert! 
-passing through one extremity of X-axis are both of radius, r, where 
r2 52 -c? 
62 gt—c2 


6. Prove that the radius of a circular section of the ellipsoid at a distance 
_p from the centre is b4/(1—p2b2/a2c2), 
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7. Show that the locus of the centres of the spheres which pass through 
the origin and cut the ellipsoid 


x2 oy? 2 
ai TUE Te 
in a pair of real circles is the hyperbola 
ary — 
a2—b2. b2—¢2 
8. If 71, ps, Pg be the lengths of the ommend euler from the extremities 


P,, Ps, Ps of conjugate sem1-diameters on one of the planes of central circular 
sections of the ellipsoid, 


ee ae, 


v2 /a2 + y2/b%4+22/c@#=1, 
then show that 


9, A cone is drawn with its vertex at the centre of the ‘ellipsoid 
22 /a2+4 y2/b2-+4+.22/¢2—=1 and its base is a circular section of the ellipsoid. If the 


cone contains three mutually perpendicular generators, prove that the distance 
of the section from the centre of the ellipsoid 1s 


abe 
if (b2c2 + c2a2-+ u2b2) © 
9°42. Unmbilics. 


Def. A point on a quadric such that the planes parallel to the 
tangent plane at the point determine circular sections on the surface 
is called an wmbilic. 


Clearly, wmbilic is a point-circle which lies on a quadric. 


The umbilics are the extremities of the diameters which pass. 
through the centres of the systems of circular sections. 
To determine the real umbilics of the ellipsoid, 


ee 2? 2 
@tete 
If f, g, h be an umbilic, the tangent plane 
x gy . hz j 
at yt ant 


at the point is parallel to either of the central circular sections 


—a/ (a? ae 2 are —a/(b *—c") =0. 


a a ae h 
* 9=O and a7(a@—b) * vee) 
3 2 h2 
But L4G ta 
Hence 
= ov a/(a—b*) eV (BR —c*) 
fas ging 9% bt 7 areay 


These are the co-ordinates of the four real umbilics. 


Exercises 


1. Show that the hyperboloid of one sheet has no real umbilics, 
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2. Find the real umbilics of the hyperboloid 
x2 y® 2 
a2 62 ck 

skay/(a?+b2) 9 eey/(b?—c3) | 
Lanes Hatt)? (ab e8) 

3. Find the umbilics of the ellipsoid 272+3y?2+4 6z2=6. 

[Ans, (+44/6, 0, +44/2). 

4. Show that the four real umbilics of an ellipsoid lie upon a circle. 


5. Prove that the perpendicular distance from the centre to the tangent 
plano at an umbilic of the ellipsoid 1s ac/b. (U.P. 1937) 


9°5. Sections of paraboloids. TZ'o determine the nature of the 
section of the paraboloid 


az +by?=2cz, 
by the plane 
lx-+-my+nz=p. 
Let [0 so that the plane is not perpendicular to the YZ plane. 


As in § 9°3, the equations of the projection of the section on the YZ 
plane are 


x=0, 
(am? -+ b1?)y?-+ 2amnyz+an?2? - 2apmy —2(apn-+cl*)z+ap?=0. 
The projection and, therefore, also the section is an ellipse, 
parabola, or hyperbola according as 


< => 
nad anton? +54)4 = or abn’? \= 
> < 
Thus for a parabola n=0. If n=40, the section will be an ellipse 
or hyperbola according as ab is positive or negative that is according 
as the paraboloid is elliptic or hyperbolic. 


If =0 and m0 then, by projecting on the XZ plane, we get a 
similar result. 

If /=m=0 then n cannot be equal to zero and the section is then 
clearly an ellipse or hyperbola according as ab is positive or negative. 

Thus we have proved that all the sections of a paraboloid which 
are parallel to the axis of the surface are parabolas : all other sections 
of an elliptic paraboloid are ellipses and of an hyperbolic paraboloid are 
hyperbolas. 


9°51. Axes of plane sections of paraboloids. To determine the 
lengths and the direction ratios of the section of the paraboloid 
ax?+-by*=2cz, eoe(1) 
by the plane 
ly-+-my-+-nz=p. voe(2) 
Let («, 8, Y) be the centre of the section so that the plane (2) is 
also represented by the equation 
aux + bBy—cz=aa?-+ bB?—cY. 
Comparison gives 


mh u) v0 
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Ic me 
Therefore = B= = 
and cY =aa2-+-b a4 Peo oe m* np 
7 6 aie" b “P, 


If we write 


a’'obte’ 
we find that the centre of the section is 
( lc me ke 
an’ = bn’? rn? / 


The equation of the paraboloid referred to this point as the 
origin is 


o( = BY 40(o- $e) = 048) 


ax* +- byt = (lz+-my-+ 72) het ne 
Also, the equation of the plane (2) now becomes 


lx+my+nz=0. 


or 0. 


Now the conic 


...(3) 
lx+my+nz=0 


is the same as the conic 


2 
aa*+by?—— (Ia a ee 


axve+ byt etme) lx+ my +nz=0. 


Let us write 


[2 2 
po'=olke-+-np) =c(—— +724 2np ). 
The semi-diameters of length r of the conicoid 


2 
ax?--by=Fe, 
are the generators of the cone 


_p 2 e+ y?-+ 2? 

ax?-+-byt=" a 
4.€., a?(an®r? — p,") + y?(bn2r? — p,°) — 27 p97 =0 «-(4) 
The plane 


lst+my+nz=0, 
will touch this cone if 


ani—pe 'bit—pt pe” --(5) 


0 
or 


abn®rt — n*r*p,7[ (a +b)n®+ am? + b17] + po! (2? +m? + n*) =0, 
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which is a quadratic equation in 7? and has two roots 7,2, 7.2, which 
are the squares of the semi-axes of the section. 


Also, if A, u, v be the direction ratios, of the axis of length 2r, 
the plane (2) touches the cone (4) along the line 


oe i 7 


and is, therefore, identical with 
(an®r? — p92)Ax-+ (bn®r? — py”) uy —vpo?z=0, 
so that we have 
(an?r?—?)A __ (bn®r?— po") up _ — pov 
rs i rr a (6) 


which determine the direction ratios of the axis of length 2r; r being 
given from the equation (5). 


9°52. The section will be rectangular hyperbola, if 
ri? +r.?=0. 
This requires 
(a+b)n?+am?-+bP?=0. 

Ex. Obtain the conclusion of §9°5 with the help of equation 
{5) of this article. 

9°53. Area of the section. 

If the section be elliptic, its area 

= Ty!" 


"Pe. r/ ~ a | 
22 Pe p|a/ [Peat], 


9°54, If 6 be the angle between the asymptotes of the section, 
‘then as in § Ex. 2, page 189. 


Se ee) 
(etre)? [(a-+6)n? tame + ort 
‘which being independent of p, we deduce that the angle between the 
asymptotes of parallel plane sections is the same. 
Thus we see that parallel plane sections of a paraboloid are similar. 


tan?6 = 


Exercises 


1. Show that the section of the paraboloid 
ax? + by2=2cz, 
iby a tangent plane to the cone 
wg , y® , 22 
ds a rectangular hyperbola. 
2. Prove that the axis of the section of the conicoid az2+by2=2z by the 
plane ix+-my-+nz=0 lie on the cone 
i 
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3. Ifthe area of the section of 
ax2+- by2=2ez, 
be constant and equal to zk2, the locus of the centre is 
(a2%x2+4.b2y2+ ¢2)(ax2— by2—2cz)2=aberk4, 

9°6. Circular sections of paraboloids. To determine the circular. 

sections of the paraboloid 
ax* + by? =2cz. .-(L); 
The equation (1) can be written in the forms 


a( Btyete—=)4 %(6—a)—a2*=0, 
b Pt yttet—) + aa—b)—bet= : 


Therefore, as before, the two pairs of planes 
y?(b—a)—az*=0, .».(2) 
and 
x*(a—b)—bz?=0, ...(3) 
determine circular sections through the origin. 
If a or 6 is negative and the other positive, neither of the equa- 
tions (2) and (3) gives real planes. 
Hence hyperbolic paraboloids have no real circular sections. 
Of the two pairs of planes (2) and (3), one will be real if a and & 
are of the same sign. 
In case a>b>0, 
a*(a—b)—b2?=0, 
gives real circular sections through the origin and the two real systems. 
of circular sections are given by 


ar/(a—b)++/be=A, 2r/(a—b)— fbz=v. 
Exercises 


1. Show that any two circular sections of opposite systems of an elliptic 
paraboloid lie on a sphere, 


2, Find the real circular sections of the paraboloid ; 
(¢) 13y2+4+422= 22, [Ans 2ee3y=), 
(a2) x%4522+4+4y=0, [Ans. yr22=”r,. 
9°61. Umbilics of a paraboloid. Zo determine the umbilics of 
the paraboloid 
ax* +by?=2cz, a>b>0. 
Circular sections are determined by the planes 
arf (a—b)+4/b2e=A, xr+/(a—b)— Vfbz=p. 
If f, 9, 2 be an umbilic, the tangent plane 
afx-+-bgy—c(z+h)=0 
thereat is parallel to‘either of the circular sections. 
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ae g=0 and f=+ =. / (=). 


Also, 
af*+bg*=2ch. 
Therefore, 
_(4—5)e 
‘ 2ab * 


tee [SJ (5). 0. GY 


are the two real umbilics of the paraboloid. 


Ex. 1. Find the umbilies of the paraboloids 
(t) 402+5y2=40z, (tt) 25.02+-16y2=22, 


[ins. (¢) (O, 2,4); (#2) (43/100, 0, 9/800). 
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CHAPTER X 
GENERATING LINES OF CONICOIDS 


10°1. Generating lines of the hyperboloid of one sheet. We 
re-write the equation ; ; 
x y 2 
a2 “p2 as C? =] ) ...(1) 
of a hyperboloid of one sheet in the form 
so gt y? 
ae cc 6’ 


e  (S-4(E+E)=(-DH) 


This may again be written in either of the two forms 


ee 

a Cc b 
oa ..(2) 

io ye 
b 

us Y 

a Cc 

or =, ...(3) 

¥y a he es 

ir b a +r Cc 


We consider, now, the two families of lines obtained by putting 
the equal fractions (2) and (3) equal to arbitrary constants A and 
respectively. 


= — 2 2a(1--$) ,14-4=a(24 2), (4) 


C 
S—San(4$). 1 fan(S42) 


To each value of the constant A, corresponds a member of the 
family of lines (A) and to each value of the constant u corresponds 
a member of the family of lines (B). 


Now it will be shown that every point of each of the lines (A) and 
(B) lies on the hyperboloid (1). 


If (29, Yo. %) be any point of a member of the family (A) 
obtained for some value A, of A, we have 


EO = OO oes ( —*) Yo 4 (=2 *o ). 
ac a) Oe oe cae: bh 
On eliminating A, from these, we obtain 
2 
4 —— =1— = or +55 -—--s=1, 
a c 


which relation shows that (a, Yo, 29) is a point of the hyperboloid (1). 
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A similar proof holds for the family of lines (B). 


Thus as A and pu vary, we get two families of lines (A) and (B) 
each member of each of which lies wholly on the hyperboloid. These 
two families of lines are called two systems of generating lines (or 
generators) of the hyperboloid. 

We shall now proceed to discuss some properties of these systems 
of generating lines. 

10°11. Through every point of the hyperboloid there passes one 
generator of each system. 


Let (2%, Yo, %) be a of the hyperboloid so that we have 


Zz 2 
to We —3 =1. (4) 


—E=n(1-$), aa (S42) 


will pass through the point (x9, Yo, Zo) if, and only if, A has a value 
equal to each of the two fractions 


E-S)0-$) (HH YE+E)-o 


Now, by virtue of the relation (4), these two fractions are equal. 


Now the line 


Thus the member of the system (A) corresponding to either of 
the equal values (5) of A will pass through the given point (Xp, Yo; 29). 
Similarly it can be shown that the member of the system (B) 
corresponding to either of the equal values 


(4). OB S44 


of, u, passes through the given point (x9, Yo, 2). 


Xo 
a 


10°12. No two generators of the same system intersect. 


aan 


(i) 2-2 =a(1-#), (i) 14 £=a(* 42), 


(if), Go ue fon(£42), 


be any two different generators of the A system. 
Subtracting (222) from (2), we obtain 


(Ay —As) ( 1-2 )=0 or y=b, for AyéAs, 


z 
a 6 
z 


(iii) — 


Again, from (iz) and (sv), we obtain 
(-- 3) 14. + )=0 or y=—b, for AyéAo, 


Thus we see that these four equations are inconsistent and 
accordingly the two lines do not intersect. 
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10°13. Any two generators belonging to different systems intersect. 
Let 

ee —1) : + =a (= =.) 

(i) = Ne , @) 1+ Zan(242), 


a Cc 


(112) ———= » (1+), (iv) 1— =e (—+4 =), 


be two eres one of each system. 
Firstly, we solve simultaneously the cquations (2), (#1) and (272). 
Now (2) and (i27) give 


a(1-+)= u(1++) or y= Sere 


Substituting this value of y in (i) and (it), we obtain 
a 2 2A, @ 2 2 
tet Wi Se 
a ty ale +. 
These give, on =Ading and subtracting, 
1+Au ol ~~ Ap 
A+ ae “Xf pe 
Now, as may easily be seen, these values of 2, y, z satisfy (iv) 
also. Thus the two lines intersect and the point of intersection is 


( l+An , A—uw 1—Ap 


w= 


Ba ae ae ne) 


Another method. The planes 


£-2-n(1-$) if 4 fa(S42)]v0 


$-Eoa(1P-1[ 1p a(Sed 


pass through the two lines respectively for all values of & and k’. 


Now, obviously these equations become identical for 
k=p and k’=A. 


Thus the two lines are coplanar and as such they intersect. Also 
the plane through the two lines, obtained by putting k=yp. or k’=A is 
l+An 2 A-—p y I—-An 2 _ 

era ear irae rae ==], sald) 

Cor. 1. Now the plane (7) through two generators of the oppo- 

site systems is the tangent plane to the hyperboloid (1) at the point 

of intersection (6) of the two generators. Since also through every 

point of the hyperboloid there pass two generators, one of each 

system, we see that the tangent plane at a point of hyperboloid meets 
the hyperboloid in the two generators through the pownt. 


Cor. 2. Any plane through a generating line is the tangent plane 
at some point of the generator. Now like every plane section, the 
section of the hyperboloid by any plane through a generator is @ 
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conic of which the given generator is a part. Thus the conic is 
degenerate and the residue must also be a line. At the point of 
intersection of the lines constituting this degenerate plane section, 
the plane will touch the hyperboloid. 
Ex. Prove this result analytically also. 
Cor. 3. Parametric Equations of the hyperboloid. The co- 
‘ordinates (6) show that 
= qi tA A—u ae oh 
At+yp. 
are the parametric equations of the hyperboloid ; A, w being the two 


parameters. These co-ordinates satisfy the cquation of the hyper- 
boloid for all values of the parameters A and up. 


Example 


Find the lengths of the side of the skew quadrilateral formed by the 
four generators of the hyperboloid 


x*/4+y?—227=49, 
which pass through the two points (10, 5, 1) (14, 2, —2). 
(D.U., M.A. 1948) 
Re-writing the given equation in the form 


(f 2 Vat )=(1-y(7+4), 


we see that the equations of the two systems of generating lines of 
‘the hyperboloid are 


+S —2=MI—y), Al Ste |=t4y ; -++(%) 


- 
Foe wl+y), wf ete |= Ty. (i) 


The generators (z) and (it) pass through the points 
(10, 5, 1) and (14, 2, —2) 


for 
A=2, r=} and A=2, p=1 
respectively. 
The two pairs of generators through the two points, therefore, 
.ALe 
le a . 
Le Te=T4+y). 8 | ote [=T—y + (iv) 
x 
[2-47-98 [ S42 arty (0) 
< 
| ST aT+y, Ste =7T—y eos (v2) 
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Solving in pairs (ii2), (vi) and (iv), (v), we see that the two other 
vertices of the skew quadrilateral formed by the four generators are 
(14, $,—4), er cs i . 

The lengths of the sides are now easily seen to be 


/(98)/16, /(308)/3, +/2/3, /(7970)/16. 


Exercises 


1. Write down the equations of the two systems of generating lines of the 
following hyperboloid and determine the pair of lines of the systems which pass 
through the given point. 


(t) x2+9y2—z2=9, (3, 1/3, —1). 
(si) 22/9—y?/16422/4—=1, (—1, 4/3, 2). 
[Ans. (4) x+3py—z=3), Av—3y+Az=8 ; 7+ 6y—2=6, 22—3y+422=3 
e—3py—z=3p, pot+d3yfuz=3 ;e—3y—2=3, o+3y+2=3 
(4) 4a—3y+6az=12), 4Ax+3ay—62= 12 ; z=2, 4u-+3y=0 
4x —3y —6yz=12u, 4uat+3pyy+6z=12 ; 
4x —3y+22+4=0, 42+3y—82+36=0. 
10°2. To find the equations of the two generating lines through any 
point (a cos 6, b sin 4, 0), of the principal elliptic section 
x*/a?+-y7/b?= ] ’ z=Q, 
of the hyperboloid by the plane z=0. 
Let : 
a—acos@_y—bsin 0@_z2—- 


——- 
I, SND ye ae 


l m n 
be any generator through the point 
(a cos @, b sin @, 0). 
The point 
(Ir+a cos 6, mr+6 sin 0, nr) 
on the generator is a point of the hyperboloid for all values of r. 
Thus the equation 
(lrta cos 6)? , (mr+5 sin 9)? n?r 
gg 
: Ym nn), Lcos 6, msin 64 __ 
VC, | gat ao | +2r[ = +a |=0, 
in r must be an identity. This will be so if 
2 mn? 


ae ' 62 ¢? = 
and 
l cos Om sin O_o, 
a b 
These give 
i. ™ 
asing —bcos@ +c. 
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Thus we obtain 
t—a@ cos @_y~6b sin 9_ 2 (C). 
asin @ —bcos@ +c _ 


as the two required generators. 

Note. Since every generator of either system meets the plane z=0 ata 
point of the principal elliptic section, we see that the two systems of lines 
obtained from (C) as 6 varies from 0 to 2x are the two systems of generators 
of the hyperboloid, The form (C) of the equations of two systems of generators 
is often found more useful than the forms (1) and (B) obtained in § 10°1. 

Ex. Show that (A) and (B) are equivalent to (C) for 

A=tan ({r—40), w=cot (4r7—49). 

10°3. To show that the projections of the generators of a hyper- 
boloid on any principal plane are tangents to the section of the 
hyperboloid by the principal plane. 

Consider any generator 


%—acos §@_y—b sin 9 _ 


@ sin @ —b cos § 


@ 
Cc e 


The equation 
z—a cos §_y—b sin 9 


@ sin @ —b cos § 
represents the plane through the generator perpendicular to the XOY 
plane so that the projection of the generator on the XOY plane is 
x—acos@_y—bsin 0 0 


-———+ a nn rt et tn 


asin @ —b cos @’ 


or eee 1, oa6 
a b 
which is clearly a tangent line to the section 
a /a?+y?/b2?=1, z=0 
of the hyperboloid by the principal plane <=0 at the point 
(a cos 9, b sin @, 0). 


bd 


Again 
x-&@Ccos@_ 2 
asing Cc. 
is the plane through the generator perpendicular to the XOZ plane so: 
that the projection of the generator on the XOZ plane is 
%—A COS O_ 2 


3 


asing c’ y=0 
or 
xsec§@ 2 
A ~~ tan g=1, y=0 
which is clearly the tangent to the section 
: on 
ae ge YO 


of the hyperboloid by the principal plane y=0 at the point 
(a sec 0, 0, c tan @). 
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Similarly we may show that the projections of the generators on 
the principal plane x=0 touch the corresponding section. 


Example 


Show that points of intersection R, S of the generators of opposite 
systems drawn through the points 
(a cos 8, 6 sin 9, 0), (a cos 4, b sin ¢, 0) 
of the principal elliptic section of the hyperboloid 
a? /a? + y*/b* —2?/c?=1 


(git HO+9), sin ots) 4 sin 10-8 
cos $(9—¢)’ cos 4(@—¢)’ 


‘Are 


Sane 4(9—@) 
The question can, of course, be solved by solving simultaneously 


the equations of the generators obtained in § 10°2, but we shall give 
another method which is perhaps simpler. 


Let B (2, y;, Z;) be either of the two points of intersection of the 
‘generators. 


The tangent plane 
Clq YY. 2 
ety a 
at R meets the plane z=0 of the principal elliptic section in the line 


hy, YY _ 
Pe Te —l|=0, 2=0 


which is the line joining the points P, Q whose equation is known to be 
x COS OFS) Yo HOF Do cos 1(0~4), <0. 


Comparing these equations, we obtain 


we qos BlOtF) 4 _psin 2014) 
1 OOS 4(9—¢)’ qe 008 4(06—d¢)’ 
Also we have 


ty*/a*®+y"/b?>—z2/P=1. 
Substituting these values of x, and y, in this relation, we obtain 


: §— 
Zy=+c tan 4(9—¢)= one gay 


Exercises 


1. R, S are the points of intersection of generators of opposite systems 
-drawn at the extremities P, Q of semi-conjugate diameters of the principal 
‘elliptic section ; show that 


(z) the locus of the points R, S are the ellipses 
xv? /a2-+-y?2/b2=2, z=“ ; 
(ii) the perimeter of the skew quadrilateral PSQR taken in order, is con- 
stant and equal to 2 (a2+62+ 2c?) ; 
(402) cot?a-+ cot?6=(a2+52)/c? where 
LRPS=2¢ and / RQS=28 ; 
(iv) the volume of the tetrahedron PSQR is constant and equal to 
4Zabe, 
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2. The generators through a point P on the hyperboloid 
v2 Ja24+- y2/b2—z2/c2= 1] 
meet the principal elliptic section in points whose eccentric angles differ by a 


constant 2a ; show that the locus of P 1s the curve of intersection of the hyper- 
boloid with the cone 


x2 /a%+-y2/b2=2z*/c? costa. 
3. Ifthe generators through a point P on the hyperboloid 
aw /a2+y?/b2—22/c?=1, 
meet the principal elliptic section in two points such that the eccentric angle of 


one 1s three times that of the other, prove that P les on the curve of intersection 
of the hyperboloid with the cylinder 


Yy? (22 4-2) = 45222, 
4, Show that the generators through any one of the ends of an equi- 
conjugate diameter of the principal elliptic section of the hyperboloid 
n2/a2+y2/b2—22/c%=1, 
are inclined to each other at an angle of 60° if a2+62=6c?2, Find also the 
condition for the generators to be perpendicular to each other. 
[Ane. a2+6222c2,. 
5. A variable generator of the hyperboloid 
x*/a*+-y2)/b2—22/c2=1, 
intersects generators of the same system through the extremities of a diameter: 
of the principal elliptic section in points P and P’ ; show that 


%p Cp a= Y p plb*,2 p2 pr —c?2, 


6. Show that the shortest distance between generators of the same system. 
drawn at one end of each of the major and minor axes of the principal elliptic: 
section of the hyperboloid 


x2 /a2+-y2/b2—22/c2=1, 
is 
2abc/4/ (a*b2 +-b2c2-++ c2a7), 
7. Show that the shortest distance between generators of the same: 


system drawn at the extremities of the diameters of the principal elliptic section. 
of the hyperboloid 


x2/a2+ y2/b2—z2/c2#=1, 
are parallel to the XOY plane and lie on the surfaces 
abz(x?2-+y?) = 4-(a?—b*)cxy, 
8. Show that the lhnes through the origin drawn parallel to the line of’ 


shortest distance between generators of the same system through the ends of 
semi-conjugate diameters of the principal elliptic section of the hyperboloid, 


x2 /a2+ y2/b2—z22/c2=1, 
generate the cone 
a2x2 + 6242—2¢222—0, 
9. A variable generator meets two generators of the system through 


the extremities B and B’ of the minor axis of the principal elliptic section of’ 
the hyperboloid 


x2/a2+y2/b2—2z2/c2=1, 
in P and P’, prove that 
BP.B’P’ =b2-+-¢2, 


10. @Q isa point ona generator at any point P of the principal circular- 
section of the hyperboloid 


c2(a2 + y*) a a2z2 —_ a2c2, 


such that PQ=r ; show that the angle between the tangent plane at P and Q is. 
tan-1! (r/c). 
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11. The generators through a point P on the hyperboloid 
22 /a2ty2/b2—22/e2= I, 
‘meet the plane z=0 in A, B and the volume of the tetrahedron formed by the 
‘generators through A and B is constant and equal to abc/4 ; show that the locus 
of P is either of the ellipses 
xv2/a*+y2/b¢=4, z=+4/3c, 
10°4. To find the locus of the points of intersection of perpendi- 
cular generators of the hyperboloid 


eja+y* |b? —2/er=1, (1) 
Let (x1, ¥1) 2;) be any point the generators through which are 
‘perpendicular. 
The generators are the lines in which the tangent plane 
TL, , YY, 2% 
= fo al ...(2) 


at the point meets the surface. On making (1) homogeneous with 
‘the help of (2), we obtain the equation 
gy? Z LI, YY, + 2%, \? 
ee 
The curve of intersection of (1) and (2) being a pair of lines, the 
‘cone with its vertex at the origin and with the curve of intersection 
.of (1) and (2), as the guiding curve, represented by the equation (3), 
reduces to a pair of planes. 

If, 1, m, n be the direction ratios of either of the two generators, 

we have, since they lie on the planes (2) and (3), 


lx, my, nz 
“a tp a 9 (4) 
and 
2 om n® slay my, nz? : 
ate (ate a): a 


2 mm? n? 
mo +53 rr) =(0. . (6) 
Eliminating » from (4) and (5), we obtain 
[? 2lmc2x m? 
; — (a%z,2—c'x,2) - Ree += (b¢z,? - c2y,2)=0. 


If l,, 1, 71, 3 lg, Me, Mg be the direction ratios of the two gene- 


rators, this gives 
in ih b2z,2—c?y,? at 


Mm, M, bt a*z,*—c*x,? 
a Lil, = MyM, = NN 
é < 4 2 2 2 y s % . 
a*(b7z,;7—c*y, ) b (a ey —C¢ x,*) cf (a?y,?+- cx, ) 
Since Llg+m,mM+ 2yN2=0, 


we obtain 
a*(b?2,2—c?y,*) +-b4(a?z,? —c*m,?) + c8(a’y,?+ b?a,") =0, 
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or 
b°c2x42(c®—b?) + a2c2y,?(c2—a*) +07b"z,2(a?+ 52) =0, 
Or 


xv 2 2 Zz 2 
(Bo?) “P+ (ate?) Fe — (a? +0")  =0. 
We re-write it as 


2 2 ° 
(a? +-b8—c?) “5+ (a+b*—cl) Fae +R) Sant yt tat, 


x 2 2 Z 2 
or (P+ B02) (Fp amity tte, 
Since now the point (x, y1, 21) lies on the hyperboloid, this 


reduces to 
2+ yy+22=a? +b? —c?, 

Thus we see that the point of intersection of perpendicular 
generators lies on the curve of intersection of the hyperboloid and the 
director sphere 

+ y?+ 2? =a?+5?—c?. 

Another method. Let PA, PB be two perpendicular generators 
through P and PC be the normal at P so that it is perpendicular to 
the tangent plane determined by PA and PB. The lines PA, PB, PC 
are mutually perpendicular and as such the three planes CPA, APB, 
BPC determined by them, taken in pairs, are also mutually perpendi- 
cular. 

The plane CPA through the generator PA is the tangent plane 
at some point of PA and the plane CPB through the generator PB is 
the tangent plane at some point of PB. Also the plane APB is the 
tangent plane at P. 

Thus the three planes CPA, APB and BPC are the mutually 
perpendicular tangent planes and as such their point of intersection 
P lies on the director sphere. Thus the locus of P is the curve of 
intersection of the hyperboloid with its director sphere. 

Example 
Show that the angle @ between the generators through any point P on 
a hyperboloid 1s given by 
cot 6 =p(r? —a?—b?+-c*)/2abce, 
where, p, 18 the perpendicular from the centre to the tangent plane at P 
and, r, 1s the distance of P from the centre. (D.U., M.A. 1947, 59) 
The tangent plane at P(2,, y,, 2) is 
ty YW _y 


en gene 
=_—e 


az b Cc ..(1) 
As in § 10°4, it can be shown that the direction ratios 1, m,n, of the 
two generators through this point are given by the equations 

lx, my, nz 

rae | ee 

2 m n? 

ate ~° 
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Proceeding as in example 1, on page 169, we can show that 
angle @ between the i is — by 


/ Vi =8 Ge 444% + )(- — — that ae san) | 


a(t Sy TG a) () 


Now, p, the length of the perpendicular from the centre to the 
tangent plane (1) at (x, y1, z,) is given by 


tan 9 = 


Also the denominator of the expression for tan 9 


= al ee 1) 4(e ene 


= saiici| a —P— 0") +E (eat) + 1 (a Bo) 
+(x? +y1?+2;")} 
2 
a 3| (a?+b? — a) (M4 yr —*) | 


a’b*c? af” ——— +e) |, 


OM (aa) eH) 


ee tani (r—a— ne 
= 2abe/p(r?—a?— b?-+-c?), 


10°5. Central point. Line of Striction. Parameter of Distri- 
bution of a generator. 


Def. 1. The central point of any given generator, l, 1s the limiting 
position of its point of intersection with the line of shortest distance 
between it and another generator, m, of the same system; the limit 
being taken when, m, tends to coincide with l. 


With some sacrifice of precision, one may say that the central 
point of a given generator is the point of intersection of the generator 
and the shortest distance between it and a consecutive generator of 
the system. 


Def. 2. The locus of central points of generators is called line of 
striction. 


Def. 3. The parameter of distribution of a generator, 1, is 
lim(5s/5)) where, 58, 13 the shortest distance and, 5y, the angle between T 
and another generator m of the same system, the limit being taken when 
the generator m tends to coincide with the generator l. 
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10°51. Yo determine the central point of a generator. 
We consider generators of the system 
x—acos@ y—bsing 2z 
asing ~ —bcos9” c 
Let any generator, J, of this system be 


z—a cos? y—b sing 


z 
. — ee eco i 
a sing —b cose C () 

We, now, consider any other generator, m, 
z—acosp’ y—bsin?’ 2 (2) 


asinp’ = —bcoso’  ¢ 
of the same system. 
Let the shortest distance between these generators meet them 
in P and Q respectively so that we have to find the limiting position 


ow the point P on the generator / when 9’. Let C be the limit 
of P. 


Since PQ is a chord of the hyperboloid, its limit will bea tangent 
line CD at the point C. Let 1, m, 2 be the direction ratios of the 
shortest distance PQ and 1, mp, 1 be those of its limit. We have 

al sing —bm cos? +cn=0, 
al sino’ —hm coso’-+cn=0. 

al _ bm _ cn 
‘cos?’—cosp sing’—sing sin (@’—@) ’ 


or 
ab bm 
—sin$(p’+¢) cos $(9’+@) cos $(9’—@) 
Let 9/9. 
Thus we obtain 
aly __ bmg __ Cn 
—sin? coso 1 
Let 


[a(r sinp-+cos¢), b(sing—r cos?), cr] .(3) 
be the central point C on the generator (1). The equation of the 
tangent plane at C is 

x(r sing + cosp) y(sinp—r cosp) — zr 
a b Cc ! 
Since the line CD with diroction ratios Ij, mo, mp, lies on this 
tangent plane, we have 
sing(r sin? + cos¢) 4. _2089(sin? —r cosp) =r 
7 a 2 aa 


sin’o 4505? 
r| 3 a a sing cos 
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or 
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or 
c?(a?—b?) sing cos? 


= (a®b?-+ a*c? cos’ +6%c? sin2¢) ’ 


so that we have obtained ¢. 


Substituting this value of r in (3), we see that the co-ordinates 
of the central point C(x, y, z) are given by 
a®(b?-+-c”) cose 6 (c?+- a?) sing c?(a?— 6?) sing cosp 
a rs 2 sal ni os 


k-=a?b?+-a%c? cos’p -+52c? sin®o. 
Eliminating 9, we see that the line of siriction is the curve of 
intersection of the hyperboloid with the cone 
a®(b* + ¢)? 4 b8(c?-+a?)*__o°(b'—a?)* _ 
a 
Ex. Find the central point for a generator of the second system and show 
that the line of striction is the same for either system. 
10°52. To determine the parameter of distribution of the 
generator, I. 
If 8) be the angle between the generators (1) and (2) of § 10°51, 
we have 
a/ [b?c?(cosp’ — cos¢)*+-c?a*(sing’ — sing)? tatb’sin'(e'— —9)] 
tan 5)= ; ; 
a* sing sing’ +b? cose cose’ +c 
ui[b%e" sin?$(9’ +?) +-c?a?cos"$(9' +9) + a*b*cos*} (9 —9)] 


=2 sin 3(9 — a* sing sing’ + b? cose cose’+-c? 


We write ?’=9+50 so that 590 as 9’: >. Then, from above, 


we obtain 
dy _ cal sin’ Lae? cos*o + a°b"| 


do a” sin 2 +442 cos? +c? 


Again we shall now find the S. D., 5s, between the two generators. 
Now the equation of the plane through (1) parallel to (2) is 


| e—a@ cos@, y—bsing, z 
a sin?, —bcosp, c |=0 
a sing’, —b cosy’ c 


so that on cancelling a common factor sin $(9’—@), we obtain 
—bex sink(o’-+¢9)-+cay cos(9’ +9) +abz cos}(p’ —¢) 
-+-abe sin}(p’—9)=0. 
The S.D., 58, which is the distance of the point 
_(a cos’, 6 sing’, 0) 
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from this plane is given by 


Sec  tC<Ct~é‘ Re SiN (P'—-F) 
+/[b?c? sin?4(9' +9) -+¢7a? cos’$(9' +9) + a°b? cos*4(p'—9)] 
Again putting p’=9 +59, we obtain 
ds abc 
do _4/[b’c? sin?? + c2acos*p + a*b*)’ 


ds ds/do = abc(a* sin’e +b? cos" + c?) 


e a oni Sine 
Na a ala et a 


- dy dvjdo  b’c? sin’e+c?a? cos’ +a%* 
10°6. Hyperbolic paraboloid. We re-write the equation 
x? /a?—y?/b? =2z/c ...(1) 


of a hyperbolic paraboloid in the form 
Bo ee 
L ab il a ee ee 


which may again be re-written in either of the two forms 


xy 
a b _— 2 
Sw y’ 
Cc a b 
ey z 
a OL 
2 «2 UV] 
ab 


Now, as in § 10°1 it can be shown that as A and pw Vary, each 
member of each of the system of lines 


z= y_m 2=1| = a 
a ae a 
Fy, eS Ga) sa 
a b a el a T a fe 


lies wholly on the hyperbolic paraboloid (1). 

Thus we see that a hyperbolic paraboloid also admits of two systems 
of generating lines. 

As in the case of hyperboloid of one sheet, it can be shown that 
the following results hold good for the two systems of generating 
lines of a hyperbolic paraboloid alse. 

1. Through every point of a hyperbolic paraboloid there passes 
one member of each system. 

2. No two members of the same system intersect. 

3. Any two generators belonging to different systems intersect 
and the plane through them is the tangent plane at their point of inter- 
section. 

4. The tangent plane at any point meets the paraboloid in two 
generators through the point. 

https://t.me/ pdf4exams 


Downloaded from https:/ / t.me/ civilsbuzz 
212 ANALYTICAL SOLID GEOMETRY 


5. The locus of the point of intersection of perpendicular generators 
is the curve of intersection of the paraboloid with the plane 


2cz +a?—b?=0. 
An important Note. Since the generator 


z= yim 4 4 
a b iain aC ++), 


—,, ~ 4 4 
° feet] 
which is parallel to the plane 
—+ 7 =0, 
whatever value A may have, we deduce that all the generators belong- 
ing to one system of the hyperbolic paraboloid 


x*/a?— y?/b?=2z2/e, 
are parallel to the plane 
z/a+y/b=0. 


It may similarly be seen that the generators of the second system 
are also parallel to a plane, viz., 


zla—y/b=0. 
Example 


lies in the plane 


Show that the polar lines with respect to the sphere 
2 + y? +2? — a? 
of the generators of the quadric 
x? —y?= 2az. 
all lie on the quadric 
o*— y= —2az, 
Re-writing the equation 
n*— y* = 2az, 
as 
(x — y) (x+y) =2az 
we see that the two systems of generators of this quadric are 
x—y=2ha 2— y= 22 
at y=z/r w+ty=al. ) 
Symmetric form of the A generator is 
w—ha_ytha_ 2 


11 
The polar plane of any point 
(r+Aa, r—Aa, 2rd), 
on the A generator w.r.t. the sphere 
e?-+ yr4 gag? 


is 
(r-+Aa)x+(7r—Aa)y-+2rAz=a?, 
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£.€., 

r(xty+2Az) + a(Aa—hy—a)=0 
so that the polar line of the A generator is 

tty +2Az=0, Ax --Ay—a=0. 


Eliminating A between these, we sce that these-polar lines lic on 
the quadric 


e*—y* = — 2az. 
We may similarly treat the » generators. 


Exercises 
1. Obtain equations for the two systems of generating lines on the 
hyperbolic paraboloid 
eg 
een eer ee 
aa ba 


and hence express the co-ordinates of a point on tho surface as functions of two 
arameters. Find the direction cosines of the generators through (a, 0,7) and 
show that the cosines of the angle between them 1s 


(a2—b2+)/(a2+b2+y). 
2. Show that the projections of the generators of a hyperbolic paraboloid 
on any principal plane are tangents to the section by the plano. 


3. Find the locus of the porpendiculars from the vertex of the paraboloid 
x?/a2— y2/b2 = 22]/c 
to the generators of one system. 
[uins. v%+y2+222+ (a2+62)xy/ab=0. 
10°7. Central point. Line of striction. Parameter of Distri- 
bution. 


10°71. To determine the central point of any generator of the 
system of generators 


[ee 2=20(—-+—2), 
C 


a ob a Ob 
Let any generator, J, of this system be 
os = (=. 7). (1 
a 6b c¢’ eae ~ b sath) 
We, now, consider any other generator, m, of the same system 
% YP 9 _ i +). 2 
a 6 c’  “\a 7 b kes 


The direction ratios of these generators are 
a, —b, 2c/p ; a, —b, 2c/p’. 
If 1, m, n be the direction ratios of the line of S.D. between 
{1) and (2), we have 
al—bm-+2cn/p =0, 
al—bm+ 2cn/p' =0. 
These give 
1/a, 1/6, 0 
as the direction ratios of the line of 8.D. Being independent of p and 
p’, we see that the line of 8.D. is parallel to a fixed line. 
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Let (2%, ¥1, 2,;) be the central point of (1). As in § 10°51, the 
limiting position of the line of S.D. is a line contained in the tangent 
plane 


XX 1 
aE = — (2402) 


at (2, Yi, 2). 
Thus we have 


x 
a0. ..-(3) 
Also since (21, y;, 2;) lies on (1), we have 
a Ob = 2=p(4 4) -++(4) 
Solving (3) and (4), we obtain \ 
2a3 203 __ 2c(a*—b?) 


4 ee . 
pape) 9 p(a0%)’ pla? 64) 
Eliminating », we see that the line of striction is the curve of 
intersection of the surface with the plane 
x/a®+y/b®=0. 
Ex. Find the central point of a generator of the second system and show 
that the corresponding line of striction is the curve of intersection of the surface 


with the plane 
xJa3+-y/b3=0. 


10°72. To determine the parameter of distribution. 
Let 5) and 3s be the angle and the 8.D. between (1) and (2). 


We have 
2ey/(a?-+b")(p'—p) 


tan 3 p'(a?-+ 6?) +-4e2 
Let p’=p+5p so that 59-20 as p'—>p. 
dy _ 26v/( a? +b?) (5) 


dp pa®+b*)+4c?" 
Now the plane through the generator (1) and parallel to (2) is 


By 
a + 6 pp 
Also taking z=0, we see that (a/p’, 6/p’, 0) is a point on (2) 
2 2 
ee ae 
be= —_P__- Pp _2(p'—p)ab_ P 
° WAGs ‘a3 ~ ppv (a?+ 0%) (9) 
*, as before 
ds _ 2ab 


dp pt/(a?+b%) 
ds__ab{p*(a? +b") +-4c?] 
ab optat +0) 
which is the parameter of distribution. 
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Ex. For the generator of the paraboloid 
x2 /q2—y2/b2= 22 
given by 
: x Y 2 
a ee ata 
prove that the parameter of distribution is 
ab(a®-+ b?-+-432)/(a?-+b?) 
and the central point is 
208, =—268, 2(a2—b2)d2 
ES > a2+b2" — @2+b2 iF 
Prove that the central points of the systems of generators lie on the planes 
z/a3 + y/b8=0, (D.U., M.A.) 


10°8. General Consideration. We have seen that hyperboloid 
of one sheet and hyperbolic paraboloid each admit two systems of 
generators such that through each point of the surface there passes 
one member of each system and that two members of opposite 
systems intersect but no two members of the same system intersect. 
Also we know that through each point of a cone or a cylinder there 
passes one generator. Thus hyperboloids of one sheet, hyperbolic 
paraboloids, cones and cylinders are ruled surfaces inasmuch as they 
can be generated by straight lines. 

We now proceed to examine the case of the general quadric in 
relation to the existence of generators. 


10°81. Condition for a line to be a generator. A straight line 
will be a generator of a quadric if three points of the line lie on the 
quadric. 

Let the quadric be 

ax* by? +-c2z*+-2fyz+29zx-+ 2hary+2ux+ 2vyt+2wze+d=0. ...(1) 

The line 

a—-“% y-B 2-yY 

boom Tn 
will be a generator of the quadric, if the point 

(ir+a, mr+B, nr-+Y) 
on the line lies on the quadric for all values of r, i.e., the equation 
obtained on substituting these co-ordinates for 2, y,z in (1) is an 
identity. As this equation is a quadric in r, it will be an identity 
if it is satisfied for three values of r, t.e., if three points of the line 
lie on the quadric. 

Cor. 1. The quadric equation inr obtained above will be an 
identity if the co-efficients of r? and r and the constant term are 
separately zero. This gives 

al? -+bm?+-cn? +2 fmn+ 2gnl +2him=0 «--(2) 
U(ax+hB +97) +m(ha+b8+fY)+n(gx+fB+c7Y)=0 ...(3) 
ax? + bB?-+-cy¥?+2fRY +29Ya+ 2has+2ux+2v8+-2wy+d=0 ...(4) 

The condition (4) simply means that the point («, B, Y) lies on 
the quadric. 
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Since (2) is a homogeneous quadric equation and (3) is a homo- 
geneous linear equation in J, m, n, these two equations will determine 
two sets of values of l, m,n. Thus we deduce that through every point 
on a quadric there pass two lines, real, coincident or imaginary lying 
wholly on the quadric. 


Cor. 2. A quadric can be drawn so as to contain three mutually 
skew lines as generators, for the quadric determined by nine points, 
three on each line, will contain the three lines as generators. 

10°9. Quadrics with real and distinct pairs of generating lines. 

10°91. Of all real central quadrics, hyperboloid of one sheet only 
possesses iwo real and distinct generators through a point. 

Let 

ax* +-by*+cz*#=1 
be any central quadric. 

The direction ratios 1, m, n of any generator 

al ee 


— vas oe 


l m n 


of the quadric through the point (a, 8, Y) are given by the equations 
al? -+bm?+-cn?=0, 
ala -+bmB+cny=0. 
Kliminating » from these, we obtain 
aaa? +cY?)l*+-2abaBblm + b(bB? + cy?)m*=0. 
Its roots will be real and distinct if, and only if, 
4a7b*a28? —4ab(aa? + cy”) (bB*+ cy”) >0, 
2.€., if 
—4abcy?(ax?+ bB?+-cY*) >0. 
Since aa2-+)38?+cy*=1, we see that the roots will be real and 
distinct, if and only if, 
abe is negative. 
Now this will be the case if a, b, ¢ are all negative or one nega- 


tive and two positive. In the former case the quadric itself is imagi- 
nary and in the latter it is a hyperboloid of one sheet. 


10°92. Of the two paraboloids, hyperbolic paraboloid only possesses 
two real and distinct generators through a point. 
In the case of the paraboloid 
aax* + by? =2cz, 
the direction ratios, 1, m, n of the generating lines through a point 
(x, 8, Y) of the surface are given by 
al?+bm?=0, -.-(1) 
ala -+-bmB —ne=0. ...(2) 
The equation (1) shows that for real values of 1 and m, we must 


have a and b with opposite signs, 7.e., the paraboloid must be 
hyperbolic. 
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10°10. Lines intersecting three lines. An infinite number of lines 
can be drawn meeting three given mutually skew lines. For the quadric 
through the three given mutuallv skew lines a, b, c, the three lines 
will be generators of one system and all the other generators of the 
other system will intersect a, b, and c. 

In fact the quadric through three given mutually skew lines can be 
determined as the locus of lines which intersect the three given lines. 

Thus the locus determined in § 4°41 on page 65 is really the 
equation of the quadric through the three lines 


u,=Q=4, 5 r=1, 2, 3. 


Exercises 


1. Find the equation of the quadric containing the three lines 
y=b, z=—C 3 2=c, T= —a 5 H=a,y=—), 
Also obtain the equations of its two systems of generators, (See Ex, 2, 
page 65). 
[Ans, ayz+bex+texrytabe=0 ; y—b+A(z+c)=0, b(a+a)—A(az+cex)=0. 
u(az4-cr)—(z+c)=0, ub(x+a)+(y—b)=0, 
2. Find the equations of the hyperboloid through the three lines 
y—s=1,7=0; z—v=1, y=0 5s e—y=1, z=0. 
Also obtain the equations of its two systems of generators. 
[Ans, 2%+4y2+4+22—2ry—Qyz—2z2r=1 3 x—-y—l=)z, A(x—y +1) =27+2y—z, 
e—y—1l=A(2a+2y—z), A(a—y+1) =z. 
3. The generators of one system of a hyperbolic paraboloid are parallel 
to the plane lx+-my-+-nz=0 and the lines 
ax+by=O0=2z+c ; awz—by=0=z—c 
are two members of the same system. 


Show that the equation of the paraboloid is 
abz(lz+my+nz)=c(a2mx-+ b2ly+aben), 
(See Ex, 3, p. 65) 


4. Show that two straight lnes can be drawn intersecting four given 
mutually skew lines, 


Examples 
1. Froma fixed point A(f,g, h) perpendiculars are let fail on 
three conjugate diameters of the ellipsoid 
on 2 
ar 
prove that the plane passing through the feet of the perpendiculars goes 
through the fixed point 


af b°g ch 
Lavipe apeae apse a 
Let P(%1, ¥;, 21), O(X2s Ya: 22), R(%3, Y3, Z3) be the extremities of 
their conjugate semi-diameters. 
Equations of OP are 


% YW *% 
80 that (rx, ry,, r2z,) are the general co-ordinates of any point on this 
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line. The line joining (f, g, h) and (ra, ry1, r2,) will be perpendicular 
to OP, if 
(10 —f )ay+(ry:—Q) yi t+(7ra,—A)z1=90, 


pa atoyi the, 
wy yz," 
Therefore, the foot of the perpendicular LZ from (f, g, h) to OP is 
Zfo,,, Bits, Zi, ) 
ya?” Da,2” tS 
Similarly, the feet M@, N of the perpendiculars to OQ, OR are 
ee Ufx, Ufxe ), 


La, * oY as 9 #9 
Sen ae 


4.¢., if, 


and f 
Life, Ufx, Lfx 
seine Sn,2™ Se? “3 ) 


The plane LMN is 


ee y, 2, 1 
=(), 
4 Xa a Yo: ah “29 1 
x, Yy; Z. 1 


a2 f2y, Yirfe,, %8fx,, “ca? 
T_2fXo, Yorfxe, %Ufte, Lax," 
rz2f%s, Ygrfxg, %yufXz, Lx," 


Adding third and fourth rows to the second and making use of 
the relation in § 8°8, this becomes 


z, Y; Z, 1 
a’f, bg, ch, sa? 
erfle, YaufXe, 2%2fXq, Dag? 
ty2ft3, Ygrfls, 2grfXg, Lag” 
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x, Yy; Z, ] 
a®f/Za*, b*g/Za*, c*h/Xa*, 1 
edfte, Yorf%g, %rf%a, Xx,* 
erfXs, Yznf%3, 2uUfs3, Dx," 


This form of the equation of the plane clearly shows that it. 
passes through the point 


af bo ch 
2. Show that the normals to . _ 
gt -y? 
ee) — 
at all points of a central circular scion are parallel to‘a fixed plane.. 
Find the angle which this plane makes with the plane of the section. 
Consider the central circular section 
a y ey, viene b*) a+ V(b) <0. 
b? C 
The direction ratios of the sonal to the ellipsoid at any point 
(f, g, h) of the section are 
la, g/b?, hic*. 
Also we have the relation 
a/ (a?—b?) 
ae SF 
which we re-write as 


h 
ar/(a?—b*) . 4 +0. sat c4/(b?—c?*) . Ga =O. 
This relation shows that the normals are parallel to the fixed! 


plane 
ar/ (a? — b?)x+0y +01/(b?—c?)z=0. 
If, 9, be the angle between this plane and the plane of the section,. 
we have 


2.72 
a Cep: 


(0°) + (0?—c’) 


J (3+ no a | )a/ [2 2(q2— 8) +04(5%—c4) | 


ee 
/ [ (aa lat eN(at toto) | 


ac 
= bV (atte 64) 
“. 6=cos[ac/b+/(a?-+c? — b?)]. 
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3. The generators through a point P on the hyperboloid 
a /a*+y"/b?—22/c=1 
meet the principal plane z=0 in points A and B such that the median 
of the triangle PAB through P is parallel to the fixed plane 
lx+-my+nz=0 ; 
show that P lies on the curve of intersection of the hyperboloid with the 
surface 
2(lx-+-my)-+n(c? +2?) = 0 
The equations of the line AB where the tangent plane 
Yu 1 | 


be ck 
at P (21, 4, 21) of the hyperboloid, containing as it does the genera- 
tors through P, meets the plane x=0 are 


Lt, YY 
Et =, z=0. ...(L) 
Let (f, g, 0) be the mid-point of AB. The equations of the 
chord of the principal elliptical section 
v*/a?+y?/b°*=1, z=0, 
with (f, g, 0) as its middle point is 


2 
fy WEG, 2=0 (2) 


Comparing (1) and (2), we have 


fee ee 
Pratt g?/b? 9) f2/a*+-g?/b 


These give 
= oi nr ee ave 
I= p2/a'+-y 2/0 lpag |e = 
V1 A (4) 


~ wPfat ey, (bY Lpay2{c? 
Also the median of the (\ PAB through P being parallel to 
lx-+-my+nz=0, 


Ua —f) +mly,—g) +nz=9. .».(5) 
Eliminating f, g from (3), (4) and (5) we obtain 
2, (Lay +- my) +n(c? + 2,°) =0. 


Thus we have the result as required. 


«we have 
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Revision Exercises ITI 


1. Prove that if 0 is tho angle between the central radius to the point 
P(x, y, 2) on the ellipsoid 


9 9 
6 bt un ies 
ai ge 


and normal at P, 
l 1 
tan29= Q2o2f — — _o_}, 
an?0=Ddy2z ( be =x) 
2. Prove that the common tangents of the three ellipsoids 


2 2 2 2 “x2 2 2 2 
ype, ye ee , y® 2 
at et an) gtatael gtat gyal 


touch a sphere of radius 
24. B24. ¢2 
\/ (SE) (B.U. 1956) 


and that the points of contact of the planes lie on a sphere of radius 


a4+b4+c4 
eet wr 


3. Show that if threo central radii of an ellipsoid be mutually perpendi- 
cular, the plane passing through their extremities will envelope a sphere. 


4, Prove that six normals can be drawn from any point P to a central 
quadric surface and that these six normals are generators of a quadric cone with 
vertex at P, 


Prove that the conic in which the cone meets any one of the principal 
planes of the quadric surface remains fixed when P moves along a straight line 
perpendicular to that plane. (Birmingham) 


5. Show that the length of the normal chord at any point (2, y, z) of the 
ellipsoid 

Fir y? 22 _ 

a ee 
is 2q4/4p2 where 


et te (M.T.) 


6. If 71. Yo, Pg, and 74, to, mz be the perpendiculars from the extremities 

P,, Po, P3, of conjugate semi-diameters on the two central circular sections of 
the ellipsoid 

m2  y® 22 


ee ea | 
a= b2 c2 


> 


then 


a°c?2(a2-+ c2-4+ 262) 
Pity + Pete tP3gtg= ——— 5 


7. Show that the locus of points on the quadric aw?-+by?2+cz2=1,. the 
normals at which intersect the straight line 


is the curve of intersection with the quadric, 
U(b—c)yz+m(c—a)zx+-n(a—b)xy — (nB—my)ax— (ly —na)by — (ma—1B)cz=0- 
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8. Ifry, ro, 73, 74, 75> 7g, ate the lengths of the normals drawn from any 
fpoint to a central conicoid and 1, pe, Pg, Pa, Ps, Pg, are the lengths of the 
“perpendiculars from its centre to the tangent planes at their feet, 

; Pity tPerat Past Para t PsPst Pere 
18 constant, 

9. Two planes are drawn through the six feet of the normals drawn to the 
-ellipsoid 22/a2-+-y2/b2+4+22/c2=1 from a given point ( f, g, h) ; each plane containing 
three ; prove that if (a, B, y), (a’, B’, y’) be the poles of these planes with respect 
ito the ellipsoid then, 


aa! -a2= BR" +2 yy' +02 


f(ata’)+9(B+8’)+h(y+y’)=0. 
10. If three of the feet of the normals from a point to the ellipsoid 
x2/a2+- y2/b2+4-22/c2== 1 


and 


die on the plane 
le-+my+nz=p, 
show that the equation of the plane through the other three is 
x y z 1 
a2] T 92m? cin age 

Also, show that ifone of the planes contains the extremities of three 
‘conjugate semi-diameters, the other plane cuts the co-ordinate planes in triangle 
‘whose centroid lies on a coaxal ellipsoid. (B.U. 1929) 

11. Pairs of planes are drawn which are conjugate with respect to the 
‘ellipsoid 22/a2+-y2/b2+22/c2=1, the first member of each pair passing through 
the line 

y=mx, z=k 

and the second member of each pair passing through tho line 


Y=—max, z=—k ; 
‘prove that the line of intersection of the two mombers of any pair lie on the 
surface (b2—a2m?) (z2—k?) + (y2—m2x2) (c2+k?2)=0, (Bm. U. 1926) 


12. The normal to the ellipsoid 22/a2+ y?/b2+-z2/c2=1 at a poimt P meets 
the plane z=0 at G and GO is drawn perpendicular to this plane and cqual to 
GP, Show that the locus of @ is the surface 

x2 y" z2 
alot paca? a 

show also that if, N is the foot of the perpendicular from P to the principal 
plane on which G lies and the normal at @ to itslocus meets this plane at K, 
then G is the midpoint of AN. (1.U, [914) 
13. Through a given point (a, 8,7) planes aro drawn parallel to three 
conjugate diametral planes of the ellipsoid 2?/a2+y2/b2-+22/c2=1, Show that 
the sum of the ratios of the areas of the sections by these planes to the areas of 

the parallel central planes is 


a2 62 2" 
14. If A, Ag, Ag, are the areas of tho sections of the ellipsoid 
x2/a2-+ y2/b2-+22/2—1 
by the diametral planes of three mutually perpendicular semi-diameters of 
dengths rj, 7g, T3, Show that 
A;? Ag? Ag? __, (b%c2_ c®a® ab? 
ry2 rg? 732 (= “b2 * 2 ) 
15. If through a given point (f, g, h) lines be drawn each of which 1s an 
axis of some plane section of 
ax2+-by2+cz2=1, 
such lines describe the cone 
af (b=c) 
a—f vU—Jg z—h 
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16. If a plane lx+my+nz=p cuts the surface ax*+by2-+-cz2=1 in a 
parabolic section, prove that the direction cosines of its axis are proportional 
to l/a, m/b, n/c and the co-ordinates of the vertex of the parabola satisfy the 


equation 
ax f 1 1 by f 1 ] cz f 1 1 
Fs - a) le a) EG - a) =. 
(A.U, 1920) 
17. Prove that the generating lines through any point P on the section 
z=c of the hyperboloid 22/a2+4 y2/b2—z2/c2=1 meet the principal section by the 
plane z=0 at the ends of a pair of conjugate diameters. (M.T.) 
18. The generators of opposite systems drawn through the extremities 
A, B of semi-conjugate diameters of the principal elliptic section of the hyper- 
boloid x+?/a?2-+y2/b2—22/c2—1 meet in P; show that the median through P of 
the triangle PAB lies on the cone 
222 Qy2 z 2 
gt = (<*1). 
19. Prove that tangent planes to «?/a?+ y2/b2—22/c2—1 which are parallel 
to the tangent planes to 


2 y? ze 
1 rt irq En iam 
ob? c2 at cz az be 
meet the surface in perpendicular generators, (P.U., M.A. 1938) 


20. Show that the generators of the surface 22+ ¥2—z?=1 which intersect 
on XOY plane are at right angles. 


21. Show that the points on the quadric 
ax2-+ by2-+cz2-+-d=0, 
at which the generators are perpendicular lie on the cylinder 
(c—a)x2+(c—b)y2-+cd(a+b)/ab=0. (M.T.) 
22. If (a cos 6 sec 9, b sin 8 sec g,c tan gm) is a point on the generating 


x z Yy ho a 1 Yy 
a wee SE ee we = Las oe 
ae: » fis Hh = -{ ai 


of the hyperboloid x2/a2+ y2/b2—<2/c2=1, prove that for points along the gene- 
rator, §—@ is constant. (P.U., M.A. 1943) 
23. Show that the most general quadric surface which has the lines 
z=0, y=0 ;7=0, z=c 3 y= 0, z= —c 


Sy(z—¢c)+-9x(z-+ce)+hxy=0, 
where f, g, h are arbitrary constants. (M.T.) 
24. Find equations in symmetrical form for the line of intersection of the 
two planes whose equations are 
a+y=2(A+p)(z—1), (we—y)=2(A—#)(z—1), 
where ) and uv are constants, Find also the co-ordinates of the point in which 
this line meets the plane z=0. 


If now 1 and pv are taken to be variable parameters connected by the rela- 
tion .2+-u.2=1, show that line traces out a right circular cone, 


line 


as generators is 
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CHAPTER XI 
GENERAL EQUATION OF THE SECOND DEGREE 
Reduction to canonical forms and Classification of Quadrics 


11°1. A quadric has been defined as the locus of a point satis- 
fying an equation of the second degree. Thus a quadric is the locus 
of a point satisfying an equation of the type 
F(x, y, 2) Sax? + by* +02? +2 fyz+ 2gzx + 2hay+2ux+ 2vy+ 2wz+d=0 
which we may re-write as 

X(aa*? + 2fyz)+2sux+d=0, eee (1): 
splitting the set of all terms into three homoveneous sub-sets. 

We have considered so far special forms of the equations of the 
second degree in order to discuss geometrical properties of the various 
types of quadrics. In this chapter we shall see how the general 
equation of a second degree can be reduced to simpler forms and also: 
thus classify the types of quadrics. 

Firstly we shall proceed to determine the equations of various 
loci associated with a quadric given by a general second degree 
equation. In this connection we shall start obtaining a quadric in 
r, which will play a very important role in connection with the 
determination of the equations of these loci. 

Consider any point («, 8, Y) and any line through the same with. 
direction cosines (/, m,n). The co-ordinates of the point on this 
line at a distance * from (a, 8, Y) are 

(Ira, mr+B, nr+Y). 
This point will lie on the quadric 
F(x, y, 2)=X(ax? + 2fyz)+2yux+d=0, 
for values of r satisfying the equation 
Z[a(lr+a)?+2f(mr+6)(nr+Y)|+ 22u(Ir-+a)+d=0. 
#.€., 
r?Z(al?+2fmn) + 2r[l(ax+hB+gy¥+u)+miha+b6+fY¥+) 
+n(ga+fB+cY + w)]+F(a, 8, Y)=0 -++(2); 

which is a quadric, inr. Thus if 7, r, be the roots of this quadric, 
the two points of intersection of the line with the quadric are 


(Iria, mry+B, mry+Y7), (rete, mrgt+B, nrg+Y). 
Note, It may be noted that the equation (2) can be written as 
125 (al2-+ 2fmn) +r( d oF +m me +n 0o +P B, y)=0 
ox 08 oY ci . 
where OF /da, oF /08. OF /Oy denote the values of the partial derivative of F w. r.. 
to x, y, z respectively at the point (a, B, y). 
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11°11. Tangent plane at («, 8, Y). Suppose that the point 
(«, 8, Y) lies on the quadric so that 


F(a, B, Y)=0 
and accordingly one root of the quadric equation (2) is zero. The 
vanishing of one value of 7 is also a simple consequence of the fact 
that one of the two points of intersection of the quadric with every line 
through a point of the quadric coincides with the point in question. 


A line through (a, 8, Y) with direction cosines 1, m, m will be a 
tangent line if the second point of intersection also coincides with 
(z,B, Y) 2.e., if the second value of 7, as given by (2), is also zero. 
This will be so if the co-efficient of r is also zero, 1.¢., 


U(ax+hB +gY +u)+m(ha+bB+fy¥+v)+n(gatfb+cy¥+w)=0 ...(3) 
which is thus the condition for the line 
t~ Oy —B 2-7 
j re »»(4) 
to be a tangent line at (a, 8,7). The locus of the tangent lines 
through («, 8, Y), obtained on eliminating 1, m,n between (3) and 
(4) is, 
X(*—a)(ae+h8+gy¥+u)=0, 
0.€., 2u(an+hB+g9Y + u) =Za(axn+hB+gy¥+u). 
Adding ua+v8-+wy-+d to both sides, we get 
S2(aa-+hB+gY +u)+ (uxt 0B + wy +d) =F(«, B, Y)=0. 
Thus the locus of the tangent lines at («, 8, Y) is 
{x(ax+hB+gY +u)+(ux+v3+wy +d)=0, 
which is a plane called the tangent plane at (x, B, Y). 
11°12. Normal at («, 6, Y). The line through (a, 8, Y), perpendi- 
cular to the tangent plane thereat, v1z., 
a 
aathB+g¥+u hatbBt+fy+ey gatfBt+cy+w’ 
is the normal at (a, 6, Y). 
11°13. Enyeloping cone from a point. Suppose now that (a, B, Y) 
is any point necessarily on the quadric. Then any line through 
(a, 8, ¥) with direction lines (J, m, ») will touch the quadric 7.e., meet 


the same in two coincident points, if the two roots of the quadric 
equation in r, are equal. The condition for this is 


[2U(an-+-hB-+-9Y +4)? =[2(al*+2fmn)] F(a, 8, Y) »»-(5) 
The locus of the line 
“B-~a y-B 2-7 
Tm * 7 ---(8) 
through («, 6, Y) touching the quadric, obtained on eliminating 
I, m, n, between (5) and (6) is 

[2(a—a)(ax+hB+gY+u)}" 

2=[Za(e—a)*+2f(y—B)(2—Y) F(a, B, Y) ...(7) 
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To put this equation in a convenient form, we write 
S=F(a, y, 2), S,=F(«, 8, 7), 
T=Sx(aat+hB+gy +u)+ (uatv8+wy+d). 
Then (7) can be re-written as 
(T—8S,)?=8,(S+8,—27) 

4.0. SS,=T? 
which is the equation of the enveloping cone of the quadric S=0 
with the point (a, 8, Y) as its vertex. 

11°14. Enveloping Cylinder. Suppose now that (J, m,n) are 
given and we require the locus of tangent lines with direction cosines 
(1, m,n). If («, 6B, ¥) be any point on any such tangent line, we 
have the condition 

[21(an+-hB+g9Y +u)]}?=[X(al?+ 2fmn)| F(a, B, Y) 
as obtained in § 11°13 above. Thus the required locus is 
[2l(ax+hy+gz+u)]?=2(al?+2fmn) F(x, y, 2), 

known as Enveloping Cylinder. 

11°15. Section with a given centre. Suppose now that («, 6, Y) 
is a given point. Then any chord with direction cosines 1, m,n 
through («, B, ¥) will be bisected thereat if the sum of the two roots 
of the r-quadratic (2) is zero, 1.e., 


LI(ax-+hB+gy + u)=0, ..-(8) 
so that the locus of the chord 
t—~a_ y—B 2-Y7 
= A »+(9) 


through («, 8, Y) and bisected thereat, obtained on eliminating J, m, n 
from (8) and (9) is 
2(x—a)(axat+hB+oY¥+u)=0, 
which, we may re-write as, 
T=8). 


Clearly the plane 7’=S,, meets the quadric in a conic with its centre 
at (a, B, Y). 


11°16. Polar plane of a point. If any line through A(q, 8, Y) 
meet the quadric in Q, & and a point P is taken on the line such 
that the points A and P divide QR, internally and externally in the 
same ratio, then the locus of P for different lines through A is a 
plane called the polar plane of A with réspect to the quadric. It is 
easily seen that if A and P divide QR internally and externally in 
the same ratio then the points @ and #& also divide AP internally 
and externally in the same ratio. 


Consider any line through A(a, 8, Y) and let P be the point 
(x, y, z). The point dividing AP in the ratio A: 1 is 
(“te Ayt+B Azt+y 
Atl ? A+R? AST S 
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It will lie on the quadric 
3 (ax* + 2fyz)+22ux+d=0, 
: Acta _ Ay+6 nue Attary 7 
- s[ *\aq7/) 7 Tie ean Gent ) | +280 a )td=0. 
i.e, WME (a, y, 2)+2A[z(aathB+gy +u) + y(ha+68+fY+v) 
+2(ga+fB+cY +w) + (ux+vB-+wy + d)]+ F(a, B, Y)=0. 
The two values of A give the two ratios in which the points Q 
and & divide AP. In order that Q and R may divide AP internally 


and externally in the same ratio, the sum of the two values of A 
Should be zero, 2.¢., 


n(aa-+hB-+ gy + u)-+y(ha-+bB-+fY + v) +2(ga+fb+c¥+w) + 
(ua+vB +wyY+d)=0, ...(10) 
which is the required locus of the point P(x, y$z). 
Thus (10) is the required equation of the polar plane. 


Note. The notions of conjugate points, conjugate planes, conjugate lines 
and polar lines can be introduced as in the case of particular forms of equations 
an the preceding chapters. 

11:21. Some preliminaries to reduction and classification. In 
this section we shall state some points which will prove useful in the 
problem of reduction and classification. 


In the following discussions, the determinant 


a h g 
h b I 
g f ¢ 


‘to be denoted by D will play an important part. 
We may verify that 
D=abce + 2fgh—af?— bg? —ch?. 
As before, A, B, C, F, G, H will denote the co-factors of a, b, ¢, 
J, 9, h respectively in D so that we have 
A=bc—f?, B=ca—g’?, C=ab—h’ ; 
F=gh—af, G=hf—bg, H=fg—ch. 
It can be easily verified that 
BC—F? =aD, CA—G* =6D, AB -H* =cD . 
GH—AF=fD, HF—BG=gD, FG—CH=hD., i 
Also we have 
aA+hH+gG=D, hA+bH+fG=0, gA+fH+cG=0 ; 
aH+hB+gF=0, hH+6B+fF=D, 9H+fB+cF=0 ; 
aG+hF+g9C =0, hG+OF+fC=0, 9G+fF+cC=D. 
11°22. If D=0, then we have 
BC= F?, CA=G@, AB=H’. 
GH= = AF, HF=BG, FG=CH. 
‘These follow from the relation (1) in § 11°21 above. 
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Ex. If D=0 and A=0, prove that H=0,G=0. Also prove that if D=0 
and H=0 then 


either A=0,H=0,G=0 or H=0, B=0,F=0. 


Further prove that if D=0, A=0, B=0, then F, G, H must all be zero but C may 
or may not be zero. 


11°23. If D=0 and A+B+C=0, then 
A, B,C, F, G, 
are all zero. 
As D=0, we have 
BC=F?, CA=G*, AB=H?, 
so that A, B, C are all of the same sign. Since, also A+B+C=0, 
we deduce that 
A=0, B=0, C=0. 
Also then 
IF*= BC=0 so that F=0. 
Similarly G=0, H=0. 
11°24, The two planes 
pittqyt+nz2+5,=9 
Pot + 42Y + 122+ 8g=0 


will be 
(1) same if 
Pr M1 11 1 ry 81 | 
=(Q, =(), = (0), 
Pe qe Ye Ye | re 83 
(it) parallel but not same if 
P1 qi qi ry "y 8, 
=(, =0, A~(. 
Pa Ya Ya Ys Ye Sg 


(iit) neither paralle] nor same, %.e., will intersect in a straight line 


Pi q1 71 ry 
#0 or 0. 
P2 2 2 Tr: 


11°25. Three homogeneous linear equations 
a,x + bhy+e,z=0, 
Ayr + boy +e.2=0, 
a3gxv-+ b,y-+¢,2=0, 
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will possess a non-zero solution, t.e., a solution wherefor x, y, z are 
not all zero, if and only if, 


ay by Cy 
Qe by Co = Q. 
a3 bs C3 


11°3. Diametral plane conjugate to a given direction. We know 
{Refer equation (2) p. 223] that if l,m, n, be the direction cosines of 
any chord and (2, y, z) the midpoint of the same, then we have 


oF oF 
{ —- naarE -_—- =v. coe I 
am eo + (1) 


Thus if 1, m, n be supposed given, then the equation of the locus of 
the midpoints (x, y, z) of parallel chords with direction cosines 
i,m, n is given by (1) above. This locus is a plane called the 
diametral plane conjugate to the direction l, m,n. We can re-write the 
equation (1) of the diametral plane conjugate to 1, m, n as 
a(al+hm + gn)+y(hl+bm4+fn) +2(gl+fm+en) +(ul+om+wn)=0. 
...(2) 
Note. In this connection we should remember that there does not neces- 
sarily correspond a diametral plano conjugate to every given direction. Thus 
we see from above that there is no diametral plane conjugate to the direction 


d, m, n if these are such that the co-efficient of x, y, z in the equation (2) are 
all zero, 


4.e., 
al+hm+gqn=0, 
hi+bm+fn=0, 
gi+tfm+-cen=0. 
As 1, m,n are not all zero, this can of course happen only if 
akhqg 


D=| h b f |=0, 


g fic | 


11°4, Principal Directions and Principal Planes, A direction 
i, m, n is said to be principal, if it is perpendicular to the diametral 
plane conjugate to the same. Also then the corresponding conjugate 
diametral plane is called a principal plane. 


Thus, J, m, n will be a principal direction if and only if the 
direction ratios 


alt+hm+gn, hl+bm+fn, gl+fm+cn 
of the normal to the corresponding conjugate diametral plane are 
proportional to 
l, m, n, 
z.e., there exists a number A such that 
al+hm-+gn=la, 
hit+bm+fn=mA, 
gitfm+tcn=ni., 
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We re-write these as 


(a—A)l+hm+gn=0, (Lp 
hl+ (b—A)m+fn=0, sca 2) 
gi +fm+(c—A)n=0. ...(3) 


These three linear homogeneous equations in 1, m, n will possess. 
a non-zero solution in /, m, n if and only if, 


a— h g 
h b-A ff =(. 
g f c—A 


On expanding this determinant, we see that A must be a root of 
the cubic 
M—A2(a+b+c)+A(A+B+C)—D=0. »--(4) 
This cubic is known as the Discriminating cubic and each root of 
the same is called a characteristic root. 


The equation (4) has three roots which may not all be distinct. 
Also to each root of (4) corresponds at least one principal direction 
l,m, n obtained on solving any two of the equations (1), (2) and (3). 

Note 1. Ifl, m,n be a principal direction corresponding to any root A of 


the discriminating cubic, then we may easily see that the equation of the 
corresponding principal plane, takes the form 


A(la-+- my + nz) + (ul--vm+wn) =0., 
This equation shows that we can have no principal plane corresponding to 
»A=0 if A=0 is a root of the discriminating cubic. In spite of this, however, we 
shall find it useful to say that /,m, n is @ principal direction corresponding 
to A=0. This every direction 1, m, n satisfying the equations (1), (2), (3) 
corresponding to a root A of the discriminating cubic (4) will be called a principal 
direction. 


Note 2, In the following, we shall prove three important results concerning 
the nature of the root of the discriminating cubic and the corresponding 
principal directions, 

11°41. Theorem I. The roots of the discriminating cubic are all 
real. 


Suppose that A is any root of the discriminating cubic (4) and 
l, m. n any non-zero set of values of 1, m, n satisfying the correspond- 
ing equations (1), (2), (3). 

Here it should be remembered that we cannot regard J, m, n as. 
real, for A is not yet proved to be real. 


In the following, the complex conjugate of any number will be 
expressed by putting a bar over the same. Thus /, m, n will denote 
the complex conjugates of J, m, n respectively. 


Now we have 
al+hm+gn=la, 
hl+bm+fn=mi, 
gl+fm+cn=na. 
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Multiplying these by J, m, n respectively and adding, we obtain 
Lall +3 f(mn+m n)=Azl T (5) 


Now a, b,c, f, 9, h are all real. Also 7 l, mm, n n being the products 
of pairs of conjugate complex numbers, are real. Further we notice 


that m n is the conjugate complex of m n so that 


mn+mn 
is real. 
Similarly 
nl+nl, lmtlm 
are real. 


Finally = 1 J is a non-zero real number. 

Thus A, being the ratio of two real numbers from (5), is 
necessarily a real number. 

Hence the roots of the discriminating cubic are all real. Also, 
therefore, J, m, nm corresponding to each A are real. 

11°42. Theorem II. Vhe two principal directions corresponding 
to any two distinct roots of the discriminating cubic are perpendicular. 

Suppose that 

Ay, Ng 
are two distinct roots, and 
Ly, ™1, Ny ; lo, Me, No 

are the two corresponding principal directions. 

We then have 


(6) aly bhmyt+gny=Aqh;, (9) alathmg+ gnrg=Agle, 
(7) hh+bm+fn=Aym, (10) Alg+bme+fng=Azme, 
(8) gh +fm, +en,=A,n, (11) glo+fimg+eng=Agng. 


Multiplying (6), (7), (8) by lo, me, v2 respectivély and adding we 
obtain 


Zaljle + 2f(mynrg+ m,n) =A, 2,1, ..-(12) 

Also multiplying (9), (10), (11) by 0,, m4, n, respectively and 
adding, we obtain 

Laloly + Zf(myNne+ Mon) = Ag Lyle ...(13) 


From (12) and (13), we obtain 
Ay 21,1, =Agd lil, 
so that 
(Ay— Ag) 2: 1,=0. 
Hence 
L1,1,=0, for A, —A,40. 


Chus the two directions are perpendicular. Hence the theorem. 

11°43. Theorem III. For every quadric, there exists at least one 
set of three mutually perpendicular principal directions. 

We have to consider the following three cases : 

(A) When the roots of the discriminating cubic are all distinct. 
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(B) When two roots are equal and the third is different from 
these. 


(C) When the three roots are all equal. 
These three cases will be considered one by one. 


(A) The roots being distinct, there will correspond a principal 
direction 1, m, n satisfying (1), (2), (3) on page 230 to each of these and 
by theorem II, these three directions will be mutually perpendicular. 
The three principal directions are unique in this case. 


(B) Let A be a root of the discriminating cubic repeated twice so 
that besides satisfying (4), on page 230 wiz., 


—h(a+b+4+c)+4(A+B+4C)—D=0 ...(4) 
3A2—2A(a+b+c)+ (A+B+C)=0, ..(14) 


which is obtained on differentiating the cubic w.r.t. A. 
We can re-write (14) as 
[(b—A)(c—A) —f*] + [(c—A)(a—A) — g?} + [(a—A)(b—A) — *]=0. 
It has been shown in § 11°23, p. 227 that if 
D=0, A+B+C=0, 


A, B, C, F, G, H, 


it also satisfies 


then 


are all zero. 

Since, as may be easily seen, the relations (4) and (14) above 

can be obtained on replacing 
a, b,c by a—A, b—A, c—A 
respectively in the relations 
D=0, A+ B+C=0, 

we see that corresponding to the vanishing of A, B, C, F, G, H, we 
have here 

OMe NF (O—Ma—Naw, (@—NO“N=B i] gy 

(a— Af= gh, (b—A)g=hf, (c—\)h=fg. 

These relations show that the equations (1), (2), (3) on page 230 
for the determination of 1, m, n, corresponding to A are all equivalent. 
[Refer § 11°24, page 228] 

Thus we see that if A 13 a twice repeated root, then every direction 
l,m, n satisfying the single relation, 

(a—A)l+hm+gn=0 ...(16) 
for any equivalent relation (2), (3)] 
is a principal direction corresponding to A. 

Suppose now that 1, m, n is* any direction satisfying (16). 
Further we determine a direction J,, m2, m, satisfying (16) and per- 
pendicular to 1,, m,, n,. Thus /,, mg, nz are determined from 

(a—A)l,+hmgtgn.=0, 
Ll, + myme+nN n= 0. 

*If desired, 1,, m1, may be selected further so as to satisfy some addi- 

tional suitable condition. 
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Thus we have obtained two perpendicular principal directions 
1,, 4, 1 ; lg, Me, MN, corresponding to the twice repeated root A. 

Also let f3, m3, ng be the principal direction corresponding to the 
third root A3;. By Theorem II, this direction [,, m3, 3, will be 
perpendicular to each of the two perpendicular principal directions 
ly, My, Ny ; l, Me, No. 

Thus the theorem is true in this case. 


Note. It isimportant to notice that in the case every direction perpendi- 
cular to the principal direction corresponding to the non-repeated root Ag is 
@ principal direction for the twice-repeated root i, 


(C) Suppose now that all the three roots are equal to A. 
In this case iy satisfies the three equations 


—(a+b+c)+A(A+B+C)—D=0, .-(4) 
3A2— 2A(a+b+c)+(A+B4+0C)=0, ... (14) 
3A—(a+b+c)=0 ...(17) 


In this case also the relation (15), page 232 as deduced from (4) 
and (14) are true. 

We re-write (17) as 

(a@—A) + (b—A) + (c—A)=0. 
Also by (15), 

(b—A)(c—A) =f?, (c—A)(a—A) =g?, (a—A)(b—A) =—h? 
so that 
a—A, b—dX, c—A 

must all have the same sign. Thus as in § 11°23, page 228, we 
deduce that 

a—A=0, b—A=0, ec—A=0 
so that 

A=a=—b=c. 

Also then it follows that f=0, g=0, h=0. 

We now see that in this case the equations 

(a—A)l+-hm+gn=0, hi+(b—A)m+fn=0, gl +fm+(c—A)n=0 
for the determination of the principal direction are identically 
satisfied, 7.e., they are true for every value of J, m, n, so that every 
direction is a principal direction. 

Thus in this case also a quadric has a set of three mutually 
perpendicular principal directions. In fact, any set of three mutually 
perpendicular directions is a set of three mutually perpendicular 
principal directions in this case. 

The reader may observe that the quadric is a sphere in this last 
Case. 

Examples 


Find a set of three mutually perpendicular principal directions 
Jor the following conicoids : 
1. 32?+-5y?+ 32°—2yz+ 224—2ay+22= 
2. 82?+ 7y?+32?—8yz2+- 4zx—1l2ry+4+2x2—8y+1=0. 
3. 627+3y?+32*9—2yz2+427—42y—3y+52=0. 
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1. We have 
a=3, b=5,c=—3, f=—l1,g=1,h= 1. 
Therefore the discriminating cubic is 


3—A —l 1 
—l 5-—A —l |=0, 
1 —l 3—A 
| 
t.€., —A5 + 1L1A2—36A+36=0.. 
Its roots are 
A=2, 3, 6. 
The principal direction corresponding to A=2 is given by 
l—_m+n=0, 
—!+3m—n=0, 
l—-m+n=0. 
These give I:m:n=1:0: —1, 
Thus the principal direction corresponding to A=2 is given by 
] 1 
—5,0, — -/~. 
a/2 / 2 
Again the principal direction corresponding to A=3 is given by 
Ol—m+n=0, 
—l+2m—n=0, 
[—m+0n=0, 


so that 
Limin=1:121, 
and we have the principal direction 
i, J. 
V3 V3 V3 
. Finally the principal direction corresponding to A=6 is given 
J 


—3l—m+n=0, 
—l—m—n=0, 
l—m—3n=0, 


wherefrom we may see that this principal direction is 


fo, 
J/8 V8? V6/ 
The principal plane corresponding to A being 
A(la+-my-+nz) + (ul+vum+wn)=0, 
we may see that the three principal planes are 
2x—2z2—1=0, 
32+3y+32+1=—0, 
62—12y+ 6z+1=0. 
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2. We have 
a=8, b=7, c=3, f=—4, g=2, h=—6. 
Therefore the discriminating cubic is 


8—A —6 2 


1.€., 
—A3+18A2?—45A=0. 
fs A=0, 3, 15. 
Thus 0, 3, 15 are three distinct characteristic roots. 
The principal direction J, m, m corresponding to A=0 is given by 


81—6m+2n=0, 
—61+7m—4n=0, 
2l~4m+3n=0. 


Solving these, we see that 
L:m:n=1:2: 2. 
Thus the principal direction corresponding to A=0 is given by 


122 
Bo 3> B- 
Again the principal direction corresponding to A=3 is given by 
5l—-6m+2n=0, 
—6/+4m—4n=0, 
21—4m+ 0n=0. 


These give 
l:m:n=2:1: —2, 
so that the corresponding principal direction is given by 


1 _2 
» 89 bs 


Finally the principal direction corresponding to A=15 is given by 
—Tl—6m+ 2n=—0, 
—6/—8m— 4n=0, 
21—4m —12n=0. 
which give 
I:m:n=2:—-2:1, 
so that the corresponding principal direction is given by 
3 —4, 3. 
. The reader may verify that the three directions are mutually 
perpendicular. 
The principal plane corresponding to A being 
A(la-+-my + nz) + (ul+vm+wn)=0, 
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we may see that the two principal planes corresponding to the non- 
zero values 3, 15 of A are 


3(2%-+y —2z) + (—2)=0, 2.e., 62+3y—62—2=0 
and 
15(22—2y+z)+10=0, 2.¢., 6x —-6y+3z2+2=0 
3. We have 
a=6, b=3, c=3, f=—1, 9=2, h=—2. 
‘The discriminating cubic is 


6A —2 2 
—2 3-A -—1 /=0, 
> 2h Be) 
.€., —A3+412A2—36A+32=0, 


‘whose roots are 2, 2, 8. Thus two roots are equal. Firstly we 
consider the non-repeated root 8. The principal direction correspond- 
ang to this is given by 


—21—2m+2n=0, 
—2l—5m— 2=0, 
21— m—d5n=0. 


These give 
T:m:n=2:—-1:1 
‘0 that the principal direction corresponding to A=8 is given by 
2 J ] 
V6" 4/6? V6 
Again the principal direction corresponding to A=2 is given by 
4l1—2m+2n=0, 
—21+ m— n=0, 
21— m+ n=0. 
It is easily seen that these three equations for the determination of 
4, m, » are all equivalent. This fact had been generally established 


in Theorem III for principal directions corresponding to twice 
repeated characteristic roots. 
. Thus every J, m, n satisfying the single equation 
2i—m t+ n=0 »(1) 
‘determines a principal direction. Consider any set of values of 
d, m, n, satisfying (1) say 
=]. =, 1, 
‘We write 
lim: 7=—1:—1:1. 
Then we determine /J,, m2, n. satisfying (1) and perpendicular to 
dy, My, Ny. 
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Thus 
214—M2+Ng= 0. 
—l,—My+ng=0. 
These give 


lg: Mg: Mg=0:1:1. 
Thus we have obtained a set of three mutually perpendicular 
principal directions given by 
2 1 ’i-l -l lyk a 
4/6? 4/6’ V6 ? 4/3? /3’ /3 >» 4/2? f/2 
The choice of principal directions is not unique in the present 
case as two characteristic roots are equal. 


Note. It may be verified that every direction perpendicular to the 
principal direction corresponding to the non-repeated root 8 is a principab 


direction for the twice repeated root 2, [Refer note at the end of § 11°43 B, 
page 231.] 


Exercises 


Examine the following quadrics for principal directions and principab 
planes, 


1. 4x2—y2—z24-2yz2—8x2—4y4 8z2=0, 

2. w*42yz—42+6y+22=0. 

3. 4y2—4yz2+42r—4ay—2¢4+2y—1=0. 
4, 322—y2—22+ 6yz—6x+ 6y—2z—2=0, 


— 
1 l 


1 

——35;390, ~5, —, 

re V2 V2 V2 
Principal planes : x=1, y—2+3=0, 


1. Principal directions: 1, 0, 0; 0, 


2. Principal directions ; (0, V2? yi =) and every direction perpendicular 


to it, 


Principal planes: y—z—2=0 and any plane through the line, 
y+z2+4=0, e=2., 

1 o1 1,1 —-2 1. 1 0 l 

f/3 3° 3° V8 V6 V6" V2? V2 
Principal planes, Any plane at right angle to z=y=z—4 ; 
anes =(Q, 


3. Principal directions 


ae : ; 1 ] 
4. Principal directions : 0, 5 WP <5 33 ‘1,0, 0 20; ye? 73" 
Principal planes ; y+z+1=0, z=1 »y—z=1, 
11°5. Centre. We know that ifa point (x, y, 2) is the midpoint 
of a chord with direction cosines /, m,n of a quadric 


F(x, y, z)=0, 
then we have af a a 
lam by ve: (Lp 
This shows that if (z, y, 2) is such that 
oF oF _ ., oF 
oz SO Cyt tet 
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then the condition (1) is satisfied, whatever values 1, m,n may have, 
4.e., every chord through (2, y, z) is bisected thereat. Such a point is 
known as a Centre of the quadric. We can re-write these as 


ax+hytgzet+u=0, weel2) 
hx+by+fze+v=0, wo(3) 
gx +fy+cz+w=0. »2(4) 


It should be remembered that a quadric may or may not have 
a centre ; also it may have more than one centre — a line of centres 
or a plane of centres, ras upon the nature of the solutions of 
‘the three equations (2), (3), (4). 

In the following, we vin consider the different cases regarding 
the possible solutions of these equations. This discussion will be 
facilitated a good deal, if, regarding x, y, z as variables, we consider 
the three planes represented by these equations. We have thus to 
examine the nature of the points of intersection, if any, of these three 
planes to be called Central planes. 

11°51. Case of Unique Centre. Multiplying the equations (2), 
(3), (4) by A, H, G, respectively and adding, we obtain 

Dz+(Au+Hv+Gw)=0 (Refer § 11°21, page 227] 
Again, on multiplying (2), (3), (4) by H, B, F, and by G, Ff, C 
and adding separately we obtain 
Dy +(Hu+ Bv+ Fw)=0, 
Dz+(Gu+Fv+Cw)=0. 
If DAO, we obtain from these 
g= —(Au+Hv+Gu)/D, 
y= —(Hu+ Bo+Fw)/D, 
z= —(Gu+ Fv+Cw)/D. 

Substituting these in (2), (3), (4) we may easily verify that the 
same are satisfied. 

Thus if DAO, the quadric has a unique centre (x, y, z) where 
(x, y, 2) have the values given above. 

11°52. Now suppose that D=0. Then, we have, 

A(ax+hy+gz+u)+A (he +by+fz+v)4+G(ge+fy+cz+w) 

=Au+Hv+Gu. 
[Refer § 11°21, p. 226]. 

This shows that the three equations cannot have a common 

solution, t.e., the quadric will not have a centre if 
Au+Av+Gw 0. 

Considering H, B, F and G, Ff, C as sets of multipliers instead 
of A, H, G, we may similarly see that the quadric will not have a 
centre if 

Hut+Bo+Fw+0 or if Gu+Fv+Cw$0. 

Thus we see that the guadric will not have a centre 1f D=0 and 

wny one of 
Au+Hv+Gu, Hu+ Bo+ Fw, Gu+ Fo+Cw 


18 not zero. 
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11°53. We now suppose that 
D=0 as well as du+HAHv+ Gw=0. 
Then we have 
A(ax+hy+gz+u)+ A(ha-+ by+fz+ v)+G(gx+fytcz+ w) 0. 
(i) Thus if A340, we have 


G 
aa hy+gz-+-u= = (ha+by+fze+ v) — ge tfytcz+u). 


(it) Also if A40, the two planes 
ha+by+fzet+tv=0 
gx+fytcz+w=0, 
are neither same nor parallel so that they intersect in a line. This is 
‘because 


=A+~0. [Refer § 11°24, p. 228] 
c 


From (t) and (2), we deduce that the plane 
ax+hy+gztu=0 
passes through the line of intersection of the two intersecting planes 
het+by+fet+v=0, gatfytcz+w=0. 
Thus in case 
D=0, Au+Hv+Gw=0, A), 

the three central planes all pass through one line so that we have a line of 
centres. 

We may similarly see that the quadric will have a line of centres 
if D=0, Hu+Bv+Fw=0, B0, 
or if D=0, Gu+Fv+Cw=0, C40, 


Note 1. Wecan show that if D=0 and 4540 and Au+Hv+Gw=0, then 
we must also simultaneously have 


Hu+Bv+Fuw=0, Gu+Fv+Gw=0. 
In fact we have 
A(Hu+ Bo+Fw)#H(Au+HAv+Gw) 
and 
A(Gu+ Fvu+Cw)sG(Au+Hv+Cw), 
the equalities holding for all values of u, v and w, Thus if A540, we have 


Hu-+Bo+ Fux (Au+Ho+Gu), 


Gu-+ Pet w= (Aut Ho+ Qu). 


The result stated now follows, 


It may be remembered that if A=0 then also H=0, G=0, so that 
Au+Hv+Gws0. In this case when A=0, H=0, G=0, we may not have 


Hu+Bo+Fw=0 or Gu+Fvu+Cw=0. 
For example consider 
v2 4-2y2 +. 2ay-+ 2a—~—-y+22-+3=0, 
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Here 
a=1, b=2,c=0,f=0, g=0, h=1, u=1, v=}, w=], 
so that 


A=0, B=0,C=1, F=0, G=0, H=0, D=0. 
Thus we have Au+Hv+Gw=0 but Gu+Fu+Cwsa0, 


Note 2. The cases treated above in §§ 11°52 and 11°53 cover the cases 
when D=0 and one at least of A, B, C is not zero. 


If we suppose that A, B,C are all zero, then it follows that F, G, H are 


also all zero, for 
F2= BC, G2=CA, H?=AB. 


In the next sub-section we consider the case when A, B, C, F, G, H are alk 
zero, The vanishing of D then follows from the vanishing of these co-factors in. 
as much as we have 


D=Aa+Hh+ Gq, 
so that D=0 even if A, H, G only are known to be zero, 
" 11°54. Suppose now that A, B,C, F, G, H are all zero. 
In this case we have D=0 also. 
We have, in this case, 
a) flax+ hy+gz+u)—glhx + by+fzet+v)=fu—gr, 
f(axt+hy+gz+u)—A(get fyt+cz+w)=fu-—hw. 
These show that if 
fu-gv40 or fu—hw-40, 
then the quadric cannot have a centre. 
11°55. Suppose now that 
fu—gv=0 and fu—hw=0, 
1.6, fu=gv=hw. 
Then if g40, h~0, we have, from (1) above in § 11°54 that 


hat by +fz tome (art hy +gz+u), 


got fy + c2+ wma L (ax + hy +924), 


so that every point of the plane 
ax+hy+gz+u=0 
is also a point of the other two central planes. Thus we have a plane: 
of centres in this case. 
Similarly we may show that if 
fu=gu=hw 
and some two of f, 9g, h are not zero, then the quadric has a plane of 
centres. 
Note. It can be easily seen that if A, B, C. F, G, H are zero and one of 
J, 9, h is known to be zero, then one more of f/f, g, h must also be zero. For 
instance, suppose that f=0. Then, because, 
0= F=gh—daf, 
it follows that either g or h must also be zero. Thus the case treated here can 
be stated as follows: 
If A, B, C, F, G, H are all zero, none of f, g, his zero and fu=gv=hw, then 
the quadric has a line of centres. 
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The case where one and, therefore, two of f, g, h are zero is treated here 
below, 


11°56. Now suppose that two of f, g, h are zero in addition to A, B, 
C, F, G, Hf being all zero and fu=gu=hw. Let g=O=h and fX0. 
In this case we see from (1) above, § 11°54, p. 240 that 
axt+hy+gz+u=0 
so that a=0, h=0, g=0, u=0. 
The vanishing of wu also follows from the fact that 
fu=gv = hw and g=0, h=0, f#0. 
Consider now the two central planes 
hu+by+fze+v=0, 
gx+fyt+cz+w=0, 
the co-efficients of the third central plane being all zero. As h and 
g are both zero, we can re-write these as 


by + fe+v=0, 


fy-czt+w=0. 
Here 


fc | ic ow 
Thus, if fw—cv49, the quadric has no centre and if fw—cv=0, 
the quadric has a plane of centres. 
We can obtain similar conditions when 
f=0=h, 949 
or when f=0=g, h0. 
11°57. Now suppose that /, g, 2 are all zero in addition to the 
vanishing of sl, B, C, F, G, Hf. 
In this case two of a, b, c must be zero. Suppose that b=c=0 
and a~(. Then the first of the three central planes is 
axt+u=0 
and the other two are 
Oz+ Oy + 0z+v=0 
Ox+-Oy-+0z+w=0. 
Thus if v40 or w40 the quadric has no centre and if v=0=w, 
the quadric has a plane of centres. 
Summary of the various cases 
1. DAO. Unique centre. 
2. D=0, Au+Hv+Gws0. No centre. 
D=0, Hu+Bv+fw40. No centre. 
| D=0, Gu+fv+Cw0. No centre. 
3. D=0, Au+Hv+Fw=0. A4<0, Line of centres. 
D=0, Hu+Bv+Gw=0. B40, Lime of centres. 
D=0, Gu+Fv+Cw=0. C40, Line of centres. 
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4. A,B,C, F, G, H all zero and fugu or guhw. No centre. 
5. A, B,C, ¥F,G, H all zero, fu=gu=hw, f40, g-0, h~0. Plane 
of centres. 
6. A, B,C, F,G, Hall zero, fu=gu=hw, g=0,h=0, f£0, fw—cv 0. 
No centre, 
7. A, B,C, F,G,H all zero, fu=gu=hw, 9=0, h=0, f40, fw—cv=0 
Plane of centres. 
We may have results similar to (6) and (7) when f=0, g=9, 
h+~0 or when h=0, f=0, 90. 
8. <A, B,C, ¥,G,H allzero; f,g, hall zero. Then two ofa, b,c 
must be zero and one none-zero. Then we have no centre if 
a0, v0, or w40 
and a plane of centres if 
a0, v=0=w. 
We have similar results when 640 or c0. 
Note. The results given above need not be committed to memory. 
Exercises 
Examine the following quadrics for centre : 


1, 22 —y2+20-+4ry—2y4+224+2=0. 
[Ans. Unique centre (1, 1, —1). 


2. 22%4—Qyz—2zxr-+2ry4+3xe—y—2z4+1=0. 
x  yt2 2z2+1 


[Ane, Line of centres ; -—— = 7—__-= 


l l 2 
3. 4224-9y2+4 4224 1l2xy+ l2yz4 827+3274+4y+2=0. 


[Ans. No centre, 
4, 2+ y24-22—Qxy—2y2z4 22a+e—y+z2=0, 
[Ans. Plane of centres ; 22—-2y+2z+1=0, 
§.  4472-~Qy2—2224 byz+2207-+2ry—x+2y+22—1=0, 
[Ans. No centre, 
6. 2424-2y24-522—Qyz—2za—4ry— l4r—14y+16z24+6=—0, 
[Ans. Line of centres ; x=3—y, z+1=0. 
7. 1822+ 2y24-2022— 1224+ 12yz+4 24 —22y—6z4+-1=0, 
[Ans, No centre, 
8. 402—y242224 2ry—3yz-+ l2x— lly+6z+4=0, 
[Ans, Unique centre : (—1, —2, —3) 
11°6. Transformation of Co-ordinates. Before we take up the 
problem of the actual reduction and classification, we shall consider 
two important cases of transformation of co-ordinates. 


11°61. The form of the equation of a quadric referred to centre 


as origin. We suppose that the given quadric has acentre. Let 
(«, B, Y) be the centre of the quadric with equation, 


F(x, y, 2)a82(ax*+-2fyz) +22u2+d=0. 

Consider now a new system of co-ordinate axes parallel to the 
given system and with its origin at (a, 8, Y). The equation of the 
quadric w. r,t. the new system, obtained on replacing z, y, z by x+a, 
y+ B,2+¥ respectively, is 

[a(x +a)? + 2f(y+B)(z+7)] + 22u(z+a)+d=0, 
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£.€., 
S (ax® + 2 fyz)+2a(aa+hB +gY +u)+ 2y(ha+b8+fyv+v) 
+22(ga+fp+cY¥+w)+ F(a, B, Y)=90. 
As (a, B, Y) is a centre, we have 
an+hB-+gY +u=0, ha+oB+fY+v=0, gatfp+cy+w=0. 

Further, as may be easily seen, 

F(a, B, Y)=a(ax+hB +g +u)+B(ha+oB-+fy +») 
+Y (ga+fBtcY+w) + (ua+ oB + wy +d) 

=ua+ug+wy +d. 
Thus the required new equation is 
2(ax* +2 fyz) + (ua+ vB +wy +d) =0. 
so that the second degree homogeneous part has remained 


unchanged. 

Note 1, The discussion above is applicable whether the quadric has one 
centre, a line of centres or a plane of centres, In case the quadric has more 
than one centre, then (a, 8, y) may denote any one of the centres, 

Note 2, The co-ordinates w. r, t. the old as well as new systems of axes 
has both been denoted by the same symbols. z, y, z. 

11°62. The form of the equation of a quadric, when the co-ordi- 
nate axes are parallel to a set of three mutually perpendicular princi- 
pal directions. Suppose that 

11, M4, Ny, 5 Ug, Me, Ng, bg, Mg, Nz .(L) 
are the direction cosines of three mutually perpendicular principal 
directions corresponding to the three roots 
M1, Xe, Xs 

of the discriminating cubic. Here one or two of these roots may be 
zero. 

We take now a new co-ordinate system through the same origin 
such that the axes of the new system are parallel to the directions 
given by (1) above. 

The equation referred to the new system of axes is obtained on 
replacing 

2, Y; 2 
by 
Latloy+tlsz, myxt+ my + mz, 1,2+Ngy + Ngz 
respectively. 

As homogeneous linear expressions are to be substituted for 
2X, Y,2, we may note that a homogeneous expression of any degree 
will be transformed to a homogeneous expression of the same degree. 

Thus we may separately consider the transforms of the homo- 
geneous parts 
2(ax®-+-2fyz) and 2Zuz. 
We shall now prove a very important result, viz., that the transform 


S(ax?-+2fy2) .a-(1) 


APA y? +A,2", 
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On direct substitution, we may sce that the co-efficient of z® in 
the transform of (1) is 
al,? + bm,?-+- on? +2fmyn,t 29nyly+ 2hhm, 
=1,(al,+hmy+gn,) +m (hl + bm, + fry) +74 (gl, +fm,+ en) 
=1,(A,1,) + my(Aymy) + 24 (Arn1) [by § 11'4, p. 229] 


=A, (1,?-++-my?+ 11") = 
Similarly the co-efficients of y* and 2? in the transform can be 
shown to be 
ro and Ag 
respectively. 
Again the co-efficient of 2yz in the transform of (1) 
= Alglg+ bmgmg + cngn,+-f(myng+ mgNq) + g(Malg+ Nala) + h(lemg+lyins) 
=1,(al,+ hm3+gns) + my(hl, + bmg +- fg) + No(glg+fmg-+ ons) 
=A, (Iol3-+ mgMg-+NgN3)=0. 
Similarly the co-efficients of zz and zy in the transform can be 
seen to be zero. 
Thus the transform of 


X(ax* +2 fyz) 


Aye? + Ay? + Agz?. 
Finally we see that the transform of 
X(aa* +2 fyz)+ 22ua+d 


Ayu? Agy? + Age? 2u(let+ly+ lsz) + 
2o(mya-+ may + myz) + 2u(ma-+ ney +n2) +d 
= Ayr? + Agy? + Ag2* + 2a(ul,4 vmy-+wny) 
+ 2y (ule + Vig + WNq) + 22(ulzt+em,+wng)+d. 
11°7. Eeduction to canonical forms and classification. 
We shall now consider the several cases one by one. 
11-71. Casel. When D-40. In this case the quadric has @ 
unique centre and no root of the discriminating cubic is zero. 
Shifting the origin to the centre («, 6, Y), the equation takes the 
form 
DX(ax* 4-2 fyz) + (uae+vB+wy +d)=0. (§ 11°61 p. 242) 
Now rotating the axes so that the axes of the new system are 
parallel to the set of three mutually perpendicular principal dir euons, 
we see that the equation becomes 
Ax? + Agy? +Az2'+ (uat+ vB+ wy +d)=0 
which is the required canonical form. 
Below we shall find an elegant form for the constant term. 


We have 
ax+hB+gy¥+u=0, ..(1} 
ha+b3+fytu=0, ...(2) 
gx+b3-+ey+d=0. ..(3} 
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Also we write 
uztv3s+wy+d=k, 


be., ua+op+wy +(d—k)=0. woo (4) 
Eliminating «, 8B, Y from (1), (2), (3) and (4) we obtain 
/ a hg ui | 
oh b f v =O 
i 9g f C d | 
. wu v w (d—k) | 
4.€., 
. a h gq U 
| a h g 
a : f YU lokl A b Fy =0 
g He C w g f C 
u v w d | 


k= (D#40) 
where we have represented the fourth order determinant on the left 
by /\. 


Finally, therefore, the equation assumes the form 


2 2 2, A_ 
Ax? +r,y? +A z top =), 
This equation ropreseats various types of surfaces as shown in the 
following table. It may be remembered that the word ‘roots’ refers to 
characteristic roots, 


A=0 | roots all>0 or <0 


4A 
D Es 


| [Imaginary cone, 

A =0 | Two roots>0 and one<0 | Real cone, 

A=0 | Two roots<0 and one>-0 | Real cone. 
A/D>0 Roots all>0 Imagimary ellipsoid. 
A/D>0 Rvots all <0 ; Real ellipsoid. 
A/D>0 | Two roots>0 and one<0 | Hyperboloid of two sheets. 
A/D>0 Two roots<0 and one>0 | Hyperboloid of one sheet. 
A/D<0 Roots all>0 Real ellipsoid. 
A/D<0 | Roots all <0 Imaginary ellipsoid. 
A/D<9 | Two rvots>0 and ono<0 | Hyperboloid of one sheet, 
A/D<0 | T'wo rvots<0 and one>0 | Hyperboloid of two sheets, 


11:72. Case Il. When D=0, Aut+-Hv+Gw40. In this case the 
quadric has no centre and the discriminating cubic has one zero root and 
two non-zero-roots. 


We denote the non-zero roots by A,, Ay. The third root A;=0. 


We rotate the co-ordinate axes through the same origin so that 
new axes are parallel to the set of three mutually perpendicular 
principal directions. 


The new equation takes the form 
A 0? + Any? +2a(ul, +om,+wn,) +2y(ul,+ vm,+ wing) 
+ 22(uls-++- vm,+ wns) +d=0; ...(1) 
dg, M3, Ng corresponding to A,=90. 
Here we notice that 
ul, + ving + wg 0. 


Us ums+wns=0. .-(2) 
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We also have 
hls+bm,+fng=0. ...(3) 
gls+fm;+ cng=0. (4) 
As ls, mg, Ng are not all zero, we have from (2), (3), (4). 
u v w 
h b f \=9, 
ig ff ¢ 
2.€., Au+Hv+Gw=0, 


which is contradictory to the given condition. 
Denoting the co-efficients of x, y, z by p, q, 7, we re-write (1) as 
Ax? +Agy?+ 2px + 2qy+2rz+d=0 where r0, 


so that shifting the origin to the point 


| - Py -~$(aE-" | 
Ai? Ag? Or Ay Ag/ J’ 


we see that the equation takes the form 
Ax? +A,yy?+ 2rz=0, 
where r=uls+ vm3+wn,-~0. 
This is the required canonical form in the present case. 
This equation represents? an elliptic or hyperbolic paraboloid 
according as A,, A, are of the same or opposite signs. 


Axis and vertex of a paraboloid. It is known that z-axis is the 
axis and (0, 0, 0) is the vertex of the paraboloid 


ae Ax? +Agy? + 2rz=0. 


Also the ‘princip#l directions of the paraboloid are those of the 
co-ordinate axes; the principal direction corresponding to the charac- 
teristic root zero being that of z-axis and the principal direction 
corresponding to the non-zero roots A,, A, being those of z-axis and 
y-axis respectively. Further it can be easily seen that the principal 
planes corresponding to the non-zero characteristic roots are the 
planes x=0, y=0 whose intersection z-axis is the axis of the paraboloid. 
Thus we have the following important and useful result : 

The line of intersection of the principal planes corresponding to the 
non-zero characteristic roots is the axis and the point where it meets the 
paraboloid is the vertex. Also the axis is parallel to the principal 
direction corresponding to the characteristic root zero. 

11°73. Case TD. When D=0, Au+Hv+Gw=0, A<0. In this 
case the quadric has a line of centres and the discriminating cubic has 
one zero and two non-zero roots. 

We may see that 4+B+C<0, for if it were so, then we would 
have A, B, C all zero and the condition A¥0 would be contradicted. 
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Since D=0 and 4+ B+C +0, the discriminating cubic would have 
only one zero root. 


Let (a, 8, Y) be any centre. Shifting the origin to (a, 6, Y) and 
rotating the axes so that the new axes are parallel to the set of 
mutually perpendicular principal directions, we see that the equation 


becomes 
A,2*+ Agy? + (ua+vB-+wy +d}=0, 
which is the required canonical form. 
We may, as follows, obtain an expression for the constant term 
in a form free from a, 8, Y. 
In this case the central planes all pass through one line. 
*We select the two lines 
ha+byt+fe+v=0. 
gx+-fy+cz+w=0. 
Now (a, 6, Y¥) is any point satisfying these two equations. 
Taking a=0, we have 
bB+fy +v=0, 
fO+cY¥4 w=0. 


v8-+wy + (d—k)=0. 


Also we write 


These give 
6 f v 
f c w |=0, 
v w d—k 
so that 
b fv 
km 4 f c 


w 
v wd | 
| 

Thus the required canonical form is 
A,22-+Agy?-+k=0. 


The equation represents various types of surfaces as shown in the follow 
table : 


k=0 Roots both>0 or <0 Imaginary pair of planes 
k=0 One root>0 and other <0 Pair of intersecting planes 
k>0 Roots both>0 Imaginary cylinder 

k>0 Roots both<0 Elliptic cylinder 

k>0 One root>0 and other <0 Hyperbolic cylinder 

k<0 Roots both> 0 Elliptic cylinder 

k<0 Roots both<0 Imaginary cylinder 

k<0 One root>0 and other<0 Hyperbolic cylinder 


*These are so selected that they are not the same. The condition Ay&0 
ensures the non-sameness of these two planes. 
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Cer. 1. Axis of a cylinder. The z-axis is known to be the axis 
of the cylinder 


Aa? +A y?-+k=0, k 0. 
As inthe case of a paraboloid, we have the following result 
regarding the axis of a cylinder. 


The axis of a cylinder is the line of intersection of the principal 
planes corresponding to the non-zero characteristic roots. Also it is 
parallel to the principal direction corresponding to the characteristic root 
zero. The axis rs also the line of centres. 


Cor. 2. Planes bisecting angles between two planes. It may be 
secn that planes bisecting angles between the two planes 


A227 +A,y?=0 
are 
x=0, y=0. 
Thus we have that 


The two principal planes corresponding to the two non-zero 
characteristic roots are the two bisecting planes. 
Cor. 3. The equation 
2(ax* + 2fyz)=0 
will represent a pair of planes if D=0. 
11°74. Case IV. When A, B,C, F, G, H are allzeroand fugu. 


In this case the quadric has no centre and two roots of the discrimi- 
nating cubic are zero and one non-zero. 


We rotate the axes so that the new axes are parallel to the three 
mutually perpendicular principal directions. The new equation 
takes the form 
A? + 2a(ul, + vm, +wn,) + 2y(ul,+vm,+wng)+ 22(ulg+ vm3t+ wns) 

+d=0. 

As the two roots A,, A, are equal, both being 0, we know that 
[,, Mg, Ng, is any direction satisfying 

al+hm+gn=0. ...(1) 


We suppose that [,, m2, mn, are so chosen that these satisfy (1) 
and 


Ulg t+umM,+ Wg = 0. a+ (2) 
Then /;, m3, n3, are chosen so as to satisfy (1) and 
[slo + M3Me+ NgNg=0. 


Denoting the co-efficients of x and z by p, 7, we re-write the 
equation as 


Az? 4+ 2ha-+2rz+d=0, we (3) 
the co-efficient by y being zero by (2). 
Again we re-write (3) as 


2 2 
rf oP | + 2Qra+ ( a—F)=0. ...(4) 
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Also we may see that r+ 0 for otherwise the quadric will havea 
centre. Again, we re-write (4) as 


me oP) 429 24 = ( i-¥) |=o, 


Shifting the origin to 


Pg 1 -2)] 
[ re a ( ¢ AJ | 


we see that the equation becomes 
Ayx?+ 2rz=0, 


which is the required canonical form. 
The equation represents a parabolic cylinder in this case. 


11°75. Case V. When A, B, C, F, G, H are all zero, fu=gu==hu, 
and no one of f, g, h is zero. 

In this case the quadric has a plane of centres and the discriminat- 
ang cubic has two zero and one non-zero root. 

Let (a, 8, Y) be any centre. Shifting the origin to («, 8B, Y) and 
rotating the axes so that the axes of the new system are parallel to 
a set of three mutually perpendicular principal directions, we see 
that the equation becomes 


A, x? + (ua+ v8 -+wrA+d) =0. 


The equation represents a pair of parallel or same planes. 

Note. The case when some two or all of f, y, h are zero can be easily 
considered and it can be shown that we shall have a parabolic cylinder in case 
the quadric does not havea centre and a pair of parallel planes if the quadric 
has a plane of centres. 

11°8. Quadrics of revolution. Firstly we shall prove a lemma 
concerning surfaces of revolution obtained on revolving a plane curve 
about an axis of co-ordinates. 
Lemma. The equation of a surface of revolution obtained on revolv- 
ing a plane curve about x-axis ts of the form 
VJ (y?+2") =f (2). 

Consider any surface of revolution obtained on revolving a curve 
about x-axis. Let the equations of the section of this surface by the 
plane z=0 be Y. 

y=f (x), z=0, ...(1) 
If P be any point on the curve 


and M the foot of the perpendicular 
from P on x-axis, we have 


OM =, MP =Y 
so that we can re-write y=f(z) as 
MP=f(OM),. ed) 
Now this relation remains unchanged Fig. 31 
as the curve revolves about z-axis so 
that P describes a circle with VU as its centre. 
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In terms of the co-ordinates (x, y,z) of the point P in any 
position, we have oo 
MP=vV7'°4+2? ,OM=z : 
so that we can now re-write (2) as 
V(y? +27) =f(x). 
Hence the result. 


Similarly the equations of the surfaces of revolution obtained 
on revolving plane curves about y-axis and z-axis are of the form 
V(e+a*)=¢ (y), 
. V(e+y)=b (2) 
respectively. 
Cor. <A quadric is a surface of revolution, if and only if tt has 
equal non-zero characteristic roots. To see the truth of this result, we 


examine the various canonical forms which we have obtained. These 
are as follows : 


Case I Ayx2+Agy? +Ag2?-+ A /D=0, ...(1)} 
Case IT Ax? +A,y?+ 2rz=-0, .-.(2) 
Case III A,w+Ay?+k=0, ...(3) 
Case IV A,x?-+2rz=0, .+-(4) 
Case V A,2?-+k=0. ...(5) 


On comparison with the equations of the surfaces of revolution, 
we see that for the surface (1) to be that of revolution we must have 
two of Ay, Ag, Az equal and for the surfaces (2) and (3) to be of re- 
volution we must have A,=A,. The quadrics (4) and (5) cannot be 
surfaces of revolution. 

Clearly the equation (1) will represent a sphere if the characteristic 
roots Ay, Ag, A, are all equal. 


Hence the result. 
11°81. Conditions for the general equation of the second degree 
to represent a quadric of revolution. We have been in § 11°43 (B), 


p. 232 that if the discriminating cubic has two roots each equal 
to A, then, 


(b—A)(c—A) =f, (C—A)(a—A) =, (a—A)(b—A) =? al 
gh=(a—A)f, hf=(b—Ng, fo=(o—D) b. .. TE 
It can be shown that if these conditions are satisfied, then we 


can deduce the relations (4) and (14) of § 11°43 (B) p. 232 so that 
these conditions are sufficient also. 


The required conditions will be obtained on eliminating A. 
11°82. Firstly suppose that none of f, g, his zero. We can show 
that in this case the set of conditions I is deducible from II so that I 


is not an independent set of conditions and can, as such, be ignored. 
Let us assume the set IT. 


Now since 
gh= (a —A)/f, 
and hf=(b—A)g, 
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we get on multiplication 
fgh?=(a —A)(b—A) fo. 
Dividing by fg0, we obtain 
(a—A)(b—A) =’. 
We may similarly deduce other conditions of the set 1 from IT. 
Now from II, we have 


so that 


is the required set of conditions for the general equation of the 
second degree to represent a surface of revolution in case none of 
J, 9, his zero. These conditions can clearly be re-written as 
FIf=G/g=H|[h. 
Cor, Assuming the conditions to be satisfied, we shall now 
obtain the equations of the axis of revolution. 


Replacing 
a,b,c 
h hf Sy 
b A422, at, age, 
" f g y 
we get 


2 
E(x, y, 2)=A(z?2+-y? +2?) Hoh S+2+— ) +2ue+2vyt2wy+d 


2 
=A1(v? +-y? 4-27) + Que +2vey +2wz+d +fah(= an +) 


This form of the equation shows that any plane parallel to the 
plane 
“,Yy , 2 
—+- -+—=0 wo(1) 
fog oh 
cuts the surface in a circle. The axis of revolution, being the locus 
of the centres of the circular sections, is the line through the centre 
of the sphere 
A(x? + y*+-2?) + Qua+2Qvy+2wz+d=0 
perpendicular to the plane (1). Thus the axis of revolution is 


lif ~ ig Wh 
_ 11°83. We shall now consider the case when some one of f, 9, v 
18 Zero. 
Suppose that f=0, Then since 
gh=(a—A)f 
we see that when f=0, we must have either g=0 or h=0. 
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Putting f=O0-g inI and I], we obtain 
c=A, (a—c)(b—c)=h? 
and taking f=0=h, we obtain 
b=A, (c—b)(a—b) =9?. 
Thus we have the alternative sets of conditions, 
f=0= 9, (a—c)(b—c) =h"*, A=c .. (1) 
f=0=h, (c—b)(a—b)=g?, A=b san 2) 

Starting with g=0, we shall obtain the alternative sets of 

conditions (1) and 
g=0=h, (b—a)(c—a)=f?, A=a. ata) 

Thus if f, g, A are not all non-zero, we have three alternative 
sets of conditions (1), (2) and (3). 

Axis of revolution. Suppose that the conditions (1) are satisfied. 
Since (a—c)(b—c)=h* we must have @ -c, b—c both of the same sign. 
Suppose that they are both positive. 

We have 

a+ by* + cz®@+2 fyz + 2g2u+ Qhry 

== (a—c)x*+-(b—e)y*-e(a? + y? +2") +24/[(a—c)(b —c) ay] 

=[V/(a- chek s/(b—c)y]?+c(a?4 y?4 27). 

Thus 

F(a, y, 2)=e(z*+y?+2*) 4+ Qua + Qvy+2Qwe+d 

+[/(a—e)at V(b—c)y]? 
where the sign is + or — according as h is positive or negative. 

Thus planes parallel to 

V(a—o)%y (b—c)y =0 =) 
cut the surface in circular sections. Hence the axis of revolution is 
the line through the centic 

(—u/c, —v/c, —w/c) 
of the sphere 
c(a* + y? + 22) Qua 4+ 2Qvy+2wz+d=0 ; 
perpendicular to (4). Thus the axis of revolution is 
atu/e ytorie _ 
Via—) Ev (b—o *F We=O 


The other alternatives may be similarly discussed. 


11:9. Reduction of equations with numerical co-efficients. We 
shall now discuss the procedure to be followed when we have to 
reduce any given equation with numerical co-efficients to canonical 
form. It will be seen that when 4, B, OC, F, G, H are all zero, then 
we need not follow the method given in § 11°74 and instead obtain 
the required reduction by the method given below. 

When A, B, C, F, G, A are all zero. We shall first show that 
‘when A, B,C, F, G, Hf are all zero, then the second degree homogeneous 


part 
X(ax*-+- 2 fyz) 
must be a perfect square. 
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Since we have 
bc=f?, ca=g’, ab=h’, 
we see that a, b, ¢ must ail be of the same sign. Without any loss 
of generality, we may suppose that a, b, ¢ are all positive, for other- 
wise we could throughout multiply with ~—1 and have the same 
rendered positive. 


Again, because 
gh=af, hf=by, fy=ch, 
we see that f, g, A are either all positive or two negative, one positive. 
Thus we have 


2(ax* + 2fyz) = (art V byt Vz)’, 
so that the second degree terms form a perfect square. 
Let the given equation be 
(ax ++/by + 1/cz)? +2 (ux +vy+wz)+d=0. 
Case I. Suppose first that 
Va:Ybiafo=urviw 
so that there exists a number & such that 
/a=uk, \/b=vk, /c=wk. 
Then the given equation can be re-written as je 
k(ua +vy+wz)?+2(ux+ vy +wz)+d=0, ...(1)} 
so that the given equation represents a pair of parallel planes whose 
separate equations can be obtained on solving (1) as a quadrie for 
UL-+VY + We. 
Case II. Now suppose that the set of numbers +/a, V0, Vc is 
not proportional to the set u, v, w so that 


Va:Vbsu:vor Vb: Vou: w. 
We re-write the given equation as 
(ax /by + cz +A)*+2(u— ~/ad)a+2(u—vV/ bA)y+2(w— vV/ca)z 
+(d—A*)=0,_ ...(2) 
and choose A such that the two planes 
r/ax-++/by+ /cz=90, 
(w—/ad)+ a(v—+/dA)y +(w—v/ cA)jz=0 
are perpendicular to each other. This requires 


(w—+/ad)+/at(v— vy dA) 1/b4+ (w— VA) +/c=0 


%.€., 

uvV/atovi/b+wry/c=A(at+b+c) 
or 

_uvatrvvV/bt+uv/c 

A= Para we , fora+b+c¥ 0. 
Having chosen A, we re-write (2) as 
Van V byt /cz + "y 
a/(a+b-+¢) 


_p2lvan —u)a+2(4/brA—v)y+2(4/cdA—w)z+ (A?2—d)> 
B[V aA—u)?-+ (/ bA—v)? + (o/ cA—w)*] 
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where 


pa Bll Vad—u)?+(VoA—v)+ (Yow) 
a+b+e ° 
Taking 
af ax+a/by+ Vezta_y 
Vv (a+b+c) 
2(Yah—)s+2(VPA—vy + AVeh—w)etM—d_ 
2V/[(V/ah—u)*+( bA—v)?-+(V/chK—w)?] 
we see that the given equation takes the form 
Y?=kX, 

so that the surface is a parabolic cylinder. 

The following procedure is suggested for the reduction of numeri- 
cal equations when the second degree terms do not form a_ perfect 
square. 

1. Find the discriminating cubic and solve. 

2. If no characteristic root is zero, then put down the centre 
giving equations and solve. 

If («, B, Y) is the centre and A,, A,, A, are the characteristic roots, 
then the reduced equation is 

Ax? + Agy?+Agz?+ (ua-+ v8 + wy + d)=0. 

3. If one characteristic root is zero, find the principal direction 
4, m, n corresponding to the zero characteristic root by solving two of 
the three equations 


al+hm+gn=0, 
hi+bm+fn=0, 
gi+fm+cn=0. 


Then find wl+-um+wn. If this is not zero, the reduced equation 
18 
Ay? + Agy?+2(ul+um +wn)z=0 ; 
A, Ag being the non-zero characteristic roots. 


4, Iful+vm+wn=0, find the centre giving equations. In this 
case we have a line of centres and only two of the three centre giving 
equations will be independent. Find any point (a, 8, Y) satisfying 
two of the three equations. Then 


Ay? +Agy?+(ua+v8B+wy+d)=0 


is the required reduced equation. 


Note. If one characteristic root is zero and two non-zero, then the line of 
intersection of the two principal planes corresponding to the two non-zero roots 
is the axis, if the quadric is a paraboloid or an elliptic or hyperbolic cylinder 
ae the line of intersection of the planes if the quadric isa pair of intersecting 
planes, 


In the case of elliptis and hyperbolic cylinder, one pair of interce oting 
planes, the line of centres is also the axis. 
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Examples 
1. Reduce the equation 
2a?—Ty? + 222—10yz—82a—10xy+6x+ 12y—62+2=0 
fo a canonical form. 
The discriminating cubic is 
A3 + 3A?— 90A+216=0. 


This shows that D=—21640. The roots of the discriminating 
cubic are 


3, 6,—12. 
Again the centre giving equations are 
24 —5y—4z2+3=0, 
5a+ Ty + 5z—6=9, 
4x+5y—2z213=0. 
Solving these we see that the centre is 
(3 —%, $). 
Denoting this by (a, B Y), we have 
ua+vB+ wyY+d=—3. 
Thus the canonical form of the equation is 
3x7 + 6y? —12z2—3=0 
VCs, 
21 2y?—dz?=], si ..(1) 
‘which shows that the given quadric is a hyperboloid of one sheet. 
The equation (1) represents the given quadric when the origin 


of co-ordinates is its centre and the co-ordinate axes are parallel to 


the principal directions 7.¢., (1) is an equation referred to principal 
axes as co-ordinate axes. 


2. Seduce to canonical form the equation of the quadric 


a*—y?+4y2+422—3=0. 
The discriminating cubic is 


A? — 9A =0 
so that the characteristic roots are 
0, 3, —3. 


Thus. D=0. 


The direction cosines J, m,n of the principal direction correspond. 
ing to A=0 are given by 


2/+-4n=0, 
—2m+4n=0, 
4l+-4m=0. 


These give 
l:m:n=2:—2: —1. 
Thus in this case we have 
ul-+eum+un=)0, 
:30 that we proceed to find the centre giving equations. 
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These are 
24+4z2=0, 
—22y+4z=0. 
4yt4xr=0. 
These three planes meet ina line. Clearly (0,0, 0) is a point 
on it. Denoting this by fa, B, A), we have 
uat+vep+wy+d=—s3. 
Thus the canonical form of the equation is 
32° —3y*?=0, 
#.€., xr?—yr*=0. 
The given equation, therefore, represents a pair of intersecting 


planes. 
Note. The fact that the given equation is free from first degree terms 
also shows that (0, 0, 0) 1s a centre of the given quadric. 


3. Show that 
Qa? + Qy?+ 22+ Qyz2—2za—4aeyt+a+ty=0, 
~represents a paraboloid. Obtain its reduced « quation. (DU, 1951) 
The discriminating cubic is 
AF — SAP = LA =0 
Its roots are 


This shows that D=0. The direction cosines J, m,n of the 
principal direction corresponding to A==0 are given by 


41—4m—2n=0, ...(1) 
—4]+-4m+2n=(), sale) 
—I2+2m+2n==0. ...(3) 


Clearly (1) and (2) are the same. Solving (2) and (3), we 
obtain 


1 ] 
b= yp Mm = V2? n=). 
os ul--om--un=—y7 0. 


Thus the reduced equation is 


/21 — 4/21 
eae eee . yy? /22=0. 


4. Discuss the nature of the surface whose equation is 
4a2— y*— 2+ Qyz—8x —4y+8z2—2=0 


and find the co-ordinates of its vertex and equations to tts axis. 
(Lucknow, 1949) 


It may be shown that the roots of the discriminating cubic are 
0, —2, 4. 
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The direction cosines 1, m, n of the principal direction corres- 
ponding to the root, 0, are given by 


8l=0, 
—2m+2n=0, 
—2m+2n=0. 
These give l=0, m=1/4/2, n=1/4/2. 
2 
Then iN aw alk 


Thus the quadric is a paraboloid. 

We now proceed to find the axis and the vertex. 

The direction cosines 1, m,n, of the principal direction corres- 
ponding to A= —2 are given by 


0l+-m-+n=0, 
0l-+-m+n=0. 
1 1 
These give t=0, eee na— os 


so that the corresponding principal plane is 
—2(y—z)-+(—2—4)=0, 
4.€., y—z+3=0. (1) 
Again the direction cosines of the principal direction corresponding 
to A=4 are given by 
0l+-Om+0n=0, 


Ol —5m+n=0, 
0l+-m—5n=0. 
These give 
T:m:n=1:0:0 
so that the corresponding principal plane is 
4x%—4=0 
1.€., 
x=, ...(2) 
Thus 


y—2+3=0, r=1, 
is the required axis of the paraboloid. 
The vertex is the point where the axis meets the paraboloid. 
Re-writing the equations of the axis in the form 


x-l_ y+3_ 2 
0 1 1?’ 
we see that any point 
(1, r—3, r), 
on the axis will lie on the surface for 
r=i, 


so that the vertex ts the pont 
(1, — 4, #). 
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5. Prove that 
5art by? +8274 8yz+ Sea —2xey+ 12% —12y+6=0 
represents a cylinder whose cross-section is an ellipse of eccentricity I/+/2. 
Find also the equations of the axis of the cylinder. (Calcutta, 1953) 
The discriminating cubic is 
A3— 18A?+-72A=0 
so that the values of A are 
0, 6, 12. 
The direction cosine 1, m, n of the principal direction correspon- 
ding to A=0 are given by 
[—5m—4n=0 


5l—m-+4n=0 
so that 
jas. m a n a 
V/3° V3 V/3 
Thus 
ul-+-om-+un= 3 Fa =0, 


We have, therefore, to proceed to put down centre giving 
equations. These are © 


10a —2y+82z+12=0, ..(1) 
—2x4+10y+8z2—-12=0, w0e(2) 
8x + 8y+16z=0. ...(3) 


‘Clearly (3) can be obtained on adding (1) and (2) so that as expected, 
these three equations are equivalent to only two. Putting z=0 in 
(1) and (2), we obtain 
x=—l1, y=1, z=0, 
so that (—1, 1, 0) isa centre. Thus 
ua+evp+wyY+d=—6—6+4+6=—6. 
Hence the reduced equation is 
1227+ 6y?—6=0, 
1.€., 242+ y*=1, 
The cross-section is 
222+ y*=1, z=0. 
Its eccentricity is now easily seen to be 1/+/2. 


The line of centres is the axis of the cylinder so that the equa- 
tions of the axis are 
or — y+ 4z2+6=0, r+y $22 = 0. 
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6. Show that the equation 
xt Qyz=1 
represents a quadric of revolution and find the axis of revolution. 
The discriminating cubic is 
(1—a)(A@~1)=0, 
i.e., (A+ 1)(A—1)?=0, 
so that the characteristic roots are 
—1,1,1. 
Two of the characteristic roots being equal, we see that the given 
equation represents a quadric of revolution. 
Further re-writing the equation as 
(a? + y?+27)—(y—zP=1. 
1.€., (x? -+-y?-+ 22—1)—(y—z)?=0, 
we see that the planes parallel to 
y—z=0 ...(1) 


cut the quadric in circles. Thus the axis of revolution which is the 
line through the centre of the sphere 


e?+-y?+z2=] 
perpendicular to the line (1) is 
z—0_y—0_2~0 
0 1 1’ 
2.€., x=0, y=z. 


7. Prove that 
ay? + 22—yz—za—axy —3x—6y —9z2+21=0 

represents a paraboloid of revolution and find the co-ordinates of tts 
focus. (D.U, 1954) 

The discriminating cubic is 

— 43 -+.1 2A? 9A=0 
so that the characteristic roots are 
0555 

Two values of A being equal, the given quadric is a surface of 

revolution. 


The direction cosines /, m, n of the principal direction corres- 
ponding to A=0 are given by any two of the three equations 


[—4im—in=0, 
—zl+m—jn=0, 
—4—tim+n=0. 


These give 
L:m:n=1:1:1. 
L=1/4/3, m=1]1/3, n= 1/73, 
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Now we have 


3 ] 1 9 1 
ub-- om + wn= — 5 338 ge 3 
9 
Thus the quadric is a paraboloid of revolution and the reduced 
equation is 
34,3 4 9 
oe tzy —2,. 37 


1.6.3 2+ y®*= 44/32. 
This form of the equation shows that the latus rectum of the 
generating parabola is 44/3. 


With respect to the given system of co-ordinate axes, the direction 
ratios of the axis of the paraboloid which is also the axis of revolution 
are 


* 


Bs dy ds 
We re-write the given equations in the form 
xt y®t 22d (2 +-y+2)2§—(a2+ y2+ 22)]—32—6y—9z+21=0 
“be,, $ (x? + y? + 27) —32—6y—92+ 21—4(a+y+2)?=0 
or x3 y?+ 22@—2¢—4y—6z2+14—}F(2+y+2)?=0. 


Thus the axis of revolution, being the line through the centre of 
the sphere 


x? -y? + 22 27—4y —62+14=0, 
and perpendicular to the plane 
t+y+z=0, 
is 


ee eee ee 


l = l aia a 9 ase) 


which is the axis of the paraboloid. 


The vertex is the point where this axis 
meets the paraboloid. It can be shown 
that any point 


(r+1, 742, r+3) 


1 
M3 on the axis will be on the paraboloid if 
r= — I, 
(0,1,2} Thus (0, 1, 2) is the vertex of the 
Fig, 32 paraboloid. 
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The required focus is the point on the axis (1) at a distance +/3 
from (0, 1, 2). Re-writing the equations of the axis in the form 


ee ee an 


we see that the point on the axis at a distance 4/3 from (0, 1, 2) is 
(1, 2, 3). 
Thus (1, 2, 3) is the required focus. 
8. If 
ax?+ by*+ cz® + 2fyz+ 2gza+ 2hxy=0, 
represents a pair of planes, prove that the planes bisecting the angles 
between them are 


ax-+hy-+ gz ha-+by+fz gz+fy + cz 
ax y z =0. 


F-1 q-} H- 
As the given equation represents a pair of planes, we must have D=0. 
The line of intersection of the two planes is parallel to the 


principal direction corresponding to the characteristic root zero 80 
that if 7, m,n be the direction cosines of this line we have 


alt+hm+gn=0, 
hit+bm+jfn=0. 
These give 


we on 


As F@=CH we see on replacing C by FG/H, that I,m,” are 
proportional to F-}, G-}, H-. 

This result can also be obtained if we regard the line of intersec- 
tion as the line of centres. 


Now we know that the two bisecting planes are the principal 
planes corresponding to the two non-zero characteristic roots. 


Suppose that (x,y,z) is any point on cither bisecting plane. 
Let this bisecting plane, as a principal plane, bisect chords with 
direction cosines 1,,m,,, and perpendicular to the plane. The 
equation of the plane being 


Li(ax+hy+gz)+m,(ha+byt+fz)+m(ge+fy + cz)=09, a) 
we see that any point (x, y,z) on the bisecting plane satisfies this 
equation. 

Further the plane being normal to the line with direction cosines 
dy, M4, N, its equation is also 
1e+mytn,z=0, ...(2) 
so that (x, y, z) satisfies (2) also. 
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Finally, the principal direction 1,, m,, n, corresponding to a non- 
zero characteristic root being perpendicular to that corresponding to 
the zero characteristic root, we have 


1, F-1+-m,G3+n,H3=0. (3) 
From (1), (2) and (3), we have 
ax-+hy+gz hat+byt+fe gxtfytcz 


x y z =0. 


F- @-1 H-1 
Hence the result. 
9. Prove that if 
a’+-b3+ ¢3=3abe and utv+wS<0, 
aa + by® + cz? Qayz'+ 2bea+ 2cxy+ 2uxe-+ 2vy+2wze+d=0 
represents either u parabolic cylinder or a hyperbolic alla sere jeans 


The discriminating cubic of the given quadric is 
A3—A?(a +6 +c)+A(ab+ be+ca—a?—b?—c*) — (3abc—a®—b?—c*) =0, 
so that under one of the given conditions, one root is zero. 
We have 
O=a'+63+c3— 3abe=(a+b+c) (a?+ b?-+0?—ab—cb—ca) 
so that either 
a+b+c=0, -(1) 


a®+6?+c?—ab—bc—ca=0. -++(2} 
The condition (2) is equivalent to 
(a—b)? + (b—c)?+ (c—a)?=0 
1.€., a=b=c. w0e(3) 


Assuming (2) to be satisfied, we see that the given equation takes 
the form 


or 


a(a+ y+-z2)?+-2(ue+vy+wz) +d=0 
which is a parabolic cylinder, if 
Uzv or vAwW. 
Suppose now that the condition (1) is satisfied so that one root 
only of the discriminating cubic is zero. 


The direction cosines /, m, n of the principal direction correspond- 
ing to the zero root are given by 
al+cm+bn=0, 
cl+bm+an=0, 
so that 


a eiieasaamenemenneenn-Gheemeieeesrememnmmamne~edit 


l mM n 


As 

a+6+c=0, we may see that 
ac—b*=bc—a?=ab—c*. 
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Thus the principal direction corresponding to the zero root is 
given by 


Also 
1 


ye eee 


Thus in this case the quadric is a paraboloid. This paraboloid 
is hyperbolic for the two non-zero characteristic roots given by 


2-1 (ab +bce-+ca—a?—b*—c*)=0 
are of opposite signs, 


ul+oum+wn= 


Exercises 
1. Show that 


4y2— y2— 22+ 2yz—8x—4y+8z—2=0 
represents a paraboloid, Findthe reduced equation and the co-ordinates of 
the vertex, (Lucknow 1952) 
2. Reduce to its principal axes : 
2y2—Qy2z+-2za—QWxey—x—Qy+3z—2=0 
and state the nature of the surface represented by the equation, 
(Lucknow, Hons, 1952) 
3. Find the nature of the surface represented by the equation 
e2+ 2y2—322—4yz2+ 82x—122y+1=0, 


(P.U. 1949) 
4. Find the reduced equation of 


(t) 22+ 2yz—4a0-+ 6y+2z=0, 
(t2) e%—y2+ 2yz2—2ez2—ax—y+z2=0, 
(iui) yet+2x+ay—Tx—by—5z—25=0. 
(tv) 4y2—4yz-+42r7—4xy—24+2y—1=0, 
(v) 22% 2y2+ 224 2yz—2za—4azy+ta+y=0. (Lucknow 1947) 
(vi) (~ cos a—y sin «)2+(y cos a+z sinag)?+2y=1, 
(vid) 822+6yz—y2—z2—62+6y—2z2—2=—0, (M.U. 1947) 
(vitt) 4x2+4-y2+422—4ay—2yz+ 4za— 122+ 6y—6z+8=0. 
(tx) «?-+-y2+4+22—2ay—2yz422¢7+2—4y+2+1=0, 
5. Show that the equation 
a(z—2)(x—y) +b(x—y) (y—2) +e(y—z) (e—x) =0, 


represents two planes whose line of intersection is equally inclined to the three 
co-ordinate axes, 


6. Show that the equation 
gyz+22¢+2ary=1 
represents a hyperboloid of revolution. Is this an hyperboloid of one or two 
sheets ? 
7. Show that the quadric 
2y2+-42x—62—8y-+ 2z-+4+-5=0, 


is acone and obtain its reduced equation. Show further that this is a right 
circular cone with its axis of revolution parallel to the line 


e+z=0=y. 
8. Show that the quadric with generators 
y=1, 2z=—1;z=1,¢a=—1;2=1, y=—1 
is a hyperboloid of revolution, 
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9, Find the reduced equation of the quadric with generators 
z—1=0=y—1, 
s=0=y—z, 
x—2=—O0=z. 
10. Prove that every quadric of the linear system determined by the twa 


equations 
y2—2e+2=0, x2+y24+22z2=0 


is a cone, 
11. Discuss the nature of the quadrics represented by the equation 
2x2 + (m2+-2)(y2+-22) —4(ye-+2e-+xy) =m2—Qm+2 
as m varies from —o to +o, 
Obtain the reduced equation of the quadric corresponding to m=I, 
12. Show that there is only one paraboloid in the system of quadrics 
Y(ax2—2fyz)+25ue+d+le+my+nz+p]}2=0, 
In particular, show that if f, g, h, u, v, w are all zero, the equation of this 
paraboloid is 


12 2 2 
axt-+by?ort-+d (—+ 7+ 2) —(le-+-my-tnetp)®=0, 


Further prove that its axis is parallel] to the line 
at by cz 


d m n 
13. If the general equation 
D(au*+2fyz) + 25ux+d=0, 


represents a right circular cylinder, prove that 


a h g h b f g f Cc 

Sy Ay G9, F424 Lio, £4 £4 6 0; 
U Vv Ww 
+ —-+ —=0. Uz 
ares (M.U. 1953} 


14, Show that the condition for the quadric 
x 2 ze 
(2—a)+ (yO) (ey)? (254+ E+ = —1 )=0 


to be a cone is 


"92 g2 v2 
aint Brat px 7 


15. Prove that the principal axes of the conicoid 
ax®+-by2+-cz2+-2fyzt2gzx-+ 2hay=1 
are given by the equations 
@( frp tPF) =y(90,+G) =2(hd,+H), (r=1, 2, 3) 
where 3, Ag, Ag are the roots of the equation 


a—vA =6oh g 
g f c—r 


and F=gh—af, G=hf—bg, H=fg—ch. 
Also show that the cone which touches the co-ordinate planes and the 
principal! planes of the above conicoid is 
Vl (gH —hG@)x)+/[ (AF —fA )y]+/(fG—gF)z]=0. (B.U, 1953 
16. If the feet of the six normals from P to the ellipsoid 
. _ fi y? 1 22 = 
a2 b3 cz : ) 
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‘lie upon a concentric conicoid of revolution, prove that the locus of P is the cone 
y2z2 22q2 ap2ay2 

a2(b2—c2) ' 62(c2—a2) * c®(a2—62) 

and that the axes of symmetry of the conicoids lie on the cone 
a? (b2—c?) x2-+4-b2(c2 — a2) y2+c2(a2— b2)z2—=—0 (B.U, 1953) 
17. Prove that the equation 

ax? +-by2-+ cz24-2 fyz+292%-+2hay=0 

will represent a right circular cone whose vorticle angle is 0, provided that 


af—gh _ _og—hf _ ch—fg (a+b-+c¢)(1+ cos 6) 


=0 


= 


ff g h “(143 cos 6) 
18. Given the ellipsoid of aes 
y2+22 1 
= “pe? 


(a2>b2), show that the cone whose vertex is one of the foci of the ellipse z=0, 


2 2 
= +5 =1 and whose base is any plane section of the ellipsoid is a surface of 


revolution, (D.U, 1948) 
19. Prove that if 
F(x, y, 2)=D(ax2+2fyz) +25ux+d=0, 
represents a paraboloid of revolution, we have 
agh+ fig?+h*) =bhf+g(h?-+f2)=cfg+h(f2+9?) =0 


and that if it represents a right circular cylinder, we have also 
U Vv WwW 
—- +—+4+— =0. DU, 1950, 5 
r; “- g ua ( 0, 53) 


Answers 
9 3 
Q. 2x2—y2+4/2z2=0, (1, a a ~<) ; 
2. 3”2—y2=4, Hyperbolic cylinder. 
3. 322+6y2—922+1=0. Hyperboloid of the two sheets, 
4, (2) c2+y2—22=10. 
(22) 342—3y2=z, 
(42) 2~2—y2—z?2= 102, 
(tw) 622—2y2=1. 
17 —4/17 
(v) atv get a y2+4/2z2=0. 


(v¢) ids a COS a) ea a cos a)y2+z sin 2a/¥(1—sin? x cos? ¢)=0, 
if sin apk0, cos «KO, 


2+ y2=2 if sin a=0 and y2+22=2 if cos a=0. 
(vit) 222+3y2—422=4. 
(witt) 32*—3,4/62+4=0. 
(tx) 3y2=4/6x. 
‘6. Hyperboloid of two sheets, 
J. w2=y2+22, 
“9, hae ee aa 24. <i z=. 
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11. For m>2, ellipsoid 
For m<—2, ellipsoid 
For m=2, pair of imaginary planes 
For m= —2, elliptic cylinder 
For l<m<2, hyperboloid of two sheets 
Far —2<m<1l, hyperboloid of one sheet 
For m= 1, cone 
The reduced equation for the last case is 
10.72 + (3 + 4/33) y? = (4/33 —3)z?. 
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APPENDIX 
Spherical Polar and Cylindrical Coordinates. 


Various systems of coordinates have been devised to meet. 
different types of problems which arise in Geometry and in various 
applications of the same. Cartesian system which is one of these has 
already been introduced and this is the one system with which we 
have been concerned all along. It is now proposed to introduce two 
more systems, vz. : 


1. Cylindrical Polar, 
2. Spherical Polar 
which are often found useful in various applications. 
Cylindrical Polar Coordinates. 
Let P be any given point. 
Draw PN perpendicular to the XY-plane, N being the foot of the 


perpendicular. 
at We write 
P(1;0,3) ON=r, 7 XON=96, NP=z. 
Then r, 6, 2 are called the 
cylindrical polar coordinates of the 
point P. 

It will be seen that r, @ are 
Caan the usual polar coordinates of the 
9 projection N in the XY-plane of the 


point P referred to O as the pole 
and OX as the initial line. 

It xz y, z be the cartesian. 
L coordinates of P referred to OX, 
Y 


OY, OZ as the three axes, we may 
easily obtain the following formulae 
Fig, 33 giving relations between 2, y, z 
and 1, @, Z. 
x=Pr COS 9, y=Pr sin 0, z=z, 
Ex. What are the surfaces represented by 
(¢) r=constant ; 
(2¢) 6=constant ; 
(i722) z==constant, 
Spherical Polar Coordinates. 


Let N be the foot of the perpendicular from P on the XY-plane. 


We write 
OP=r, 7 POZ=0, ~XON=¢ 
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It may be easily seen that ¢ can also be described as the angle 
between the planes 


POZ and XOZ, 


Then 7, 6,¢ are known as Zz 
the spherical polar coordinates 
of P. 


We now obtain the for- 
mulae of transformation between 
x,y, 2, and 7, 9, . 

Draw NA! OX 

We have “OPN =6. 

From the right-angled tri- 
angle OPN, we have 

z=NP=OP cos 9 
=r cos 0. 
ON=OP sin ZOPN Y 
=r sin @ Fig. 34 
Again, from the right angled triangle OAN, we have 
«t=OA=ON cos d=r sin § cos > 
y=NA=ON sin d=. sin 6 sin ? 
‘Thus we have the following formulae of transformation. 
x=rsin § cos ¢, y=r sin 9 sin ¢, 2=r7 Cos 6. 
Surfaces represented by 
(1) r=constant ; 
(22) @=constant ; 
'(13t) d=constant. 
The reader may easily verify that 
(1) r=constant represents a sphere with its centre at the origin, 


(41) @=constant represents a right circular cone with its vertex 
at the origin and OZ as its axis, 
(tit) d6=constant represents a semi-plane through OZ. 
It may be easily verified that if a point 7, 6, ¢ varies in the 
interior of a sphere whose centre is at the origin and the radius is 
.a: then r varies from 0 to a ; ¢ varies from 0 to 2x; 9 varies from 
10 to &. 
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INDEX 


(Numbers refer to pages) 


Angle between, two lines, 
— two planes, 
— a line and a plane, 
—— two spheres, 
— lines of intersection 
of a cone and a plane, 
— asymptotes of plane 
section, 
Area of, triangle, 
— plane cection, 
Axes of plane section, 


Bisectors of angles, between 
two lines, 
— between two planes, 


Central point, on a generator, 
— for a hyperboloid, 
— for a paraboloid, 

Circle, Equations of, 
— at infinity, 
— Great, 

Circular Sections, of ellipsoid, 
—-- of hyperboloid, 
— of paraboloid, 


Condition for parallelism 
of lines, 
— of planes, 
— ofa line and a plane, 


Conditions for perpendicularity, 
of lines, 
— of planes, 
Conditions for 
— coplanarity of two lines, 
— three planes to 
form a prism or 
to intersect in a 
line, 
— orthogonality of two 
spheres, 
— a cone, 
— a cone to have 
triads of mutually 
perpendicular 
generators, 


— nature of plane sections, 
— tangency, 
Co-axial system 
— Limiting points of, 
Cone, with vertex at origin, 
-— with given vertex and 
base, 


181, 187 
181, 186, 193 


103 
116 


119 
180 


124, 150, 176 


106 
107 
112 


110 


— through the intersection 
of two cones with a 
common vertex, 
— , Reciprocal, 
— , Right circular, 
— , Enveloping, 
— , through normals to a 
quadric from a point, 
Conjugate, points, 
— planes, 
— lines, 
— diametral planes, 
Curve, Kquations of, 
— , Cubic 
Co-ordinates, Cartesian 
— , Cartesian homoge- 
neous, 
— , Transformation of, 
— of vertex of cone, 


127 
124 
128. 
112, 225 


Cylinder, with generators parallel 


to an axis, 


— , Right circular, 
— , Enveloping, 


Direction cosines, of a line, 
— of the join of two points, 


Director sphere, 
Distance, between two points 
— (shortest) between two 
lines, 
— of a point from a line, 
— of a point from a plane 
Division of join of points, 


Elements at infinity 

Enveloping cone of, sphere, 
— central quadric, 
— paraboloid, 

Equations of two skew lines, 
— two spheres, 


Generators, of a hyperboloid, 
— of a paraboloid, 
— proportion of, 


Image of a point, 
Invariants, 


Joint equation of two planes, 


Limiting points, 

Line of striction, 

Line at infinity on a plane, 

Lines, intersecting two lines, 
— intersecting three lines, 
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64, 130° 
132 

132 

7 

10: 

150 


3 
53 


59 
28 
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Locus of mid-points of parallel 
chords, 166 
— intersection of mutually 
perpendicular tangent 
planes, 150, 176 


Normals, 153, 178 
Orthogonality of two spheres, 103 
‘Parameter of Distribution, 199, 210 


Plane of contact, 99, 158 
Plane at infinity, 140 
Power of a point, 94 
Polar plano, 100, 159 
‘Projection on, a straight line, 9 

— a plane, l 
frism, Triangular, 61 
sQuadric, 144 

— cone, 112 


Radical centre, 
— line, 
— plane, 
Ruled surfaces, 


Shortest distance between two 


lines, , 
Slope, Line of greatest, 
Systems of planes, 
Surface, Equations to, 


Tangent plane to a cone, 
— central conicoid 
— cylinder, 
— paraboloid, 
—— sphere, 
Tetrahedron, 
— , Volume of, 


Umbilics, 
Volume of tetrahedron, 
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